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have been studied by exact machine calculations for N=2 to 11 (rings) 
and N=4,6 and 8 -(chains), for y in the range 0 to 1 and for ferro- 
magnetic and antiferromagnetic coupling. The results reveal the de- 
pendence on finite size and anisotropy of the spectrum and dispersion 
laws. From the eigenvalues and appropriate eigenvectors, the varia- 
tion with N and y of the energy, entropy and specific heat, of the 
magnetisation and parallel and perpendicular static isothermal sus- 
ceptibilities, and of the pair correlations has been obtained. A non- 
physical, antiferromagnetic, zero-point entropy which is, a character- 
istic feature of the Ising limit is shown to disappear for the more 
general model with y>0. The limiting N behaviour is accurately 
indicated, for all y, in the region kT/IJI 0.5 which includes the 
maxima in, the specific heat and susceptibility. The behaviour of ther- 
mal and magnetic, properties of infinite chains at low temperatures is 
estimated by extrapolation, in conjunction with inferences concerning 
the nature of the spectral behaviour which, is likely to, dominate at low 
temperatures-. For infinite antiferromagnetic chains the ground-state 
degeneracy, the anisotropy energy gap, and the magnetisation, perpendi- 
cular susceptibility, and pair correlations at T=O are studied in a simi- 
lar manner. Ferromagnetic infinite chains are generally less interest- 
ing in these particular respects, Estimates of the long-range order 
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For easy reference the figures in this thesis are placed near 
the relevant material in the text. However, please notice that 
there are two kinds of figures. One kind is denoted by Fig. (n. m) 
with a capital F; these, arefull page graphs and figures with 
captions. The other kind is denoted by fig. (n. m) with a lower 
case f; these small figures are inserted directly into the text 
and the numbering sequence is independent of the Fig. (n. m) num- 
bering sequence. 
CHAPTER I 
INTRODUCTION AND REVIEW OF THE FIELD 
Introduction 
Experimental and theoretical studies have shown that in many mag- 
netic materials the magnetic part of the Hamiltonian may be quite 
accurately represented as a set of localised spins SI with bilinear 
interactions. For-certain highly anisotropic systems, the coupling en- 
ergy can be approximated by the pure Ising form -2JS 
zSz, but for most 
1j 
systems the anisotropy, although important, is not very large and the 
pure Heisenberg coupling -2JS. -S. is more realistic. Between these ex- 





(1-Y) SýSý which reduces to the Ising case when y=O and the Heisen- 1jI 
berg case when y=l. Experimental evidence in support of these remarks 
will be presented in sub-sections (1.1) and (1.3). 
The Heisenberg-Ising magnetic model has an important analogue in 
gas 
the quantum latticeAmodel of Matsubara and Matsuda (19S6,19S7). The 
range of physical phenomena embraced by Hamiltonians of the Heisenberg- 
Ising type has thus been extensively broadened to include, for example, 
superfluid effects in liquid helium (Fisher 1967), a topic of high 
current interest. (The quantum lattice gas analogue will be discussed 
in more detail in sub-section (1.2)). In addition, it has recently 
been found that the linear Heisenberg-Ising model at zýro temperature 
is related to a class of two-dimensional ferroelectric models (Lieb, 
1967). 
With pure Ising interaction the partition function of a finite or 
infinite chain of spins in a parallel or perpendicular magnetic field, 
and thence the thermal and magnetic properties, may be calculated 
- 
- 10 - 
exactly (Domb, review, 1960, and Katsura, 1962). For simple two- 
dimensional Ising lattices exact solutions may be obtained in zero 
field (Onsager, '1944 and Domb, review, 1960). For the Heisenberg, or in- 
termediate y spin Hamiltonians, however, exact closed formulae for the 
finite-temperature behaviour have not been found even for the linear 
chain despite much theoretical effort. The detailed review of sub-sec- 
tion (2.1) will amplify this point. Recently, however, a fully rigorous 
analytical treatment of the zero-temperature properties of the infinite 
linear chain has been presented (Yang and Yang, 1966). 
Although, naturally, greatest interest attaches to three-dimension- 
al lattices, the properties of linear chains with non-Ising spin coup- 
ling are of both experimental and theoretical significance. The ex- 
perimental background will be reviewed in sub-section (1.3). 
Theoretically the linear chain Heisenberg-Ising model is interesting 
as one of the simplest many-body systems in which quantum effects play a 
vital part. The quantum effects greatly complicate the theoretical prob- 
lem, as is illustrated by the calculation of the ground-state energy for 
the antiferromagnetic linear chain (Bethe, 1931; Hulthen, 1938; Orbach, 
1958; Walker, 1959). 
Accurate values for other properties are valuable as an aid to 
judging various approximate theoretical treatments which are also ap- 
plicable to more complex systems. We shall see in sub-section (2.3) that 
certain well-established field-theoretic techniques with extensive ap- 
plication in other branches of physics, appear rather unreliable when put 
to this test. (Katsura and Inawashiro, 1965a). 
From the view-point of statistical mechanics, it is also of interest 
to study how the limiting behaviour for infinite systems is approached 
by finite systems. (The effect of boundary conditions is also a ques- 
tion of interest. ) Such insight is useful since, with the advent of fast 
digital computers, it is feasible to perform exact or Monte Carlo 
- 11 - 
calculations on finite models of many types of physical systems (C. P. Yang 
1963; Runnels, 1966) 
With this motivation we have undertaken a numerical study of finite 
chains and rings of N spins with. the Hamiltonian 
Nxz 
+- -ý Axa 3)ý CJL 5L Si 2TE tL coit I 'I- L. +I 
for spin values of 1/2 only. We have computed the energy levels and 
certain of the eigenvectors, and thence the thermal and magnetic, proper- 
ties for varying anisotropy y and varying magnetic field H for, rings of 
size N=2 to 11 and chains for N=4,6 and 8. Our calculations include 
both ferromagnetic and antiferromagnetic coupling. 
The plan of this thesis is as follows. In the rest of this chap- 
ter we present a more detailed version of the important points mentioned 
in this introduction. In Chapter II we discuss the nature of the quan- 
tum-mechanical problem involved in finding eigenvalue spectra (and 
eigenvectors) for finite spin clusters, and machine computations are., 
outlined. At the beginning of Chapter III we examine the possibilities 
of extrapolation from finite N to the limit N -)- -, from a study of the 
antiferromagnetic ground state as a function of y. In the remainder of 
Chapter III, details of the energy spectrum are discussed and the ferro- 
magnetic. and antiferromagnetic anisotropy gaps and the asymptotic de- 
generacy of the antiferromagnetic ground state are estimated. The spin- 
wave (and bound state) dispersion laws for-ferro- and antiferromagnetic 
rings and chains. are illustrated and discussed. The thermal properties, 
particularly the specific heat, and entropy in a magnetic field, are 
discussed in Chapter IV for antiferromagnetic and ferromagnetic rings 
and chains. Estimates of limiting (N = -) behaviour are presented 
wherever possible. The magnetic properties are described in Chapter V. 
Attention is given especially to the magnetisation curves at T=O and 
- 12 - 
the temperature-dependent parallel and perpendicular susceptibilities. 
The short-range antiferromagnetic order and further pair correlation 
functions are described in Chapter VI. The long-range order is esti- 
mated by extrapolation and compared with other approximations. 
Our results are for the most part presented graphically, but 
tables of eigenvalues for rings and chains for y=1 and y=0.5 and tables 
of the thermal and magnetic properties for N=9 " 10 and 11 and y=1 and 
0.5 are given in Appendices 7- and 3. In Appendix I group-theoretical 
approaches for the Heisenberg limit are outlined and used in connec- 
tion with estimates for the feasibility of this procedure in two and 
three dimensions. 
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1. PHENOMENOLOGICAL SURVEY 
1.1) Magnetic Phenomena 
A comprehensive, description of magnetic phenomena in relation, to our 
model Hamiltonian is presented in a treatise on Magnetism edited by Rado 
and Suhl (1963,1965,1966) and books of Mattis (1965) and'Goodenough 
(1963) and therefore we shall only review briefly certain highlights. in 
this-sub-section. ' 
Our-Hamiltonian, (1.1), is, descriptive of an asse4ly of. localised 
spins -characteristic, for example, of the class of 
4iignetic 
insulators 
which are compounds of the rare earth metals., The incomplete magnetic 
electronic shell of the rare earths is the 4f-shell which is surrounded 
by several diamagnetic completed outer shells. The transition metals, 
on the other hand, have the outermost 3d-shell as the incomplete, magnetic 
shell, and thus 3d electrons are: relatively free to move throughout the 
metal crystal as conduction electrons. The transition, metals are there- 
fore perhaps better described, at least to a first approximation, -by the 
collective or band model of Slater (1936) and Stýoner (1938). The, Slater 
collective model will not be discussed further in this thesis. (Trans- 
tion metal salts, however, are, again insulators, since the intervening 
diamagnetic atoms keep the 3d electrons'localised at the metal atom site. ) 
An important, parameter irt the Hamiltonian (1.1, )-is the exchange 
integral, J, relating to electron, orbital overlap. The qI; antum-mechani- 
cal foundations ofthe Heisenberg Hamiltonian-and, particularly, the sign 
of the exchange integral remains a controversial, subject., However, very 
accurate many-electron configuration interaction calculations for a system 
of six hydrogen atoms arranged in axegular hexagonal. array with a variable 
lattice spacing have been carrieq out by Mattheiss (1961). The-principal 
result-is that. the effects of configuration interaction can be represent-, 
ed quite accurately at. large inter-nuclear separations, in terms of a 
parameter J eff' analogous to a nearest-neighbour exchange 
integral. 
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Perturbation calculations are then presented for a general linear chain 
of monovalent spin-1/2 atoms which are in good agreement with the accur- 
ate 6-hydrogen-atom calculation. These results justify the use of the 
I Heisenberg exchange operator -2J eff 
T'Ii * ! i+1 
) to describe the magnet- 
16 ic interaction at large interatomic, separations. 
The effective exchange integral, J eff' 
is shown to consist of two 
contributions. A positive definite part results from direct exchange, 
and this phenomenon always gives, rise to ferromagnetic effects. How- 
ever additional terms enter with the opposite si gn resulting from the 
effects of ionic (i. e. higher excited) configurations. These effects 
are closely related to the phenomencai of superexchange which is always 
antiferromagnetic. The sign of J eff' and 
hence the resultant magnetic 
behaviour of the system, is determined by the relative mag- 
nitudes-of the two contributions. 
Other exchange effects (Anderson, 1963) which are one or two orders 
of magnitude smaller than direct exchange and superexchange, are in- 
direct exchange through closed outer shells (ferromagnetic) and double 
exchange which is, a higher-order form of superexchange and also anti- 
ferromagnetic. Other forms of spin-coupling, not of, interest in this 
thesis, include long-range dipole-dipole interactions and the Ruderman- 
Kittel-Yosida mechanism of-ferromagnetic indirect interaction via 
polarised conduction electrons. 
Most magnetic substances possess intrinsic anisotropy even when 
external sources of anisotropy, for example the shape effect, do not 
operate. The magnetic anisotropy is connected with. the crystal structure 
and macroscopic effects of technical importance (magnetostriction) result. 
The microscopic. origins of magnetic anisotropy (Kanamori, 1963) depend 
on the electronic spin states (the main, source of the spontaneous magnet- 
isation in ferro- and antiferromagnets) and moreover they reflect-the 
symmetry of the atomic arrangements in the crystal. A well-known source 
- is - 
of anisotropy is-the inter-ionic magnetic, dipolar interactioll, which, 
however, is not large enough to account for the observed magnitude of 
the anisotropy energy in many cases. An alternative factor is, the. coupling 
between the spin'and the orbital motion of electrons- the spin can see 
the lattice through the-orbital coupling. Two cWses'of anisotropy arise 
from this source a) 'single-ion anisotropy' which. depends. on'the spin state, 
of a single ion cnly-and b) various anis6tropic, interactions among the 
spins of two or more ions. 
In thisthesis-we consider an anisotropic. Hamiltonian, which is a, 
special case of a general, bilinear (spin-1/2) interionic spin-spin 
interaction 'of the general form 
-2JZ. Sz Sz - 2JX. Sf Sx. - 2, JY. SY SY. 
' 
ijý i., i ij. 1ýj 13 1-I 
This #teraction,, though simple, is sufficiently realistic to give rise 
to a worth-while, model to examine theoretically. 
The general validity of, the ccncept of. a spin Hamiltonian is-dis- 
cussed by Stevens (1963). A spiwHamiltonian has the virtue that a mass 
of spatial and empirical information is wrqTped up neatly in adjustable 
parameters which may be obtained experimentally., 
1.2) Quantal Flidd-Magnet Analogies 
There exists-a well-known analogy, between Ising model magnets and 
cl4ssical, lattice gases (Yang and Lee, 1952). A corresponding analogy 
can be traced between the parameters of, a quantum-mechanical Heisenberg- 
Ising model, Hamiltonjan and a quantum-latticq gas Hamiltonian (Witsubara 
and Matsuda, 1956). The-latter-. 1of course, represents-a-statisticalýjuantum 
mechanical model of, gas/liquid*behaviour. The details of the analogy are 
well-known-(see, for example-Table-II of paper III of Yang and"Yang, 1966), 
so we shall merely remark, for convenience, -, that the volume of the fluid 
corresponds to the, magnetisation., and the chemical, potential (or, more 
loosely,, the pressure), corresponds to an applied magnetic field. The, 
- 16 - 
analogy correlates quite a richness of behaviour (Fisher, 1966,1967). 
For example, the-phase diagram for-a magnet with general ferromagnetic. 
interactions closely corresponds to-the simple liquid. /gas phase diagram. 
Of much greater interest is an anal. ogy, between phase diagrams which 
relates the well-known spin-flop phase-of a class of anisotropic. anti... 
ferromagnets to the superfluid phase of liquid He 
The exact analytical solution-of Yang and Yang (1966) has revealed 
that our anisotropic spin-1/2 linear chains-show vestigial traces-'of a 
spin-floppi, ng effect in the shape of-the zero-temperature, magnetisation 
versus magnetic field curves as the magnetisation tends to, zero. More 
promising signs of a spin-flop effect. are to be seen in. linear systems 
with spin >1/2 and, we expect, in two- and three-dimensional antiferro- 
magnets. 
1.3) Relation to Experiment 
Widely different experimental techniques have been used in investiga- 
ting magnetically, ordered materials. Apart from the usual magnetic and 
thermal measurements, conclusive information on the magnetic structure 
is obtained for many substances from neutron diffraction, nuclearreson- 
ance or electronic resonance. A clear review of the present relation of 
theory. and experiment is available. in the review article of Domb and 
Miedema (1964). 
Thelfirst fully convincing, demonstration of agreement between theory 
and experiment for linear magnetic compounds wasIthe analysis by Griffiths 
(1964a) of, susceptibility and specific heat measurements on copper 
tetrammine sulphate, -Cu(NH 3)4SO4 -H 20* Since this substance is now well-, 
known as the archetypal magnetic linear chain, a brief review of its' 
properties-will be presented to illustrate the field. ý The crystal struc- 
ture has been determined by an x-ray analysis of Mazzi (1955) to consist 
of magnetic Cu 











- Nli 3- Cu 
2+ 
-, NH 3- Cu 
2+ 
. Experimentally,.. the susceptibility 
has a lowbroa4 maximum, at -about 3*K'-, with a sharp anomalk, at a-lower., 
temperature which, v4rious, authors'have-estiniated at. 0.37"K-to'0.42"K 
(Wat anabe and Haseda, 1958; Haseda and Miedema,. 1961;. Wittekoek, 
thesis, 1967). The-specific heat-measurements-(Fritz, and Pinch,, 195! ) 
Ukei, unpublished; Haseda and Mfedema, 1961) also'show-broad'maxi4ma. and 
an anomaly at corresponding, temperatures., Onsager -(1944) showed rigorous- 
ly that an Isi. ng square ýiýt. with- unequal- exc! ha. nge interactions in the. 
two principal directions had-a specifid heat-in general agreement, with 
an Ising, line4r-chain; but with a superimposed logarithmic-singularity 
characteristic of a two-dimensional'assembly, at. a temperature, below 
the maximum, when; he ratio of exchange constants was'in. the, region of 
JP=0.01ý- It is very plausible-i. that-similar effects-will be, seen, 1 2. 
in-substances, with, strong interactions-'within,, each chain and--rather- 
weak interactions between chains (Haseda and Mied, ema, 1961). According- 
Are, es to Griffiths, -the susceptibility and-specifi'c heat data 
6 IV st- fitted 
to the theoretical ISOLTOpic, antiferromagnetic Heisenberg curves-obtained 
in this, th. esis (and, independently-by: Griffiths, l96l,. l963)-by-: c9nsider- 
i. nga value -for the intrachain-exclia. ng. e consiant-jil =-3.15_+'0.2*K. 
The maximum in the ýspecific heat then--has the value,, C max 
/Nk--- 0.36_ 
(in comparison with, -theý, theoreticalýHeisenberg value of-D-. 35 an&an 
Ising value of M3ij., Oguchi (1964)-has-estimatedlthat--the ratio of 
interchaip. to intrachain exchange c6nstants-is JJIJ 11JI :-0; 01. 
Has, eda and Kobayashi, (1964), independently, compared-. specific heat- 
and'susceptibility data. to t eoretical-studies-of the. author and'of Griff- 
ithsand also conclude, d'that-IJI /k-=-3. l5*X. 
(Hase. da and-Kobayashi also 
compare their experimental measurements, on the, magnetisatioiý curves versus 
magnetic field for various tempqratures-with, theory) However., Griffithst. 
work has priority in-that-an unpublished report containing essentially 
- 18 - 
the same conclusions was available prior to eventual publication. The 
author of, this thesis-must apologize for unintentionally delaying-pub- 
lication of the work (the experimental-report was earmarked for-simultan- 
eous pub-lication with the work'of-the author (Bonner. and Fisher-, -1964). ) 
Cu(NH 3)4 so 4 *' H20, on account"of its established linear Heisenberg 
chain, properties, has, recently, been-the subject of theoretical-studies 
on time correlations and magnetic resonance-linewidth, which-have proved. 
to be in much better agreement-with-experiment than any-of the current 
approximate theories (Carboni and Richards, 1968' Rogers, Carboni and 
Richards, 1967). 
The spectrum of the Cu 
2+ free ion shows a Kramers doublet well 
2+ 
separated from higher levels, and Cu is thus well-described as a 
spin-1/2 ion., It is probable that this character will be maintained in 
combination with diamagnetic ions, and suggests that-copper compounds- 
should form, a friiitful source of spin-1/2 magnetic compounds. The domin- 
ant magnetic interaction is of the superexchange type and therefore 
antiferromagnetic. 
cuso * SH 0 and an-isomorphic, compound. CuSeO * SH 0 were subsequently 4,2 42 
discovered to resemble antiferromAgnetic linear chains, with exchange 
integrals IJI/k = 1.45*K '(susceptibility measurements) and 1.57*K 
(specific heat measurements). for CuSO 4* SH 2 O; and 
IJI/k = 0.80*K (sus- 
For Cv5eO4-5H, O) 
cepribility) and 0.81"K (specific heat), jespectively (Wittekoek, Poulis 
and'Miedema, 1964 ; Miedema, van-Kempen, Haseda, Huiskamp, 1962; Van 
Kempen, thesis,, 19651, Geballe and Giauque-, 1962). Wittekoek '(thesis,, ' 1,967J 
suggests the presence of a'small amount of anisotropy-to account for a 
in cvrve f zUinq 
small discrepancy below the susceptibility maximumwhich lies outside, A 
experimental and theoretical errors.. '' 
Coordination polymers containing Cu 
2+ 
magnetic ions are another 
possible, source of spin-1/2 magnetic linear chains. Haseda, Mledema, 
Kobayashi'and Kanda (1962) and Kobayashi, Haseda, Kanda and Kanda (1963) 
- 19 
have reported, experimental-evidenceý--dn various cupric quinone metalorgan- 
ic substances _(Cu-Q-H, 'Cu-Q-Br'and Cu-Q-Cl) which-suggestý the-existence- 
of independent. finite chains of, S to-20 magnetic ions. Recent-susceptibil- 
ity measurements.. on-a rubeanat07copper coordination polymer--(Kanda,, Itoý 
and Nogaito, 1967) show-. a good'fit-to antiferromagnetic isotropic, chains, 
of about. N =9 for a, value, of the-excha. nge integral'-IJI V 550"K-. (much 
larger than the values. quoted above for the linear chain inorganic. sdlts)-. 
Other compounds-exist, whi6h'show-more complex behaviour, in-that-the 
interchain, ipter4ctions are, becomingýcomparable with-the ipt2achain, inter- 
actions.. Examples, are anhydrousýCuC12- (%ax .= 
700K, TN= 23.91 + 0.10K) 
and anhydrous CrCl 2 (Tm ax, = 
400K, -T N '= 
16.060K) (Stout &n d Chisholm, 1962); 
anhkdrbus CuBr2 (Tmax, =. 226*K) (Barrgclough, and Ng, 1964); CUC12* 2H2 0 
which is well-known to display, spin-flopping properties (T = a6ouL 511K) . CTorter at CLR-) M5S 1 max, 
TNo! 4.33*K)'( Poulis and Hardeman, 19S2) and Cu Cs C1 *2H 0, (T n4 3.; 2"K, & 2- 372 max 
TN -1.625"K) (Wittekoek,, thesis,. 1967). Clearly the. -strong'interchain 
interactions complicate 'comparison. with, our-neare!; t-ne. ighbour-interactiQn - 
results. -refers Lo, a 6roa. L mox'Lv--vm Ln 
Berger,, Friedberg and Schriempf-(1963) reported susceptibility 
measurements'on. Cu(NO *-(3)H which could beAnterpreted-in terms of-, 3)2 20 
either isotropic. antiferromagnetic linear, chain effects or, more probably, 
2+. 2+ 
an. as. sembly of binary Cu - Cu clusters similar to the well-known- 
copper, acetatp dimerýstructure (Ble, -ýney-and'Bowers, -1952). Wittekoek.. 
(thesis,, 1967) favours-the binary. cluster.. interpretAtion as, a--result of 
proton magnetic resonance-lineshift, -studies;, Receptly, Friedberg-and Ra- 
quet (1968) have reportedýspeciftc heat measurements which-strongly-support 
the binary cluster hypothesis, 
Recently, the_ existence has--been reported. of two magnetic-substances . 
which. show a strikingly. good, accordance with theoretiCal estimates 
author and Griffiths. Rogersand Peppesy (1967) report specific heat 
me, asurements on Cu(NH 334 (N03)2 over the, temperature range-160K dowriýto 
20 - 
1*K-which are-interpreted as indicating the-existence of nearest'-neigh-" 
bour-linear antiferromagnetic coupling with IJI/k =. 3.70 +, 0.04"K. No 
traces of an anomaly-associated, with-interchain coupli. ng are seen-down 
to I*K. According to Kadota, Yamada, Yoneyama and Hirakawa (1967) a 
simple perovskite compound K Cu F3 shows antiferromagneti, c linear chain 
beýuwiour characterised by IJI/k-= 190*K and a-value of N of-about 15,, 
(provided the chains, are identical. ) Neutron diffraction studies show 
no long-range ordering down to 4.2*K,, so, again, other interactions'in the- 
compound are apparently-relatively weak. Both these compounds are inter- 
esti. ng in that at present thereis no geometrical evidence of linear 
chain-like ionic arrangements in the compounds. (unlike the case of 
Cu(NH 3)4 SO 4 -H 201 for example). 
A linear chain crystal with aT; isotropic-intrachain, interactions is 
K3 Fe(CN)6 (T N ý__ 0.129*K, Duffy, Lubbers, van Kempen, Haseda and Miedemq 
1962). The, exchange., const. ant is believed, to, be 25% ani§otropic. (Ohtsuka,, 
1961). Anýexample of a compound showing linear chain-, behaviour which 
is-both highly anisotropic (Ising-like) and also ferromagnetic-is 
COCI 2* 2H 2 0. 
(The Co, 2+ ion is. a-spinm-1/2 ionJike Cu 
2+ 
, but, h * 
ighly--ani- 
sotropic. ) The magnetic structure of this substance, ýhowever, is apparent- 
ly complic ated by several additional antiferromagnetic-superexchange 
interactions (Kobayashi and Haseda, 1964; Oguchi and Takano, 1964). In- 
sub-section (2.4), - an account of work, by Duffy and Barr, (1968) is, given, 
who discuss some, complex organic free radicals according to-an alternat- 
ing Hamiltonian which varies between isotropic linear chain and binary 
cluster behaviour., It-is. not convin, cingl)r established that the proper-, 
ties of at. leastýcertain of these substances (eS. 2j 2-bis- (p-nitrophenyl) 
-1- picry; hydrazilýýcould not equally well be, accounted for by our aniý- 
sotropic. Hamiltonian. 
Finally., work has, recently been reported. (Friedberg, private communi- 
cation) which establishes reasonably good accordance between experimental 
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work on anýappar. ently linear-, manganese, compound CC5 MM C13* 2H 20) 
and theoretical studies-on spin-5/2-Heisenberg linearantiferroma97 
netic chains. (We4g, private, commtiniCation). 
2. -'THEORETICAL SURVEY-, 
2.1 Exact Analytic Approaches 
Theoretical 'wo; k'on;, the Hamiltonian -(1.1)- with y=l: dates back 
to 1930 when Bloch, (1930)'iiit, rodi4ded-the-concept of-. a spin wave and Ip 
gave the exact eigenstates for-'-one! overturned spin (7_Sf '= NS - 1) 
for-ferromagnetic interactions. -Using a., similar approach, Bethe-(19ý1) 
fo. rmulated, sets, of couýled-int. egral-'equationý*whidh, in principle,, gave 
the-exacý. eigengtaýes.. coiresponding to-interacting spin waves, for an 
arbitrary'number, of overturned spins, on ajinear chain (Y=4). He-showed 
how the -states -may, be classified -as "'unbound" (*. e. ', of a-spin-wave 
nature) or "bound'! (loqalised complexes of two or more'spins). 'Hulthein 
(1938), aspart-of a comprehensive paper (thesis),, -used Bethe's 
formula- 
tion to. obtain an integral. equation-which he was able-to, solveanalytic- 
ally to obtain, an exact value, for-the antiferromagnetic groufid-state' 
energy, of, an. infinite, linear'chain. The arguments of Beth6-and-: Hulthen - 
were ext. ended, by. prbach (1958) to, the. full anisotropic. Hamiltonidn (1.1). 
Orbach obtained an ifit. egral, - equatIon- for the Jipiti. ng grodnd-state - energy 
an4.. hence also, for-the short-T-rdnge order for-antiferromatfietic: -chains, 
as a, function of --y.. Whereas Orbach presented, numerical solutions-of his.. 
integral equation, Walker - (1959), in an-important -paper, wis. able to 
obtain an analytid solution whi6h, -revealed, that. -th6. antif(ýrromagnetic. 
ground state E (y) was-non-analytic at, y =1. (The fact that--y =1,, is aý 0 
mathematical, si. ngularity of, E 0 
(y)-follows immediately from Walket's 
observation that-his formula, exhibits-a pole. in a4yýinterval, ' however' 
smql I-, of the open, segments Iy I> 
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Des-Cloizeaux and Pearson (1962) computed the. lowest antiferromagnet- 
6,9, 
ic states for ri. ngs-of N=A 16 and 48--spins as a function of wave-vector 
k numerically by extending the Betheý-Hulthen formalism. They-also 
derived, the limiting dispersion law-e(k)/IJI = 7rIsin ki for, the-correspond- 
ing class of states, of an infinite-chain. Griffiths (1964) also extended 
the Bethp-Hulthen formalism to--calculate numerically the lowest (antiferro- 
magnetic) energies of the levels corresponding to all possible numbers 
of overturned spins'and hence obtained the zero-temperature magnetisation 
curve as a function of field for an infinite Heisenberg chain. With the 
aid of very accurate'numerical calculations, Griffiths was able to infer 
that, the zero-field susceptibility of an infinite antiferromagnetic 
Heisenberg chain is finite and given-by IJIX(T)/Ng2o2 =1 He also 7 2* 
Ir 
demonstrated that the-zero-temperature magnetisation curve M as a func- 
tion of H is-non-analytic-at, M = 0, since the-second derivative diverges 
to + ca at this point. 
Des Cloizeaux and Gaudin (1966) extended the previous calculations 
of des Cloizeaux and Pearson (1962) on the Heisenberg antiferromagnetic 
dispersion relation to take account of anisotropy. Thejobtained-an exact 
analytic formula representing an ene, rgy. -gap between the ground state 
and first excited states which has, its maximum value at the Ising-limit- 
and vanishes exponentially as Y -> 1. They-also presented a rather 
complicated analytic expression for the dispersion relation for-the first 
excited states as a function of. Y which reduces to the simple sin. k 
function at Y =1 which we have already quoted. Des Cloizeaux and-Gaudin 
also discuss thelowest antiferromagnetic. ground states in the rdnke - 
V=1 to Y's; oct Tbey-show that-the antiferromagnetic ground state 
energy E0 (%) over this extended range is analytic except at the point 
Y=I where there is an essential singularity. 
(E0 (-t) is actually repre- 
sented by two distinct functions for Y41 and for Y>1. ) However, E0 (Y) 
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and all its'derivatives. remain continuous, atýthe point Y =1,. - We-thus--have 
an'exp, lanqtion of our obserired result--that--theMalker si. ngulArity: at' 
V=1 is'not detectable by numerical calculations. - The analytic-work'we., 
have so far descTibed-in, this. -sub-sectiori has-been'non-r. igorous- 
I on tWo' 
accounts-a) int. egral equations*have-ýbeen'solv6d. numer. icallk rather-than 
analytically and b)'the mathematical, -fo=ulation; dependt on-an-assumption 
due to Bethe (1931) and that the-eigenfunctions'of, the problem-have'a 
particular, form (Bethe ansatz). - Rqcent. 1y, Yank andYan'g, (1966)-have at: Iy9 
last'rigorously, juftified the%--us6-of-the. Bethe ansati'. Ina comprehensive: 
series of, -papers they-have presented'an-exhaustive,,, rigorous-,, andlytic 
account of the, free, ene. rgy ofthe-infite linear chain as. a'function'of. 
anisotropy 0* Y* 00 and- ferro- and --anti ferromagnet, i c coupling at T=0, 
as Of particular int(ýrest-is-their-, discussion'of-singularities M--? O-of; the. A. 
zero-temperature pagnetisation M'versus-applied. field H curves. For anti- 
ferromagnetic magnetisation curves, with. 0 the MYH curve dis- 
plays a-, vertic4l ta. ngent. at 9 0. - ft )f =1 the si. ngularity becomes-second 
ordersince. 4 
2 M/dH 2 diverges to, infinity (in, confirmation, ofýthe-work ofý 
Griffiths). For Y< co, the curve has a'singularity-in some'deri- 
vativ. e at M =ýO.. For 00>Y >1 and-ferromagnetic coupling we-again'have 
a si. ngularity-in, some. derivative,. the order becoming high as. 'J-i l.. Only 
the -curve- for the- special point. --)(=ao has--no singularity at-M -. 'ýO-. 
So, far, however, the-problem has not been solved for temperatures 
greater than zero. 
2.2) Ntunerical Work 
Hulthen, (1938) first-found the--exadt,,, finite N, antiferromagnetic- 
ground state, energies: for rings cif 4,6,8 and, 10 spin-1/2 atoms , 'to com-', 
pare with. his-limitiTig an4lytid'-result (suý-section (2.1)). The-en, ergy 
for-N = 12 was*subsequently added-by Ledinegg and Urban-(195z)., A, 
numerical, study of, the complete set-of. eigenvalues, of small finite-rings 
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using anal. ogous-matrix techniques--to. our, own was'first undertaken-by 
Orbach (1959) in anýattempt to, determine--'the, small'wavevector-limit, -of 
the dispersion law for linear-Helsenbelrg antiferrom4fiets. Orbach also 
performed similar calculations for small-linear Heisenberg systems with 
end spins coupled to the-rest of-, the chain by-an, Ising interacti6n, sudh 
that-the two end spins were held'either---parallelýor-antiparallbl.. ' This 
study represented a quantum-mechanical-fo=ulation-, of the Bloch'wall 
problem in place of the usual-semi-classical treatments (Orbach, -1959). 
Independently, of the'author,, -and-at'-the same time, Griffiths-cal- 
culated the energy levels for N =-3,5,7,9 and, 10 for the-. IHeisenberg 
limit only. Griffiths-evaluated-'the-energies, entropies, specific-heats 
and susceptibilitiesýin'zero field and-compared them with the series 
expansions (Griffiths, -, 1961', unpublished report). Theýauthor of-this-. 
thesis is considerably indebted toýboth-Dr. R. L.. Orbach-and Dr,. R. B. 
Griffiths for receipt of their, unpublished- calculations for checking pur-, 
poses, 'and for helpful, disdussions-'and correspondence'. - An acknowledgement 
is due to Dr. Griffiths who,. on- learning of the concurrent- and--more , 
extensive calculations presented--in-, this-. thesis . 
agreed to forego-imme- 
diate and independent publication-- of, his -own work in order'that -a more 
comprehensive approach to the problem-, might result (Bonner, and Fisher, 
1964, and Griffiths, 1964a, companion-papers). 
A stTiking prediction of the-spiný. -wave theory of antiferromagnets, 
is that the lowest. energy'states- shouid-obey a dispersion. law- of - the 
f, (k) -E - Eo ~ sin k. Mattheiss-. (1961) independently calculated-the 
eigemralues of the Heisenberg rings-. N ='6 and N=8 as a., function. of- 
wave-vector k and was the first-to-find-an approximately sin k depýendence p 
Griffiths (1964b) was able to obtain -rigorous upper and- lowbounds 
for the free energy of the antiferromagnetic Heisenberg linear chain 
whichare. interesting in connection with extrapolation estimates, of, the 
low-temperature thermal behaviour near. T = 
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A different-approach to the-problem is the method-of highl-tempeTa- 
ture series expansions. Bake-r, Rushbrooke and Gilbert (19643- suqcess- 
fully exploited, a graphological-simplication inherent in considering 
free-ended, rather than periodic clusters of up to 10 spins: to obtain-a 
long, (21 term) series expansion for-the-partition function in zero 
field for the infinite: linear-chain. Numerical curves for the-thermal 
properties obtained, with the aid of Pade approximant, extrapolation 
techniques, are in very goodagreement-with the work presented in this 
thesis for the Heisenberg limit-4- No-series are presented for-the case. 
of general anisotropy, howeveri and the corresponding fiel4-dependent 
series of B&L-r,. Rushbrooke and Gilbert are much shorter (about . 10 terms) 
and consequently,, much less informative. 
Richards and his co-workers haVe-recently begun a significant-ex- 
tensiorf of our, zero-t6mperature pair-correlation function calculations 
to include some higher-order correlations and, particuarly, time-depend- 
ent correlations. Their-numerical study requires the. complete-, set of 
eigenvectors for finite spin systems, as well as the eigenvalues,. whereas 
our zero-temperature work required only, the antifprrom. agnetic. -ground , 
state eigenvector. Their work, to date, (Carboni, thesis, 1966; Carboni 
and Richardr,, 1968; Rogers, Carboni-and. Richards,, 1967) has, involv6d, 
periodic systems of 4 to 11'spins and the author understands (Richards, 
1967, private communication) that free-ended chains of-4 to 9, spins are. 
now under consideration to improve-numerical estimates for the-infinite 
N behaviour., The general time-correlation functions, are-basic, to the 
study of certain dynamical properties of-solids'such as-magnetic resonance 
linewidth and neutron, scattering. 
2.3) Approximate-Theoretic Methods 
Approximate methods in, common use for treating interacting spin 
problems are spin-wave theories and Green's function theories.. (Molecular 
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(mean)field theory has-been'considered-. extensively in-attempts-, to-compare 
theory and experiment because, of-iis--mathematical, simpýcityý(Smart, ý-. 1963) 
but its-predictions are no long6r. considered reliable for spin assemblies 
in the absence of long-range interactions, (Fisher., 1965). ) 
Spin-wave theories contain the-premise that-spin assemblies, -can 
be discussed in terms of, wave-, like deviations from perfect ferromagnetic 
or antiferromagnetic spin ordering., The theories run into difficulties 
when the number of spin deviations-be, comes-large, and are therefore regard-.. 
ed as having maximum validity at-jow temperatures well away-from the 
critical point (Van Kranendonk and--van-Vleck, 1958). Green's-functiQn 
theories,, on the. other hand, are-regarde4 as applicable over, the. whole, 
temperature, range, from1ow, temperatures. right up to the critical point. 
However; Green, ý`function approximate, decoupl'l. ng schemes (Haas'and 
Jarrett, 1964) which, are sophisticated,. eno. ugh to. _give;. 
agreement, at low 
temperatures, with the best spin-wave treatments (e.. g. Dyson*' 1956)-result 
in. critical point, behaviour-which-ir?, still essentially mean-field-like4 
In this respect exact-spries expansions are much more, reliable. and in- 
formative.,. However, Wortis (1963) has-successful, ly-employed', Green's-, 
function techniques to"treat the-pr9blem of two overturned-, spins-in the 
Heisenberg nearest-neighbour model inppeý. two and three-dimensions. Hi. % 
description, of the behaviour of-bound, -states of two overturn64-spins' 
agrees. with more exact calculationsý' where available, to effects of 
order (11AN) (Katsura,, 1965, as-reinterpreted-, in this-'thesis) which areA 
of course, in practice neg ligible, -in--the thermodynamic limit. Wortis 
is also. able to disprove a result of Dyson (1956) that-bound states, of 
two overturned spins, do not exist, in-three dimensions.. Bound"states. stil]L 
exist, although they are apparently-dominated by lower, -. 1ying spin-wave- 
states in the ferromagnetic limit.. 
The usual procedure adopted, by currept-spin wave-theories is to 're-, 
place the interacting spin, operat6r. s-, of, the Hamiltonian(spin, operators 
t 
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obey a mixed set of commutation values) by either boson operators (Van 
Kranendonk and van Vleck, 1958) or-fermion operators (Nambu, -1950; 
Syozi, 1951; Meyer, 1956). The remainder of the Hamiltonian is-then- 
ignored. or treated as a perturbation. (It is worth noti. ng-that-the 
X-Y model Hamiltonian (see sub-section (2.4)) can be expressed exactly 
as a, non-interacting fermion Hamiltonian (Lieb, Schultz and Mattis, 1961; 
Katsura, 1962). Inthis way the-statistics of the problem are rendered 
considerably more straightforward. Unfortunately the wide variations in 
predicted behaviour when the various-theories are applied to the, same 
problem, for example the Heisenberg linear chain, illustrate that this 
is not without considerable cost.. 
As was first demonstrated by Bloch (1930), the boson theories 
yield integrals for the magnetisation which diverge in one and-two-dimen- 
sions. Katsura (1965) remarks that this is non-physical-behaviour which 
results from overcounting of, magnetic states in the boson approximation. 
The corresponding divergence-of-integrals-in Green's function-theories 
produces zero spontaneous magnetisation in one and two-dimensions. Rigor-, 
ous proofs have been presented that-this-is the correct behaviour (Mermin 
and Wagner, 1967) and therefore in this respect the Green's function 
theories may be, r, egarded as an improvement upon bose-type spin-wave theor- 
ies. Fermion spin-wave theories, unfortunately, predict a finite spontan- 
all 
eous magnetisation forAferromagnets, which deviates from saturation as 
T 1/2 for the linear chain and T for planar lattices (Frank, 1956; 
Mannari, 1958). A more recent antiferromagnetic version of the fermion 
theory for linear magnetic chains (Falk and Ruijgrok, 1961) shows a 
sub-lattice magnetisation behaviour-equivalent to the ferromagnetic be- 
haviour described above. The susceptibility rises from zero-exponentially. 
(whereas we know rigorously from the, work of Yang and Yang, 1966, that 
1(0) is finlitcand non-zero) as also does the specific heat (weýbelieve 
a power law rise from zero to be the correct situation). Both properties 
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show divergences'at, the spurious, critical-point. ý 
Variational-calculations pr6vide-a-. further-distinct-approach-to 
Heisenberg-Ising linear chain, -Hulthen,.. (1938) first employed-a--c; onstant-7 
coupling variational method; one-'approximition Involved two-spiTi- cluste. rs 
and a higher approximatioýv used-- three--spin- c1fisters., The first- approx-. 
imation of Hult4en-. was. -generalised-by--Kasteletjn (1952)-to-the-. anisotropic 
linear chain. The method... indicated-a-critical*anisotropy constant 
0.483 beyond, which-the-zerotemperatureýlong-range-order, (present 
when'd =0) vanished identically.,. The-yariational shortýran'e-order and 9 
ene. rgy-showed-si. ngularities in-le at-the same point. Orbach's-'numeri- 
cal solutions (1958) indicated- that'thesd- sinjul. aries are spurious. Kastel- 
eýnls-work illustrates. a- , fundamental defect of viriational--calculations:, 
their order parameter predictions-,, -7, particularly that of-the-lo. ng-range 
order - are unreliable, essentially-;, because-a trial wave., -function-which.. 
gives a. good approximation to, say, the., ground -state -energy is, ýstill ýsuf: ei_ 
ciently unlike the true, wave-function. Apparently only-th6 ex, actanswer 
will dol, Successive variational treatments-ýof the. antiferromagnetic 
ground state of the'linear chain-by-, Ro, driguez (1959) and Ruijgrok and 
Rodriguez, (1960) alsoýillustrate: this-effect. 
Finallyletus copsider-perturbation. methods which share with theý 
approachadopted in, this--thesis--the-advant. age that-successively--higher. 
orders indicate a trend and pe, rhaps--put, bounds-on the error, -in--ldistinc-., 
tion to Isi, ngle-shotl-approximations--such as variational: orispin-wave, 
calculations. Walker. (1959) presented, --perturbation ser: Les: ln - powers of 
2 for-the short. -ra. nge and lo. ng-range-order., His series for the: long-. 
range order-seems to. indicate that--it-does not-vanish-for-Y less--than- 
about. 0.9. A further. term-in the. Walker-expansion, has--recently, --been, ob- 
tained. by Nagle (1968, private communcation) and ; he'series. now-, indicates, 
that,. the lo, ng-ra_nge, order, does'not-vanish for, 'I less than about 0.92.. 
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Perturbation calculations equivalent to those of Walker though not in- 
cludi. ng long-range order have been presented by Boon (1961), but to lower 
order and containing inaccuracies. Boon also considered higher-spin 
and higher dimensional lattices. Walker (1964, private commu=ation) has 
now extended his method, using a digital computer to perform the tedious 
algebra, in this direction. Recently Goodman and Arai (1967) have 
published similar, calculations, though to lower order than Walker. 
An interesting variant on the perturbation approach for the energy 
and long-range order is due to Davis-(1960) who considered perturbations 
about a 'free-particle Hamiltonianlrather than about the Ising limitý 
Davis's results became equivalent to those of Walker in the high-spin, 
high-coordination number limit. 
Unfortunately, although the short and long-range order series for. 
the spin-1/2 linear chain give reasonably sensible results despite their 
short length, the lo. ng-range. order series for two dimensional lattices 
do not, appear to go to zero at'i =1, 
nor do they make a convincing'distinction between two 
and three dimensional lattices. 
Kat-sura and Inawash'iro have considered two rather elaborate per- 
turbation approaches for the thermal and magnetic properties of the 
antiferromagnetic linear chain in terms of. linked-spin-cluster expan- 
sions. The first-method (Katsura and Inawashiro, 1964) considers a per- 
turbation about the X-Y model (Katsura, 1962). However, the convergence 
is rather slow-and therefore Katsura and Inawashiro (1965) considered an 
alternative approach, taking as unperturbed Hamiltonian a finite tempera- 
ture Hartree-Fock. calculation of Bulaevskii (1962). The Bulaevskii cal- 
culation reproduces the general features of the Heisenberg thermodynamic 
properties quite well, as may be seen by comparison with the work in this 
thesis. The, Katsura and Inawashiro (1965) improvement on the work of 
Bulaevskii appears to give-very good agreement'of the thermal properties 
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and not quite such. good, agreement'df'the magnetic properties in tem- 
perature regions where we believe our results to be absolutely re- 
liable. If, however, the Katsura and Inawashiro-approach is, applied 
to the ferromagnetic, linear chain, a non-physical, finite temperature 
phase transition results, which has a mean-field character. The 
original Bulaevskii method shows similar behaviour when applied to 
ferromagnets (Hunt and Girardeau, 1967). 
To summarise the conclusions of this sub-section: we have seen . 
that. the standard approximate theoriesi mean field theories, spin-. 
wave theories, variational. calculations or'low-order perturbation 
theories. give seriously conflicting and unreliable results when applied 
to the problem of the Heisenberg-Ising linear chain. An approach of 
Katsura and Inawashiro which gives the best general agreement with ex- 
act results and our own calculations for antiferromagnets fails serious- 
ly for ferromagnets. We shall see in the rest of this thesis that our 
numerical approach, though subject to 10-15% quantitative error in the 
neighbourhood of a non-analytic point, must be regarded as generally 
superior in accuracy and relability to, all known approximation methods. 
It is second only to the exact solution. 
2.4) Related Models 
We will conclude this section with a brief review of, both exact 
analytical and numerical treatments of closely related models. 
In 1961, Lieb, Schultz and Mattis pointed out the interesting re- 
suit that the spin-1/2 model obtained by deleting the parallel or 
Ising terms SL 51+1 in equation ( IA ) to leave only the 
transverse Hamiltonian is completely and rigorously soluble. They in- 
vestigated the spectrum (and zero-temperature pair correlations) in de- 
tail (Lieb, Schultz and Mattis, 1961). Katsura (1962) independently de- 
rived the same exact solution, although his interest lay in the thermal 
and magnetic properties including the behaviour in a field. Although the 
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transverse Hamiltonian is somewhat artificial, the behaviour of this 
model resembles in many'respects the results we have found for the full 
Hamiltonian C I. i ). 
It is also possible to calculate. by elementary methods the zero- 
field free energy, correlations and susceptibility for isotropic 
Heisenberg chains in the limit of infinite spin (Fisher, 1964). The 
low-temperature behaviour of the thermal properties in this case is 
somewhat unrealistic since in the classical limit, S= -, the specific 
heat necessarily-goes to a non-zero value as T ->. 0. The susceptibility, 
however, correlates quite closely with the results we find for the 
S=1/2 Heisenberg chains (except that a non-physical contradiction of 
the third law is shown again by a non-zero slope for small T). 
For spin values intermediate between 1/2 and -, an analytic 
approach (say akin to the Bethe-Hulthen formalism for spin 1/2) is 
not at present available. Numerical approaches, therefore,, seem to be 
the only feasible possibility. The author, understands (Weng and 
Griffiths, private communication) that numerical calculations very simi- 
lar to those described in this thesis, are in progress on a linear 
Heisenberg-Isi. ng spin-I model. Numerical studies for spin > 1/2 are 
hampered by the increased sizes of Hamiltonian matrices, which vary as 
(2S+I) N, thus restricting the maximum length of soluble cluster to about 
7 to 8 spins for spin-I and even less for higher-spin. A similar re- 
striction exists'in applying our numerical techniques to two-dimensional 
clusters (We. ng and Griffiths, private communication, have also investi- 
gated spin-1/2 toroidal spin clusters of up to 3x4 spins. ) 
Let us consider the effect of including further-neighbour inter- 
actions in addition to the nearest neighbour interactions we have been 
concerned with so far. An extreme model of this type is the "equivalent- 
neighbour" model where all inter-spin interactions are permitted and all 
are of equal strength. The Heisenberg limit solutions are trivial (they 
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are essentially the complete set of eigenvalues of the total spin 
operator for an N-spin system. ) This result has been exploited by 
Kittel and Shore (1965) to obtain numerical thermodynamic properties 
for ferromagnetic clusters of up to N=20,000 spin-1/2 atoms (which they 
remark is less difficult than calculating the 10-spin ring for the 
nearest-neighbour Hamiltonian). In contrast to the spin-1/2 linear 
case, an expected-finite temperature phase transition is shown to de- 
velop which is demonstrated to be of the mean-field type. 
There is some experimental evidence to suggest that a class of 
substances exist which are linear in type but have variable interaction 
strengths between pairs of spins along the chain. Duffy and Barr 
(1968) have considered the "alternating" Hamiltonian for certain of 
these substances (Nordio, Soos and McConnell, 1966) 
ti 12. 
4- c4 
where, as the parameter a varies from 0 to 1, the corresponding Hamil- 
tonian describes a system which varies between an assembly of anti- 
ferromagnetic binary clusters to an isotropic antiferromagnetic linear 
chain. Duffy and Barr have undertaken a numerical study of this Hamil- 
tonian, which follows the approach of this thesis. Their estimated 
limiting results, as a varies from 1 to 0 are generally very similar 
to our results for increasing anisotropy y. The only distinction is 
seen between their susceptibility curves, which are always isotropic, 
and go to zero as T -* 0 and our perpendicular susceptibility curves for 
all y which remain non-zero as T -* 0. Powder susceptibility measure- 
ments do not appear to extend to low enough temperatures to distinguish 
between the two models and therefore the alternating hypothesis of the 
behaviour of certain substances (e. g. doubly-nitrated DPPH (Duffy and 
Strandburg, 1967)) appears subject to some doubt. 
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It is interesting that Duffy and Barr present a comparison of 
their numerical work-with various field-theoretic treatments which 
echoes our conclusions on the general inadequacy of such treatments. 
It is interesting to note that whereas the Heisenberg spin-1/2 
linear chain problem is considerably more difficult than the spin-1/2 
Isi. ng linear chain, the reverse is true for spin- -. An exact analy- 
tical solution to the linear chain Ising spin- - model has not-yet 
been obtained. However Joyce (1967) has treated the general aniso- 
tropic linear, spin- -, model by series expansion techniques and 
equivalent series results for the Ising spin- - limit have been re- 
ported by Tkon,, psorL (to be published). 
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CHAPTER II 
QUANTUM-MECHANICAL ASPECTS OF THE PROBLEM AND COMPUTATIONAL TECHNIQUES 
Introduction 
In this-chapter we present an account. of matrix techniques for evalua, 
ting the eigenvalues and eigenvectors of linear spin, 1/2 systems with quan- 
tum-mechanical coupling. The magnetic and thermodynamic. properties of 
these systems may then be determined. 
-The 
ultimate interest lies in pre,, 
dicti. ng the properties of an infinitely-large spin system by extrapolating 
the results for a series of small systems of increasing size. Thus it is 
obviously advantageous to extend the calculations to as large a system as 
possible. 
Since practical limitations exist on the size of matrices which may con- 
veniently be-diagonalised,,, we must look for techniques which simplify the 
form of. the Hamiltonian matrix., for larger-systems.. Symmetry properties of 
the Hamiltonian can be exploited to this effect. We define a set of sym- 
metry related quantum-mechanical operators which commute with the Hamil- 
tonian. Each of these operators may. beýused to convert the'Hamiltpnian 
matrix to a block diagonal matrix. Further, when a subset, of these opera- 
tors commute among themselves, the operators can be used successively, in a 
stýge-by-stage breakdown (repeated block diagonalisation) of the Hamiltonian, 
matrix. 
This reduction process can be. made very powerful, provided all relevant 
symmetry properties are defined and exploited. Previous authors have ob- 
served and made use of some of these symmetry operators. Here,, however, we 
present for the first time a, list of such operators which is complete in 
the special sense that the-resulting reduction of the Hamiltopian, matrix is 
maximal- ' implying that all energy level degeneracies have been removed. 
In section(l)we discuss the quantum-mechanical formulation of the prob- 
lem, in which the Hamiltonian appears as a finite, matrix. A knowledge of 
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the properties of the relevant one- and two-spin operators makes it. possible 
to set up this-matrix. 
In section(2)a complete list of the-symmetry properties, of the Hamil- 
tonian is presented and a corresponding quantum-mechanical operator is de- 
fined in each case. In section (3) it is proved that certain of these opera- 
tors commute with each other. The nature and extent of the matrix re- 
ductions which result are considered in. both sections(2)and(31 
In section(4)the results of successive matrix reduction are explicitly 
illustrated for the case of a ring of 11 spins. The effect, of placing the - 
spin system in an -external. magnetic field is also discussed in this section. 
Reduction schemes used by, other authors are briefly mentioned, and in 
Appendix ia detailed account of, other work for the special case of, the 
Heisenberg limit is presented. In section(S)the detailed application of, 
these methods is-discussed together with the numerical computer techniques, 
required for the final solution of the eigenvalue problem. At the end of 
the section an inventory of eigenvalues and-eigenvectors obtained in this 
way is given. Tables of eigenvalues are to be found in Appendix 2. 
. 
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1. MATRIX REPRESENTATION OF THE HAMILTONIAN 
OperatorýRepresentation of-the Hamiltonian ý 
Let us consider, for simplicity, the basic nearest-neighbour 
Heisenberg Hamiltonian for an N-particle, spin-1/2 linear system 
N 
I+ 
where for ferromagnetic coupling, J= IJI 
and for antiferromagnetic coupling, J= 
One-Particle operator S. 
The spin operator SI corresponding to the i 
th 
site along'the chain; may 
be, written in terms of-the Pauli. spin matrices'S 1/2 'h aI, where aI has 
the familiar components. 
a, C 0113,, = 
11 
0 
The Hamiltonian then becomes 
. 
10 




Sz has two eigenvalues, (which may, withouvloss of generality, be taken =i 
as ± 1/2"K) corresponding to 'spin up' and 'spin down'. The corresponding 






(2.1.4) OL TL OL -rL P 
Two-Particle Operator S. -S. 
I _1+1 
This operator operates in a four-dimensional manifold which is the pro- 
duct of the two, W, spin spaces of the i 
th 
and (i+l) 
st, sites. Hence the 
four basic wave-functions m# be taken as-products of one-particle functions 
namely,: - ý11"X2 , al'a2 , al'02 01'02 or using the symbolic Dirac 
bracket notation 1++> ; I+t> 1++> 144> . The operator 
crý' crý +"C or' +,, (2.1.5) L L+ 
1ý L+ I al cli+l 
may then be expressed as a 4x4 matrix such that 
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1 0 0 0 
0 -1 0 0 
0 0 -1 0 












0 -1 20 
i -x* 102 -1 0 
0001 
L- _a 
and 00 0' 0 
Or or X +03 0020 C 2.1.6) i+ 1 16 ait+ II 
0200 
LO 00 Oj 
Hence we see that azaz is a diagonal operator in this representa- i i+l, 
tion, whereas a* a)( andoy aY contain off-diagonal terms. j- i+l 1 1+1 
Effects of ai 2i+l on-. an. N-Spin. Syst6m. 
The quantum theory of many-partic16-systems implies that when 
considering an N-particle system we work in a 2N dimensional space 
and choose as basic states, functions of,, the type 
zz 
ia i+l 
From our previous explicit., matrix representation we see that 
zz ai ai+l operating on a system with the neighbouring spins on the 
1 th and Ci + 1)st sites parallel. leaves-the system-unchanged and 
zz yields an eigenvalue +1. If,: ai aj+ý, operates on two neighbouring 
antiparallel spins-it'again'leaves the system unchanged and gives 
eigenvalue -1. 
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Ising Model 




is, in fact, the Ising operator and hence we conclude that the parti- 
cular set of basic states we have, chosen for-our-representation are 
those states which diagonalise the Ising Hamiltonian. 
I 
cr 
We see from equation(2.1.6) that this operator operating on a 
tystem with a, neighbouring parallel spin pair annihilates the whole 
wave-function. If, however, -it operates oma. -system with a 
neighbburing antiparallel, spin pair it producesawave-function with 
the spin pair interchanged: 
xx to'i cr, ý+ I+ CrL ol. "', 31T---. - -r, ý ---- ýý =z> 
X+Y N, q+ Cr Defining 0 
Jai 11+ 
1' iY Cri+ly 
1, 
we obtain the follow- 
X+y ing properties of and 0 operating on a given basic state 0 
*I, - II L44 +2 N 




C? 2.1. ci) 
where n par = no. of spin pairs 
in T, n antipar '= 
no. of anti-11 
spin pairs in 
0 X+y 
a arbi. par 
where T, is a spin function differing from T by interchange-of a pair 
of neighbouring anti-11 spins. and; the sum-goes over all n antipar 
(2-1.8) 
distinct functions T t, 
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1.2) 
_Dirac 
Permutation Operator -- 
The general, anisotropic, Hamiltonian may be written as the 
operator 
= -. 
1 oz YT X+3 14 -0 zz 
(2.1.11) 
and the matrix elements evaluated in our representation from the 
properties of the operators 0z and Ox+y. There is another approach, 
useful in the Heisenberg limit, which expresses the Hamiltonian in 
terms of the permutation operator which is defined in the case of 
spin-1/2 as 




which interchanges the ith and J 
th 




-ý4 Pi - 'k NT2.1.13) HeL5 
The rather simpler properties of the operator P 13 make 
this 
approach somewhat preferable to the preceding. By writing the 
general, anisotropic, Hamiltonian in the form 
N 





this technique can be used to simplify tke writing down of matrix 
elements in the anisotropic case also, since the first term brings 
in Pij and the second-term-merely adds in additional, diagonal, 
. Ising factors. 
The resulting spin matrix corresponding to an N-spin linear 
system has dimensionality 2N (for spin-v1/2). since-the spin at each 
site may be either lupt or ýdownt. However, the symmetry properties 
of the Hamiltonian and a special choice of boundary conditions enable 
- 41 - 
the size of the matrices to be reduce4. suffieiently for the problem 
to become numerically soluble, on digital computers to a chain length- 
of about 11 spins. 
1.3) Boundary Conditions 
It is commonly accepted that the-use of, peri6dic boundary 
conditions leads to the most mathematically tractable formulation 
of the problem. In the case. of a linear chain, this means that 
the spins form a-ring. and-every spinionýthe-ring is equivalent. It 
happens that not. only-does-this approach. drastically simplify the 
matrix diagonalization problembut the results, arej on the whole, 
better behaved, from-. the, point of view. of estimating the, properties 
of an infinitely. long.. chain* than those obtained., by other choices of 
boundary conditions,,. However.,,, inzo farýas this model has a relation 
to experimentally. -investigated. substances, ring boundary conditions 
for small systems-aqýSIS) are rather artificial and-.! free end, 6ound- 
ary conditions. are-indicated. -Spin systems with tring' and 'free 
end' boundary. effects. will henceforth be termed 'rings' and 'chains' 
respectively. 
1.4) Properties of the,. Spin. Operators- 
Single Spin Systems 
_L t aZ The single-spin vector operator x is well- 
known to obey the following commutation relations 
x=j (2.1.15) 




S-j S'S* L 
LLL 
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In the. literature-the use-of spin flip operators is common. 
They are defined as: 
s. = 5- 
- +, is- tL 41 
In the matrix representation of section (1-1) they would appear 
as 
+ 
0 (2.1.18) [: 
,0r, co; 
] 





, it is easy to verify that 
!, I*=0 i+ o L (2.1.19) 
0 
th Hence Sj is an operator tending-to turn up. the 1 spin, and S an 
operator trying to turn. down. the i 
th 
spin, The off-diagonal terms 
in the Hamiltonian may be expressed in terms of S1 and S1 Since 
(5- X 
-4- 5jV J_ +S L N 
the operator Ox+y =2 Y32: + L 
N-Spin Operators 
tN 
Consider the total spin operator SS whose square is 
S2 
)2 t1+ (S. Z)z (2.1-21) 
22 
(cf, the corresponding single-spin. relation Gi 
The Hamiltonian corresponding to, the basic-nearest-neighbour ring 
system (equation 2.1.1 now situated in an applied magnetic field H 
WW 
is 14 2 TZ - S., 
-t- 9 7, S i) (2.1.22) P 
-27Z 55+H 
where m is the, magnetic moment. per. spin,. and mH. S is a Zeeman-type 
term representing, the energy-of-, interaction. of the spin system with 
a fi-eld. in an. arbitrary direction. (H-S has components HZ Sz 
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parallel to the z-direction and HxSx and Hy Sy in a perpendicular 
direction). 
,2 The operator S may also be expressed as 
2N2N 
S+ 2- (2.1.23) L 
(A two parameter. double sum as in. the, second. term will henceforth 
be denoted I ). The general theory, of. angular momentum tells 
(i, j) 
us that the total. spin. operators, obey the same. kind of-relations as. - 
the single spin-operators.. In. particular, we have the total spin 
analogue of equations(2.1.15) 
sxsis (2.1.24) 
Expanded in terms of the cartesian components of S, equation(2.1.24) 
becomes 
1sx, syl =i S7. 
[sy, S'l = i-sx (2.1.25) 
IS z, sx]=i SY 
'A z (Notice that the special. simplification SSyiS, etc., applies ii2i 
only to-spin-1/2 operators. ) 
2. SYMMETRY PROPERTIES. OFTHE HAMILTONIAN, 
2.1) Conservation. Properties- - 
In this sub-section we shall introduce a, set. of quantum-mechani- 
cal operators which. all have the property of, commuting with the 
Hamiltonian.. The-investigation. of theeigenvalues of the Hamiltonian 
may simplify considerably. when the.. eigenvalues and eigenfunctions 
of such operators-are known. This. ropult depends on, a fundamental, 
theorem concerning commuting operators in quantum mechanics. 
Suppose B is an. operator which commutes with. -4 and we represent 
by 5)kp (p = 1,2 Pk) the eigenfunctions of B corresponding 
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to an eigenvalue B k' which may be degenerate. Then the linear 
combinations 
1, 
C, with suitably chosen C are eigenfunctions p p. 
Tk, 
p P 
of 14. Therefore. our eigenvalue problem of degree 2N can be reduced 
to other eigenvalue problems. of. lower degree (equal in each case to 
th the degeneracy of the k eigenvalue of B). Pk' 
In matrix terms , this. means that if we represent the Hamilton- 
ian in the basis B the matrix will appear in block diagonal form'. Tk. 
jp 
each block corresponding to a particular B k' and of size PO" Pk -From 
now on, we shall speak of this process as 'reducing the Hamiltonian'. 
The problem of diagonalisation,. of 'ý+ then becomes the problem of 
choosing the coefficients Cp 
blocks. 
in other words, diagonalising the 
2.2) Spin Inversion Symmetry 
The Hamiltonian is invariant under-the operation of replacing 
all 'up' spins by 'down' spins and. vice-versa. This has been occa- 
sionally termed in the literature 'rotational invariancel, apparent- 
ly since it corresponds to rotating all spins through 180* (Orbach, 
This property holds for the general anisotropic Hamilton- 
ian as well as for the Ising and Heisenberg special limits. Its 
validity is independent of-the. boundary conditions. The spin-inversion 
operator, in fact, has the significance of the 'time reversal' opera- 
tor for spin systems. 
We may define a spin inversion operator I 
e, g. IIttt+ +> =I+. ++tt (2.2.1) 
2 It follows that I=1, and hence the eigenvalues of I are I 
At this point we will briefly discuss the fact that if the 
Hamiltonian is invariant under a given operator P, then P commutes 
with the Hamiltonian. Suppose the eigenvalue equation is 






where, of course, the, E. \ are the complete set of, eigenvalues and 
-P,, the complete set of eigenfunctions of )4-. The invariance of '4 
with respect td P implies the relation 
1-4 (f ipx )= yj 
operating on(2.2.2) with P gives 
P '4 -Y A=E ipx 
(2.2ý4) 
which together with(2-2-3) implies E10 for all 
arLCL Lkere-f0v-C -H- COMMULe-5 Wibýt 'P. 
Effect-on the Hamiltonian Matrix 
In any, representation of-the. Hamiltonian, half the states Will- 
be spin inverses of, the otherhalf. Therefore, in a representation 
in terms of symmetric and anttsymmetric combinations, of states with 
their inverses, the Hamiltonian matrix will split into two equal 
blocks corresponding to I= +1 and I= -1. 
2.3) Conservation. of Z-ComDonent of Total Spin 
SzNz S is the z-component.. of the total spin., It can easily i 
be shown that this quantity commutes with the Hamiltonian 
N 
z 
+Y( S-x K+ '5-ý'S-j (2.246) L 
z Since S obviously commutes with. itself and with all products of the 
form. S zSz it only remains to, show that Sz commutes with the- ij 
term (Si X_ Si x+SiYSi Y). The general term of this commutator is 
Z; (Kx3=. [Z; sjý + sjý %51 31 S + 
["I z IS Ii)K3K 
The two commutators on the, right obviously vanish for ijýk. 
(2-2.7) 
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We now consider other cases: 










C, ý 5t 'Y'5jx- 3 [5; t, %YS "] =-1 -5 " S? 
Hence Si' 5, ' +0 since the term with i 
cancels with the term i=k. (2.2. CI) 
Hence SL7. 
ý 3kj=0 
for all j and k. 
(2.2. io) -E (S "'S x+5 ýS ")I 
Hence we see that commutes with )+ for all y, including the limits 
y=l and y=O. 
Effect on Matrix 
From considerations 
7- 
the effect of S 
function is to give the 
ber of 'up' spins - num 
advanced in section(l. ý, it is easy to show that 
z S- operating on a given, basic, Isi. ng wave- 
same function multiplied by a factor 1/2'kx(num- 
z ber of 'down' spins). In other, words S is diagonal 
in the basis which diagonalises the Ising operator, and the basic states 
are therefore eigenfunctions of Sz. The e, igenvalue of S7-corresponding 
to a given basic function is determined only by the number of over-turned 
spins (with reference to the state with all spins aligned) and not on their 
arrangement. Therefore the basic states break up into groups, the states 
7- 
within each group being degenerate with respect to the operator S, cor- 
responding to each of its eigenvalues N17- , N/Z -A, -----, - 
N12 - 
(Thus there are Clftj) distinct eigenvalues in all. ) 
It follows that the size of a particular S7-group of states, which by 
virtue of the theorem of sub -section (2.11 is also the size of the cor- 
responding block ofthe reduced Hamiltonian, is 
' 
given by the simple bi- 
nomial expression r= N/2- -5M 
and corresponds physically to the number of overturned spins. 
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Size of the Blocks. 
It follows that the-size of-a particular Sz group of states, 
which, by virtue of the-theorem of sub-section(2.1), is also the size 
of the corresponding block of. -thezreduced Hamiltonian, is given by 
the simple binomial expression N 
Y 
where r= N/2. - SZ and.. corresponds physically to the number of- 
overturned spins.. 
The largest Sz block will arise wheny - N/2. N odd, i. e. N= 2n+l. 
There are two equal blocks. of maximum size. of order 
2n -1)=n-1 (2.2.12) 
n-1n) 
The corresponding Sz eigenvalues: are +1/2. N even, i. e. N= 2n. 




However we shall, see in sub-section, (3.2) of this chapter that the 
spin inversion symmetry cuts down this particular block by a factor 
of 11, and hence the effective largest blocks are the 
JSZJ 




2.4) Conservation of the Square of the Total Spin. 
zNz The square of the total spin operator is SS+2 
2 
(i 
Let us investigate the, commutator [S 
Heisenberg Hamiltonian 
Consider the Hamiltonian 't+ = ?J (jj) ýi`j. This corresponds- 
to an (( equivalent neighbour model ýapplicable to close-packed clusters, 
since all interactions are-permitted, and all are of equal strength. 
Since obviously commutes with itself, we need to prove the commuta- 
N2 
tion relation Si0 to show that S is conserved for this 
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for this model. Now [Si 
2S 
j*fkl =0 for all i, j, 
k, since S12 
is a scalar. But [S i2, S 'S k] is the general term 
in the sum 
21S2 [E Si 
-* Qýk) 
ýj and hence ii always commutes with 
-Pý 
and with all sub-Hamiltonians with various restrictions on the 
sum over k, e. g. the ring and chain Hamiltonians. 
To extend the commutation proof to all sub-Hamiltonians, we must 
now show that the operator S. -s. also commutes with them. (i, j) -1 -) 
Consider the commutator C which is the general 
term of the sum commutator ýmj ft-ýml whereft, m} (i1j) ýi*ljl 0- 
denotes the sum over. 1 and m, which may be subject to restrictions 
on m, e. g. m+1 for nearest-neighbour models, and generally 
kým. C contains terms of two basic types 
a) S -S -S z -S -SP, -S -S -S =0 for all 
iýiýZ, ým 
b) S1 -S j -S j -S m-S3 -S m -S 1 -S 
S12 (S SM-Si) 
= 0, all i, m. (2.2.16) 
Hence we have proved that the total spin is conserved for all Ham- 
iltonians of the Heisenberg type. This result leads to a powerful 
reduction of the Hamiltonion matrix which will not be discussed 
further here, but will be referred to in sub-section (3.2) of this 
chapter, and treated in detail in Appendix J.. 
Anisotropic Hamiltonian 
The anisotropic Hamiltonian wltýk, in c3emeral, cL re-5LrIcIccI , 5uryl VVI C; A ýOvl 
'Z ++Y (2.2.17) 
Y 
may be written 
-PI ZY TEýj. -ýj + zu- (I - -i) 
E5: 
3' (2.2.18) YLi 
53 
2 iijl 
Since we have proved that S always commutes with the first term, we 
must now investigate the possibility of commutation with the second term. 
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Consider 
2 "Z 2 7, z 
(2.2.19) 15) St 53 St + 2U- z 77 
2z It follows from equation (2.2.15) above that [Si Sm . 
]=O (2.2.20) 
for all iýg, m, and hence we need, only consider the second term on the 
right. The, terms in the commutator sum are of the-basic types: - 
1) 5: ,0 (2.2.21) 
15 









ZIEý: -] ; 
[5i. 
5j, 5C 7- 
Types (2) and (4) are equivalent to types (1) and (3). ý Hence 
consider, 
Z a) Sj 5vt% 
] 15 
i- ýj )L M] = 
[( 
SýA+, Sz 53 i 













x V, a 7-1 
-ts'S'Ca' Sj > 





C's Z- (2.2.25) 
Yn 
C) 
j. f533 5% 
2 
Now (2.2.26) 
ý3 Y IL Sj 4- 
(St Sj 4- t 
and similarly z (2.2.27) Sj] = () Lj 
Hence type c) vanisIrsfor any, Hamiltonian. (Results (2.2.26) 
and (2.2.27) hold only for. spin 1/2,. For higher spin, using the, 
complete computation relations (2.1.25), type C still vanishes oujLmg 
- so - 
to cancellations of terms. )--However it is interesting to notice that 
c, hA on 
Iý4r 
-A*, s i" odel, 
for the equivalent neighbour close-packed model, Aevery term of type 
is paired off with a, corresponding term of type u)(3). 






for all Y, including, the, Ising-. Iimit. This is because the situation 
01-Y<l does not correspond to-the presence of realistic anisotropy for 
th sAmodel, since the, anisotropic term commutes with the isotropic 
term in the Hamiltonian and hence does not influence the antiferro- 
magnetic ground state. '. This-was pointed out-by Kasteleijn (1960, 
private communication) for the simplest system of two coupled spins. 
2.5) Reflection Symmet-r 
The Hamiltonian of a cluster having at least one symmetry axis, 
as shown, for example, in fig. (2.1), is 
invariant, under the appropriate. re-label- 
ling of, corresponding. spins. ý, -tln this 
example. re-labelling. implies (1"T- 2, 





-f ig. (2.1) 
chain of N. spins, the single_symmetry axis passes through the-mid- 
point of the chain and the corresponding re-labelling is (1-c- I N, 
2,1v- (N-1), etc. ). For. rings,. several symmetry axes are-available, 
whose type depends on whether N is even. or odd. Reflection symmetry 
is a property of-the anisotropic Hamiltonian, as well as the special 
limits. From fig. (2.2). we-see that for even rings there are two 
types of reflection axis which., we. denote as A and B. For odd--rings 
there is only one, called E).. We may therefore define corresponding 
reflection operators RA, RB and R. sucý that 
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It is trivial to verify that all reflection operators, R have eigen- 
values +1. If we are, consider- 
ing even-spin chains, the only 
6 
appropriate, axis is the A- type (we 2 
2 
may assume the 'broken bond' is the 
I-6 bond) and for odd-spin, chains 3 
we have, of course, R 
Any representation of, the Hamil- f (; z 2) 
tonian will be-in terms-of states,. some of which reflect into themselves 
(corresponding, of course, to R= +1). The remaining states can be 
split into two unequal groups.: corresponding to symmetric and anti- 
symmetric combinations of states with their 'reflection twins', i. e. 
belonging to eigenvalues R= +1 and R= -1 respectively. The total 
R= fl sub-block will therefore-always be. larger than the R= -1 
sub-block since it includes the 'self-reflecting' states. The 
dimensions of. eachblock., depend on the type of operator, and are 
given in Table (2.1). 
Number of Self- Dimension of Dimension of 
Operator Reflecting States R= +1 Block R = -1 Block 
R A 2 
N/2 1 (2 N+ 2 N/2 ) 
1 
2 
(2 N -2 
N/2) 
R B 2 
N/2 +1 1 (2 N+ 1 2 
N/2+1 1 
2 








N+1 24ý2"") 1 -2 
N (2 +1 - 2n xI 
Tab 1e (2.1) 
Block Diagonalisation by the Reflection Operators. 
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It will be observed, from Table (2.1), that there are twice 
as many self-reflecting states under the operation of RB than RA. This 
is because only basic states with an even number of reversed spins can 
reflect into themselves under A- type reflection, while B- type 
self-reflection applies to-both odd and even reversed spin states. ' 
Hence type-A reflection is on-the whole preferable, for rings, since 
there are fewer self-reflecting states 'which make the matrix approach 
a little more complicated. to consider. 
2.6) Translational Symmet 
It is obvious that if the spins are cyclically permuted round 
the ring, the physical situation remains unchanged. Let us denote by 
T the operator which rotates the spins so that each of the particles 
moves to the next highest site number, the Nth particle moving to the 
first site. First of all one sees that this operator is only defined 
in the case of periodic boundary conditions (rings). The effect of 
the operator T must be, at most, to change the phase of the wave-func- 
tion. This introduces another characteristic of a given eigenstate 
of the system, _T 
ft . 
namely its wave-vector k' defined through the 
relation a 
11 (2.2.30) Pvt, 
where a is the lattice spacing. 
Properties of the Operator T 
Consider the case N=7, and a*particular basic wave-function 
It+t+t+ +> 
(2.2.31) 
Tttt+t+ +> +ttt+t +ý' 
Since Tttt+t+ +> ttt+t+ +> (2.2.32) 
ic. T 1 for all such wavefunctions, the eigenvalues of T are the seven 
53 
7 th primitive roots of unity l, w W22W304PW5W6 distributed 
round the unit circle, i. e. 
W 
Cý 
Ax P( Z7T 0"I, 2_1 
The corresponding wave-number k' is given by 
k, CI ý-- 2 TV QV /N-L. e. hý ý 27T q,. 
/Na 
(2.2.33) 
Consider the Hermitian projection operator 
F(w) = [1 +w6T+w5T2+.... + wT 
6 (2.2.34) 
Now TF (w) =F (w) T=wF (w) (2.2.35) 
f-V tr, and hence, 'when applied-to-any, wave-function, generates an eigen r Ljor 
of T with eigenvalue w. 
3) Mutual Commutation Properties-and Matrix Reduction 
3.1) Mutual Commutation Relations- 
In the pr . evious sub-section we have studied the operators I, 
S;, S, R and-T, and shown that since-each. commutes with the funda- 
mental 2Nx2N Hamiltonianj a block diagonalisation is possible in 
each case. -We-shall now investigate the commutation properties of 
these operators with each-other to see if, further substantial reduc, 
tions can be made. 
This would ariseýby-virtue of the argument introducing sub-section 
(2.1). Suppose we have a, set-of operators A,, B, C, ..,. etc. We have 
seen that if A commutes-with B, A isj in general, block diagonal in 
a representation diagonlising R.. -Suppose, further, C commutes-with 
both B and A. Thenj in a representation which diagonalises C, B 
remains diagonal andýeach-block of A is broken down yet'again into aý 
sequence of sub, ýbloqks corresponding to the degeneracies of. the eigen- 
values of C, Clearly, this, process can be repeated, -provided we 
have a set of operators all-of which commute. among themselvesi The 
result of the process is that of successive matrix reduction., The 
process breaks down if two operators along the line fail to commute 
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with each other. When -considering the maximum degree of matrix 
reduction, the-interesting-question still remains as to whether we 
have assembled an exhaustive list of effective operators. It is 
our belief, though we have no definite proof, that we have, in fact, 
achieved thisi and the careful and detaileJ examination of commuta- 
tion properties in the following sub-section has been undertaken to 
support this claim. The-question will be discussed in more detail 
at the end of this section. 
Let us now therefore examine the mutual commutation properties 
z2 
of our set of operators S, S, T, R and I, with these ideas in mind. 
We notice at the start there are limitations: T cannot be used for 
chains, and S is-a good quantum number only in the Heisenberg limit, 
Y=1. 
3.2) Effects of the Mutual Commutations 
ES2, Szý 
[S 2Sz (S, ) 2+ (Slý)- 2+- (Sz )2), Sz (2.3.1) 
z2z22z Now [(S ,S0, hence consider [(Sx) , SZ1 + [(SY) ,S 
The total spin components obey-the commutation relations 
2, SzS, S, S, - Sz S, S, = S, [S', SZ] + [S 
?C Sz S [(S, ) 21 
11(S'Sy + Sys') (2.3.2) 
Now, by similar-arguments we may show [(Sy)2 ,Sz +i(S 
x Sy + SySx). (2.3.3) 
These two commutatorsi therefore, always cancel, and hence 
[S 2, S X] =0 (2.3.4) 
Matrix Reduction 
In the scheme of reduction by S Z, described in sub-section (2.3), 
each Sz block contains states of total spin S in the range 
N/2 >, S >, I Sz. 1 j with corresponding multiplicities (N + 1) down to 
(2 ISzI + 1); -Hence we see, for example, that only the Sz =0 
block contains the singlet states (N even), A breakdown of the states 
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for N*= 11 in terms 6f both: S z ý6 
I Lnd S, which makes this po ii I it-clear, 
is discussed in sub-section(4. r2)of this chapter. 
From the work of (Bloch . 1929) the number -of eigenfunctions of 
2 S, which belong -to a given spin -quantum number S and to a specified - 
total spin component Sz, is independent of Sz and is given by the 
expression 
(S) (2.3.5) 5 N/2 + s+ 
This expression-is easily obtained from relation (2.2.11) which 
impli4s that the number of states of total spin S (=I SZ1 ) 
A (5) 
(N NN+ (2.3.6) 
+I iEl +15 +++ a 
Reduction by S will be discussed in much greater detail in Appendixt. 
Translation Operator 
Let us now consider the translation operator T 
[T, Sz]: Sz t+t++> -1 1t+t++ 2 
. '. T Sz t4t++> -1 
1+t+t+> 
2 
Sz Tt+t++> '(2.3.73 
for all such basic, Ising-states. Hence T and Sz commute, and there- 
fore T may be used to reduce-the-S z blocks of the Hamiltonian by a 
factor ofzrN corresponding to the N eigenvalues of T. 
Effect on Matrix 
Suppose we are interested in the states. (for N=7) for whiph 
z S= 3/2, The three types of ýtates 
1= .1++ttttt> 
ý2 t+ "t ttt) (2.3.8) 
ý3 tt+ t'ý tt> 
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together with the states obtained from these by -translation 
(21 states 
in all) form a basis for representing the Sz=. 3/2 block of the Hamil- 
tonian. It may easily be verified that 
(2.3.9) (I +T)ý, + 3ý, + 
(I + T)-ý2 + (3 +T3+3 
If the states F(w) 1F (w) 2' F(w)S3 are used-instead of 
ý12-ý2 +13 
we replace T by the eigenvalue w, e. g. 
[F (W) 5++ 6) 
[F(LO) (2.3,10) W 
The Hamiltonian matrix then has the form 
15 1+L, ý 0 




In this way the size of the matrix to be-diagonalised has-been- 
reduced by a factor of Nj i. e. instead-of diagonalising a 21 x 21- 
matrix, it is only necessary to consider seven 3x3 matrices-of-the 
above form, one -matrix for each eigenvalue of. Tý Hencej starting -from- 
matrix (2.3ill) the other six are easily obtained-by substituting 








06)2* 3 (2.3.12) 
Z 1+ (W) + (X+ 0 
This is convenient for machine computation. 
6 
Since w= w*; 
524 3 
w= (w )*; w= (w )*, and the matrices are Hermitian, -the -eigenvalues 
for a given-w are the same as those for w* and hence it is only 
necessary to diagonalise four matrices. 
[T, S21: 
N 
This is essentially equivalent to [T, S. -S. ]. Now T is 
i<i*l -1 -3 
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N 
equivalent to the permutation N) . The operator S1Sj 
2- (&')) is invariant under this-permutation-and hence S and T must commute. 
We therefore have four-mutually commuting operators-)+, Sz, T- 
zI and S. The-Hamiltonian may thus beýsuccessively reduced by-S .T- 
and S, as is-demonstrated by the example N=6 in sub-section(4.1)of 
this chapter. 
Reflection Operator 
The three types of reflection operator, have similar commutation 
MO 
properties and we may therefore.. ' with loss of generality, consider. R 
[Rg, SzS 
11 t+t++> 







z for all such basic-Ising. statesi Hence, generally R and S .. commute, 
and the Sz blocks-of, the Hamiltonian are further reduced.. 
Effect on Matrix 
To illustrate this-reduction process-consider Fig. (2.1). This 
z figure refers toýthe S .=1 block for N=6. -Matrix 1 shows the- 
matrix representation of this Hamiltonian block for chains: the modi- 
fications introduced by the ring Hamiltonian-are shown in brackets. 
The, 15 basic states are. numbered off, in fig. (2., 3) as follows: 
3 
1.1 t t + > 2.1 t t t t > 3.1 tt+tt> 
1.2 t t t t > 2.2 +t + t t > 3.2 t+tt+t> 
1.3 t + t' t > 2.3 t t+ + + > 3.3 tt.... > 
1.4 t t t 't > 2.4 t tt 4- t > 
1.5 t t + > 2.5 + tt t ý+ + > 
1.6 + t 't t t + >1 2.6 t +t t + + > fig. (2.3) 
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Matrix 2 corresponds to the: chain Hamiltonian alone - We see that the - 
states are grouped: in, pairs, each pair corresponding to a state and 
its reflections'-'twin', under the reflection operator RA 
e. g. RA 1++tttt> ltt+t++> and RA Itttt++> = 1++tttt> (2.3.14) 
i. e. R 11.5> and vice. versa. A 
11 
' l> ý' 
I 
Hence state I. S is the.. reflectionýtwin of-1.1-under R A* 
Matrix 3 corresponds, to -the -ring Hamiltonian. Here we have paired up 
states -with their reflection twins under the reflection operator R B' 
(R 
B is not suitable, -for-chains, ) (For definitions of RA and 
R BI see 
sub-section-(2.5) under the-heading 'Reflection Symmetry'. The 
operator RA is --equivalent to the permutation (16) (25) (34) ) and RB 
to {(l) (26) (35) (4))_) 
Matrix 4 is the, transform-matrix-appropriate to reflection symmetry 
which corresponds-to taking (suitably normalised) symmetric and anti- 
symmetric combinations-of-states and their-twins. The effect of 
the complete transformation. -onýboth matrices 2-and 3 is shown by 
the elements-in-brackets-in; -, these matrices. Notice that-only self- 
reflecting states-. are, -affected. - Tinally, in matrices 5 and 6, the 
trans f erred -states are, grouped -, according -to -whether they correspond -to - 
eigenvalues. +I-. or -1 of the appropriate reflection-operators. In 
both cases the +1-blocks.. are 9j . E9, and -the -1 blocks 6x6, in sizeiý -Hence'- 
z the-original. 15xlS-. S , ý. bloek has been broken up into two sub-blocks 
of these dimensions. 
JR, Sý: 
This is-essentially-equivalentto [R, Si . ýj ]. Now R is 
(i, j) 
equivalent to theýpermutation J(ljN) (2, N-1) (N,. l) The 
operator S1 -S j, is invariant under this permutation and hence 
2_ (i, j) 
S and R must commute. 
C (Z Eý 
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Hence we have another set of four mutually commuting operators 
I+, Sz, R and S, which are-suitable for the successive reduction of 
chains. We. might, perhaps,. hope that R could be-used in addition to 
z the set-0 ,ST and S to, secure further reduction of the ring 
Hamiltonian. 
Unfortunately R does not,. -in general, commute with T. It, may 
easily be verified that 
RT ý TR--= t-'R = (RT)71 (2.3.15) 
Hence (RT) 2= 1 and RT is'a reflexive operator like R. ' 
[R, T]: 
Rt.... >=++ +-+ t >; Tj t.. >- = 1+ tt 
. -. TR t.... >=týt+>; RTI t+t>=I+tt 
T- 
1Rt+t++>=++++> 
=RT I++t++>, (2.3.16) 
Thus, for rings, one may-simultaneously diagonalise the mutually 
commuting sets of operators J+j. SZ, T, S orý+, Sz, R, S; - but not 
-4 ,Sz, T, R,.. S. Since. reflection symmetry (see sub-section 2.5) yields- 
a reduction-factor of - 2,. whereas: T. giv6s, N/2, it is obviously more 
advantageous to, us6-translation symmetry for rings. However, R 
obviously commutes with TN (identity) and with TN/2. for the case of 
N even. Nowj for, even-spinýringsj the blocks of wave-number q= 0- -- 
or q= N12 (where-q is related to-the-wave-vector. kl through equa-- 
tion (2.2.23)) contain-states--ofýspecial-physical interest (see 
Chapter III); -eig. the-, ferromagnetic-and-antiferromagnetic ground 
states., For-these-special blocksj reflection symmetry may be, used in 
addition to translation symmetry. 
Combined Operators 
It is-perhaps worth verifying that combined operators of the form 
Rp Tq do not yield a reduction factor> N. In fact, when not trivial,, 
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2 
they are equal, or equivalent, to R alone. Now R=1 and therefore 
we only consider P odd, Without loss of generality we may assume 
p=q (q odd) or p =q -+ 1 (q even) 
q odd : Consider RqTq . Now [RT, 
q-1 =I since [RTI 
2 
Hence RqTq =-RT. (2.3.17) 
q even: Consider R 
q+l T q. [RT, q =I and hence R 
q+'T q=R. (2.3.18) 
Spin Inversion Operator 
The spin inversion operator commutes with Sz only for the case 
z S=0. Hence, in a representation in terms of the eigenvectors 
of Sz, the states do not generally possess inversion symmetry. 
S. zSZt+tt>1 1' 4- t+tt, >ttt>t+t 1 +2 
Proof ISz+t+ T'T 
11++t++>; 
SzIl +ttt >=-! It +t4.4 '2 2 
zC2.3.19) Hence I and S anticommute. This means that the states for a. given 
negative Sz are the spin inverses of the states for a given positive 
Sz and hence if the states are appropriately ordered, the correspond- 
ing block matrices are identical. The eigenvalues are therefore the 
same. 
z For the S=0 (N even) block, half the states are spin inverses 
of the other half and hence if symmetric and antisymmetric groupings of 
states and their inverses are taken, the block size is reduced by a half. 
z This reduction is illustrated in 
Fig. (2.2) for the S=0 block for 
N=6. We may observe that the symmetric sub-block contains S=1 
and S=3 states, while the antisymmetric block contains S=0., and 
S-2 states. For N=8, however, the symmetric block contains S=0, 
S=2 and S=4 states, and the antisymmetric. block S=1 and S=3 
states. There is only one state of S= N/2 in any Sz block and this 
state is, in fact, a component. of the ferromagnetic ground state (see 
Tablc(2.5), sub-section (4.2)). We see therefore that the ferro ground 
state component is always to be found in the symmetric sub-block of the 
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z S=0 block. The antiferromagnetic ground state is, as we have 
mentioned"in chapter I, always a singlet and hence is to be found in 
the symmetric sub-block for N= 2n, n even, and in the antisymmetric 
sub-block, for N= 2n, n odd., i. e. it is a state with spin inversion 
eigenvalue I= +1 and -1 respectively. 
[I, S-1, [I, RI and [I, Tj 
It is obvious that I and S2 commute. Hence the-eigenstates 
corresponding to a given total S may always be expressed as eigenvecýors- 
of I. It is easy to show that I commutes with both R and T. This- 
, Lxcept 
z 
result-is not helpfullfor the. S. =0 block,, N even, where application of A 
spin inversion symmetry does not upset the Sz , T. reduction scheme. Reflec-.... 
tion sYMMetry does not give any additional reduction, after the, application 
z of spin inversion symmetry for S=0 blocks, for N, 4 10, since the, refiecýion 
operator, operating on linear combinations of states and their spin 
inverses, yields either the same. (gombined) state, or the same state 
NZ,, rotated around the ring. Since we must consider. only q= O-and q=/ 
subýbloqks, a rotated state is equivalent. to. the parent state, or its 
z 
negative., For N= 10, there are 26 basic parent states for the S =. 0 
block, generating 252 states in all, when staýes-, generated from the- 
parent-'states by operation of T. (translation) are taken into. accoulit.. 
When linear combinations of these parent states and their spin inverses 
are taken, we have 15 combination parent states corresponding to I =, +l 
and an equal number corresponding to I= -1. 
Let us copsider. the four parent. states-from this block: - 
1++++tt+ttt>; 1+++tttt++t>. I .... ttt+tt>; 1+++t++tttt>- (a) (b) (d) 
It is easy to show that a and b are related to each other by spin 
inversion symmetry and likewise c and d; and all four a,. b, c and d 
are broughhnto association by a combination of reflection and inversion 
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z 
symmetry. There is another set of four states in the N =10, S 
block with this property, namelyil- 
j+++t+tt+tt>; ý I tt+tt+t>; 1++t++t+ttt>; 1++t++ttt+t> 
In this way it is possible to reduce - the maximum matrices belonging to 
the k=0 and. k =5 blocks from 15 x 15 to 13 x 13. 
Where spin inversion symmetry is not applicable, spin reflection 
symmetry may be. helpful in reducing the matrix for lower N. Examples 
are the jSzI =1 blocks of N=8. for chains, or the jSzI = 1, k=0 or 4 
blocks for N=8 rings. 
3.3) Summary of Commutation Properties 
In sections 2 and, 3, we have introduced the six quantum mechanical 
X2 
operatorsli, S, S T, R'and I, -and discussed their mutual commutation 
properties in the light of matrix reduction., An insight may be obtained- 
into the behaviour of-these-operators by noting that 'H and S2 are 
closely related-since they'are two-particle operators; the effect . 
of both T and R is to shift spins around to different sites; and finally 
z S. and-I are-singie-particle operatorsý In general, therefore, we see 
why it is that commutation is assured between pairs of operators such 
that each member. is selected from one of these three different types, 




2.3 24 2ý, 
[T, [T., P, [R> 1] 
All these-commutators must vanish. The possibility of-non-commutation, 
as one would expect, arises only when we consider two operators of the 
same type, e&. I-r+, S2 [R, T]; [Sz, I] are non-vanishing. 
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3.4)__Possibility of Additional Commuting Operators 
Another useful division, of our quantum-mechanical operators is 
into 'spin-type' operators; namely')+, S2, Sz and I; and operators 
T and R which have a purely geometrical. significance. The geometry 
of the linear rings is clearly very simple and our choice of the operators 
T and R is in accordance with the work of Carson (1952)'(see Appendix 
1who points out that the group representation corresponding to a 
ring of N'spins is ýhe, dihedral group of order N. There are clearly 
a very large number of spin operators containing various sums or- 
products over the individual spins( ýpin identities exist to reduce 
multiple to single powers of spin combinations). Any uncprtainty-as 
to the exhaustive nature of our list of operators, reduces to the 
possibility -of constructing additional 'spin-type' operators -independý 
ent of the -FoLr we have already. For example, in sub-section MIS) 
of Chapter III, we discuss an interesting operator which rotates -the 
individual x and y components of the spins on one sub-lattice. . But 
-, --this operator does not commute with the Hamiltonian and therefore 
be used-for reduction purposes. 
However the set of operators we have discussed can be used to 
effect completely the removal of all degeneracy in, the Hamiltonian 
for N up to and including lland hence no additional spin operators 
are, required for these small clusters. We are unable to prove. that 
-for higher N, additional degeneracies which are not removablp through 
the.: techniques discussed in subsections. 2 and. 3 will not appear, but. 
I 
we. feel-., intuitively that this is unlikely. The work'of, Kawasaki 
(1966) supports these conclusions. 
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OVERALL MATRIX REDUCTION 
4.1) Sets of Commuting Operators 
Maximal reduction of the Hamiltonian matrix is achieved by 
successive block diagonalisation processes, utilizing as many of 
the operators Sz, S, I, T and R as commute among themselves (as 
described in section (3) ). There is the further restriction that 
T cannot be used for chains and S2 cannot be used for anisotropic 
14. The appropriate operators for a given situation are summarised 
in the table below. (Table (2.2)). 
T'a 61 e Cz- Z) 
clusker 
T, Iteisert6ercj Ulm' b ( ý' 1) (Temeral 
(; e. Y -* 0, I) q pe- 
Rzrtgs '5'z, ST) I w6en 52=0. -5 
7. 
, 
-T) I w6evx 5 
-Z = 0. 
(co'n, 0 R wkerL T=T 
N 
orT 
W/I R w6e v-L T= T'j ot T 
Nil 




tI I R, Wken Sý =. 0 
Oth'm 5 Iz 'o T? K? 5z, T? 3 , . 
(. C 10nt. ) II w6en 
$ -L =0 
11 Wken 
'5 Iz ý01 
(We should comment that the symbols ? mean that the associated 
operator is defined only if the cluster contains the appropriate 
reflection or rotation axes. ) 
The effect of successive employment of Sz, T, S, and I (for 
Sz= 0) conservation to the original 26x26 matrix for the ring 
N=6 in the Heisenberg limit is illustrated in Fig. C2.2). As 
each successive symmetry is utilised, the matrix becomes more nearly 
diagonal, the final, irreducible, block sizes being, at maximum W. 
(If the operators are applied in this order, I does not yield any 
further reduction. See the discussion of Appendixt , section 
(A. 1.2). 
When anisotropy is present, S is no longer conserved and the maximum 
block size increases-to 3x3) We see therefore that each eigenstate 
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of the Hamiltonian, )+, when it is finally diagonal, can be classified 
in terms of the eigenvalue of S2, Sz, and T. Equivalently, it is 
possible to-obtain-a. complete set of orthonormal eigenfunctions 
such that all four operators are diagonal in this basis, i. e. 





TV, ýex iK jIt, 
N=6 is too small a ring for R to become operative (see discussion 
However, 
in sub-section (3.2). A additional reductions may 
be effected by. 
use of reflection. symmetry for special blocks. for the case of N=8 
(Sz ý 0), N= 10 and higher N rings. 
4.2 Application to N= 11 
The largest system that,. has.. been solved in-the sense that all 
the eigenvalues and certain of. the eigenvectors have been found 
numerically, is. the 117--spin ring in the Heisenberg limit. It is 
therefore instructive-to. discuss the reduction effects in the light 
of this system. 
The conservation of total Sz means that the initial. 211 x 211 matrix 
breaks up into 12. blocks whose order and corresponding Sz values 
are liýted below in fig. (2.4). ýij. 
15ize .1 11 
55 165 330 -310 161 5 
J 7. 3 
z z 2 7 2 : p- 2, 1 
Spin inversion symmetry means we need only consider the first six 
blocks. The translational invariance reduces the maximum matrix to 
be diagonalised for each of the first six blocks to 
(t) 
;11 15, 
However, as we shall see in sub-section (5.2), the complex nature of 
I 
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some of the matrices puts up the effective order by a factor of two. 
In sub-section (3.2)we have, remarked that any Sz block contains 
states of total spin equal to, . or greater than 
Sz . This is illus- 
rated in Table (2.3) for N. = 11. In the colurin farthest to the right 
are listed the total number of states in a given Sz block. 






q 10 1 
10 44 55 
10 44 Ito 165 
3 
7 1 10 44 110 165 
. 
330 
110 165 113Z 146Z 
Molt. 
M IZ 6 4 1 2- 1 
61 e (2-3) 
In the corresponding horizontal rows we have a breakdown of these states 
according to their total spin-quantum number S. Hence we see, for 
z1 example, that the 462. states of the S= ý( largest) block comprise 
132 doublets, 165 quartets, 110 sextets, 44. octets. and so on. A 
method of obtaining the eigenfunctions of S2 belonging to a given 
spin quantum number S, and to a specified Sz is described in Appendix 
: 1. The basis of the method is due to Hulth6n C1938), who used it 
to calculate certain of the singlet states for-N = 4,6,8 and 10 
spin rings. It has been extended by the authorto take account of 
translation symýnetry, and higher Sz and S. Since N is PTime, in 
this example, translation symmetry gives an extra reduction factor of 
11, and the largest matrix to be diagonalised is a sub-block of the 
165 quartets of order 15. 
4.3) Effect of a-f4agnetic. Field 
We have remarked in subýsection (1.4) of this chapter that the 
Hamiltonian for a spin system placed in an external magnetic field 
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Y where the Zeeman Aerm may be expanded as PH+ 13 H5 13 H5 
The total angular momentum operators z 
obey the general rules governing angular momentum. operators; in 
particular, although. each operator commutes. separately with both the 
2 Hamiltonian-'and the. square. of theýtotal spin S, the operators do 
not commute. with each otheri It is therefore interesting to consider 
the matrix form,. of. -the Hamiltonian (2.4.2) in the*representation in 
which Sz is. diagonal, -i. e.. the. Ising representation- Obviously the 
parallel Zeeman. interaction -H zSzC the Zmaxis is taken as-the pre- 
ferred axis of. quantisation). merely; adds in diagonal terms-corres- 
ponding to an appropriate. eigen, ýalýie-of Sz, multiplied by. the. coeffi- 
I 
cienýqr HzC-see sub section (2.3) ). This clearly. does -not affect 
the techniques. required-for the subsequent-complete. diagonalisation 
of-. the Hamiltonian, and. is independent of amount of. anisotropy (1-y),. 
Let us now-examine-the eff-ect. c)f-the-transverse-Zeerilan. terms 
on the matriX Hamiltonian in the same basic. representation. Since,. 
Sx and Sy are-essentially equiValentj let us, for simplicity, consider, 
x only S. From the Pauli matrices of sub-section (1.1) we see that 
.xIx It> CJL 11> = It> (irt LtrLLt5 of 
Nx 
Hence the-effect of. Sx =; : S; operating on an N-spin. product 
i =9 1 -wave-function is to generate from it N wave-functions, each with a, 
eg. 'Sxlttt++> 
1 j4ttVý> 'It++++>- 114 .... > ýljtttt+> ! 
'I 
-2 +_2 +2 ttt+t> 
zI (S (-1/2) (-1/2) 1/ 2) (+3/2)ý (+3/2) 
different flipped, over spin. (2.4.4) 
The Sz value of each of these states clearly. differs by-+I from 
the original state (except where the original state has maximum ISzJ). 
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The pattern of the resulting matrix. is demonstrated by the following 
sketch (fig. 2.5). The unshaded blocks along the diagonal represent 
the form of Ah e Hamiltonian. (2.4.2) without transverse Zeeman terms: 
the effect of the latter. is to introduce non-zero matrix elements in 
the shaded blocks adjoining the diagonal blocks, as indicated in 
the sketch (fig. 2.5). The. loss of 
block diagonal form results in severe- 
ly increased difficulty of finding the 
eigenvalues of this matrix. These eigen- 
values could be used to determine 
4 't 9. 
a set of thermodynamic properties 
in a transverse field, analogous to 
the corresponding set in a parallel field. However the property of 
experimental interest Js -the -susceptibility measured 
in the limit of 
a zero transverse-field,. commonly called the zero-field perpendicular 
susceptibility. and denoted by XjL, Fortunately, as will be shown 
in Chapter V, the perpendicular susceptibility may be obtained exact- 
ly from a second order perturbation theory calculation, thus avoiding 
the difficulty of complete diagonalisation. The transverse Zeeman 
term is regarded as a, perturbation linking states of Sz differing by j: L. 
The procedure. of. detemining the second order. changes in the 
eigenvalues may be facilitated by studying the properties of the 
operator Sx, in particular commutation with the translation operator T. 
[SX, T] 
Sx lttt++> -121+tt ... tt+++ '+ý'-I tttt+> 4 ttt+t> ++> +-2211++ >2 . 
121 
. 
*. T S, ittt+4>-= . 
11++ft+> 
411+t+t+> 
'I+tf++> 'I+tttt> ; Itt+++> 
22 +72 . 1-2 +2 
also 
T Ittf++> = I+ttt4+> 
. '. s 
xT Ittf++> = 
llf'ttt+>+ ll++tt+> ll+t+t+> 41 
'I+tttt> 
22 +-2 721"t"> +12 
Hence [S x, T] =0 (2.4.5) 
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We thus have the important simplifying feature that the perturba- 
tion only links states of the unperturbed Hamiltonian which have the 
same q wave-number. For example, in the case of N=6, the antiferroTag- 
z netic ground state is a state with S=0 and q=3. The perturba- 
tion will, in general, link this state with those states having 
z S+1 and q=3, which by inspection of Fig. (2.2) we see, are 
two in number for each Sz block (cf. the total number of states in 
the ISzI =I blocks, = 15. ) However, for the Heisenberg limit only, 
S X: commutes with S2, and hence the transverseperturbation will link 
states having the same q number and the same multiplicity. The. anti-, 
ferrom, agnetic ground state for all finite N is a singlet, and since 
z no states exist with S=O and, S =+1, the transverse perturbation can 
have no effect on the antiferromagnetic ground state, and hence the 
perpendicular antiferromagnetic susceptibility (in zero field) must van- 
ish at T=O for all finite even N. This result is perhaps more obvious 
in the parallel case where, since the antiferromagnetic ground state is 
z always an S=0 state, (N even) the parallel perturbation also has, no 
effect on the. ground state and the parallel susceptibility X 11 must, 
' 
also. go to zero as T -* 0. 
4.4) Other Matrix Work 
The, first worker in the field to consider the spin matrices ap- 
propriate to a series of spin clu-4e-rs (rings) was (Hulthen, 1938). 
Hulthe'n, however, was only interested in obtaining the lowest (anti- 
ferrom. agnetic) energy state for rings of spins of size 2,4,6,8 and 10. 
He pioneered the classification by total spin S(methoa of irreduc. - 
ible representations of the sy=etric group) which will be, discussed 
in detail in Appendixi. Ledinegg and Urban (1951) extended the 
Hulthe'n approach to the case N-12, but again only solved for the 
antiferrom, agnetic ground'state. 
Orbach (1959) was the first to find the complete set of eigen- 
values and eigenvectors of spin rings for N> 5, for the Heisenberg 
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limit and other.. values of -the.. anisotropy, -, parameter, numerically, using. 
matrix methods. -. He used-the Sz breakdown, but not the translation 
symmetry as described . in subr sectibnsý 
(?. 6) . and, (3.2) of this chapter. 
He solved rings of. 6,9 and 10 spins in the Heisenberg limit, and 
N=8f or the 10 values. of 0,05. by increments of 0.1 through 0.95 
(thesis 1959). For. the, larger. clust6rs he employed spin inversion 
z symmetry to reduce, the S0 block. by-1; for-blocks of higher ISzI 2 
he used a kind of translation symmetty to reduce these blocks also by 
(rather than N). This technique-corresponds to taking symmetric 
and antisymmetric combinations of states, and others of the same 
family obtained by-rotating the first state half-! way round the ring, 
z e. g. for N=8. and S 1. combination states of the type 
t, tttt> + Itttt, +++t>) 1-2 
However Orbach's. fa; lure-to-take account---of: the properties of T led 
him into error.. when he. attempted to consider dispersion relations' 
(Orbach, 1959). 
. 
Griffiths,. (1961) obtained eigenvalues for rings of 5,7,9 and 
10 spins in the Heisenberg limit onV. He considered N- 10 
because the -Orbach results (thesis, 195q) appear, to be incomplete, 
z- pertaining only to the Sz = O. -and-S. - =1 subýblocks of the Hamilton- 
z ian. Griffiths usad classification, by 5. and. translation symmetry, - 
but-not conservation of S.. This work. was contemporaneous with, but 
independent of,. the work of the. present author, the results of which 
will be described in detail in sub-sectionC 5.5) of this chapter. - 
Lieb, Schultz: and Mattis-(1961). solved the 6-spin free-ended 
z chain using classificiation: by S and S- and reflection symmetry in 
order to obtain the antiferromagnetic-ground state and its eigen- 
function. 
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Recently, Baker, Rushbrooke and, Gilbert. a964) have considered 
the matrix representation.. of -Heisenberg clusters of general structure 
using the technique of irreducible representations of the s ymmetric 
(permutation) group. . This approach. is equivalent to classification 
z by S and S (: ýeflection and translation, symmetries are, of course, 
absent in the. general. case. ) However, they were-not interested in 
obtaining the eigenvalues of the matrices but in. traces, of powers, of 
matrices as part of a high-temperature series expansion. 
4-5) Comparison-with Present Work 
The results of the author-are more-extensive'than those quoted 
in sub-section-(4.4). in. the following general respects: - (a) the 
complete spectrum. for. N=11, Y =1 has been obtained; (b) results have .I 
been obtained for a range of values of the anisotropy -parameter 
Y; 
results are available for.. free-ended. -chains as well as. rings; 
CO) a greater-range. of eigenvectors has been calculated. (To, comment 
more fully on the last point: - Griffiths has not attempted to' 
calculate eigenvectors. Orbach has published a complete set of., eigen- 
vectors for. Y =1 for the rings. NP4,6 and .8C 
Orbach, -195.8) and ý 
additional results are available in his unpublished thesis, (1959). ) 
4.6), -Limitations on Solvable Cluster-Size. -- 
Since the matrix solutions on which this thesis is based were' 
performed there has been a substantial improvement. -in, the capacity 
and performance of digital computers. On present dayC 1968) large 
computers a reasonable - limit on -matrix cýrder for f inding eigen- 
values and eigenvectors numerically is about 150. -In. general, for, 
anisotropic clusters, this. would-allow us to obtain. one or perhaps 
two longer clusters. 
- In Appendix I arguments are presented which allow the estimation 
of upper-limits on solvable size of spin clusters of various types.. 
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for the special case -of the Heisenberg limit. In view of their 
importance, the conclusions implicit in this work will be summarised 
here. For spin rings, we estimate that the largest cluster for which 
it should now be. possible to find both eigenvalues and a complete set 
of eigenvectors is N. = 14: in the case of open-ended chains about 
N= 12. If only eigenvalues and perhaps a few selected eigenvectors 
are required, the estimates increase to 15 and 13 respectively. 
For the interesting case of twoýdimensional spin clusters, the solu- 
tion of a 4x4-cluster appears to be just on the bounds of possibil- 
ity. In general, for periodic clusters of one, two and three 
dimensions, the upper limit will remain a cluster. of about 16 spins. 
It thus appears that the matrix techniques discussed in this chapter 
can be applied to a reasonable range of one-dimensional clusters, a 
very limited range of-two-dimensional. clusters, and are not very 
useful in three dimensions. 
The estimates for linear clusters forY =1 represent a substan- 
tial advance on the limits obtained when this work was first perform- 
ed. However the results obtained then have been found to be reason- 
ably adequate for the purposes described-in this thesis and it has been 
felt that the difficulties. of solving lorger clusters (see sub-section 
(5.1)) would result in a policy of "diminishing returns". 
S. COMPUTATIONAL, TECHNIQUES 
5.1) Choice of TechnLgue 
From the foregoing account it is clear that maximal reduction 
in matrix size arises from the simultaneous application of all mutually 
commuting symmetry properties. For the Heisenberg limit this would 
imply the use of conservation of total spin, S, in addition to SZ and 
T. However, since a great part of the interest of this work lies in 
the anisotropic region where S is no longer a good quantum number, the 
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method finally. adopted. consisted in utilising only S and T, 
for 
both the Heisenberg. and. anisotropic cases. This technique has 
appreciable computational-advantages- 
The fact that all, the, energ)r eigenvalues: forýa given positive Sz 
and a given k (or-q) must. also-be in the spectrum for, all -smaller 
z have a very val- positive values-of-S.. - and. the-same ki, means that we 
uable cheqk. on, -the. -, calculations at each stage; 
We also obtain an 
indication of the-degree. of ! rounding! which increases as the-number 
of machine operations-increases (ýoughlk as nx, with 2< x43, where 
n is the order of the matrix) and limits the final accuracy of the, 
results. In addition, the eigenvectors are easily obtainable-by this 
method in a form convenient for subsequent. "calculation. of, for example, 
spin-pair correlation functions and zero-field perpendicular susceptib- 
ilities. 
In Appendix I methods, are presented, applicable. only in, the 
Heisenberg limit, which use conservation of S. in, addition. '. -Although 
it would be possible to make somewhat more extensive calculations 
using these. methods, it would appear that they are computationally 
less convenient. They. have, not been significantly-exploited, since 
the first method. described in this sub-section has-proved. saýisfactory- 
in elucidating the results of greatest interest.. In the following 
sub-section. (5.2) we consider in detail the problems which arise in 
the use of this particular reduction scheme. 
5.2) 'Sub-Standard! Block. Problem. 
z When N is prime each S. block of the Hamiltonian-splits. up 
exactly into. N. equal sub-blocks. under the influenc6-of translation 
Is 
symmetry, It. may easily-be proved that thishpossible, i. e. that the 
z 
size of each S. block is a multiple of N, if N is prime. 
When N is 
nut prime, ýowever, complications arise. 
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Proof: 
The size of the r 
th Sz block of the Hamiltonian is given by 
()=N (N-i) I= P'j sokj (p x-nLegrad) 
r 
We need to show that P/ N is an integer. 
Now (N-1)! is integral and equal to --r)j r 
!- Since N is 
N 
prime, and r< N, by definition, N is not divisible by any factors 
of'(N-r)! or, rl Hence, since CN--r)l r! is integral, p/N must also 
be integral., 
The procedure described in subýsection (3.2) under the heading 
Translation Operator, may be regarded equivalently,. and. perhaps more 
directly, as a-matrix-transformation in which the transform matrix is 
a block diagonal matrix of p/N identical NxN blocks. Each block is 
composed of N normalized vectors of the form -L w 
, rN- 
(t denotes transpose) where w successively takes on the values of , 
the N th roots of unit j. Each block, in fact, constitutes the well- 
known transformation which diagonalises a cyclic matrix. The whole 
transformation is a siTnple generalisation which diagonalises a 
block cyclic. matrix, the structure of the Hamiltonian under periodic 
boundary conditionsC -5ee, for example, MuirC-1960)). 
When N is not prime, some of the set of Sz blocks contain sub- 
blocks which are no longer square and of-. order N, i. e. blocks either 
or both of whose, dimensions. are-factors of N. However, since such 
blocks still retain the essential cyclic. structure, a block-cyclic 
transformation is. still. possible. The blocks of the block-diagonal 
transform matrix corresponding. to the 'sub-standard' blocks of the 
Sz matrix are those appropriate to diagonalising a cyclic matrix whose 
dimensions are factors of. N. The normalisation also corresponds to 
matrices of reduced dimensions. 
To illustrate this transform explicitly we have chosen in Fig. 
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ring. The matrix representatives. zare--. the. matrix-elements between 
the 15 basic states which derive from. three 'families' 
A. 
= 1++tttt> ; -%. =j+t+ttt>; -ej 3ý. 
I+tt+tt> 
-4 20? 
The complete set of states. generated from these is listed beside 
matrix (The. Hamiltonian has been normalised. by subtraction of- 
a factor JN/2.. from. each diagonal element, corresponding to a 
Hamiltonian 
N 
L 41 C2. S. 1) 
With this normalisation-the largest eikenvalue., of the system equals 
zero for all: N. ) -Notice that the family, _ý3 "' on account of symmetry, 
has only three members. Hence the -corresponding -matrix l 
displays 
the phenomenon-of ! sub-standard! blocks. *In -this -particular example 







the'full NxN block Q by 
'cutting' down the dotted 
-axis and superposing, as 
illustrated in fig. (2.6). 
In general, the rectangular 
sub-standard blocks are 
obtained from full size blocks 
--reduced in this way. Matrix 2., 
illustrates the right hand block diagonal transforming-matrix which 
reduces 1 in accordance with translation symmetry. The. numerical 
factors adjacent to each diagonal block are the appropriate normal- 
ising factors for. the. complete vectors. The whole-transformation 
is a unimodular, unitaryC ýimilarity) transformation and its effect 
on matrix 1 is shown-in-matrix 3. The transform-has-rendered eaO 
sub-block of 1 diagonal (or the equivalent ofýdiagonal). 
Each vector- 
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of 2 is an eigenvector of T corresponding to a particular eigenvalue 
ik 
Q, where. k TT cV 
/N 03 
The appropriate wavenumbers, q, are shown at the top of each vector. 
In matrix 4. we have. grouped together all states with the same q values 
and theýmat-iix-'is. now-in block diagonal. form. The. q=O. blocks-and 
and the q =. N/2. blockC. N. even)-are always-real symmetric; all other 
blocks are Hermitian. This present5-a problem from. the point of view 
of machine diagonalisation,. since-routines-. designed to handle real 
symmetric matrices can only be-adapted to handle. complex matrices 
with a substantial. increase-in. running-time. - -- 
The actual-technique. -adopted-. was. to: convert the Hermitian 
blocks into, real symmetric-blocks according to the. following scheme. 
A complex matrix inay. be. represented-in-terms of. its-individual 
elements as [a. + ib]. Then. the-eigenVilfies, Ceach of which is doubly 
degenerate)-of the matrix 
[a) [b] 
where [a]. denotes the block matrix 
[b] (a] 
formed of the real. parts. 
ii 
the original matrix elements and. 1b] 
denotes the. block of. imaginary parts, are equal. to the eigenvalues 
of the original matrix. [a +.. ib). Also the eigenvectors are simply 
related to the original. eigenvectors.. Hence a real matrix has been 
generated, twice. as. large as the original complex one. 
An approach which is exactly. equivalent, but rather more physic- 
al, is to employ an orthogonal transformation derived from the original 
unitary, transformation by-a simp-le; linear combination of vectors. 
The transformation is represented by the basic matrix block (N 
-even) shewn in fig. (2.7). The. vectors of this-transformation 
correspond to standing-wave--rather than running-wave states. 
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kence To = J-2 
7he orthogonal-transformation appropriate to-N =6 is shown 
as matrix 5-of fig.. (2.3) and the effect-on-matrix I is shown as 
matrix 6. The-effect-of-reTarranging 6 to block-diagonal form is 
shown -immediately below. . Two -blocks, (1) -and (4), are the same as 
before '(ihe . q:; O and q= N/2 blocks *, as one would - expect) .. It may 
easily be verified (_ýee foot of matrii 4 for an example) -that the 
remaining, larger, blocks and; (3) are related to, -say, . the 
q=1 and q=2 blocks of the-running wave transform by-the relationship 
described above. Effectively we have linked up the q=l, block and 
its conjugate q=5 and the q4 Zwith p4. This result is. general. 
However, for the special qase of two overturned. -spins 
(Sz = N/2 - 2), of which this is an example,, the-Hermitian matrices 
may be converted. into real symmetric matTices-. without. increasing the 
order,, by simply replacing the, off-diagonal elements by their absolute, 
valuesý This properýy. Tesults direýtlk from, the Hermitian and 
continuant nature of. the. matrices for 2 overturned-spins, i. e. all 
elements are. zero except. those. in the-main diagonal. and in the two 
adjacent parallel superý and sub, diagonals on each side. ) Unfor- 
tunately this is no longer the case for three or more overturned 
spins. 
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5.3)- Basic States- 
The process of writing down the types of Ising wave-functions for 
a given Sz becomes-rather lengthy for N> 10. In Fig. C ZA), we show 
the matrix corresponding-to. N-= 11,1SZ1 g-1. -The 
basic. (parent) 
2 
states are listed. at. the. side and. serve to illustrate this point. A 
counting theorem. of Pblya-servez. as a useful. check on the correctness 
of this process. (POlya,. 1937;. Uhlenbeck and-Ford, 1962). In this 
sub-section. we. shall describe the theorem and show how this comes 
about. ' 
The P01ya-theorem,. as.. applied. to this. problem, introduces a 
polynomial F(x, y). in. two--variables x and-y which correspond to the 
two spin configurations. f. and -, ý,. say. , F(x, y) may be expanded as 
a series of. homogeneous products. x-y j: where. rts = N, each of which 
represents an. Ising wavefunction consisting. of -r 'up' spins and 
rs s 'down' spins. Th6. coefficient. of the term-xy . tells. us how many 
distinct cQnfigurations. of. -r 'up! spins and-s ! down' spins occur for 
a given N. More explicitlyj the generating polynomial F(k, y) is 
given as 
= _L 
k' ký. kr 
9 
(V,., 1) 
f2 N (xj) C 2.5.2) 
where the, sum goes over all permutations'tP%of the cyclic group on 
N spins, and. g. is-the number. of-elements. -in-. the-group, written in 
cycle form (g is equal to-N,. in-this: case); --Suppose P consists of 
k1 cycles of. length-l,. k2 cycles.. of-length-2, -etc. The. polynomials 
icorrespond to cycles. of length i and are defined as ýj =C X 
We have also I. ki + 2. k., +- ---- +pkp =N (2.5.3) 
Consider,. as a-simple-example, the cyclic-group. on 6 spins 
corresponding. to-the. 6-spin, ring. -Table (2. S) lists the elements of 
the-corresponding permutation group and their. contributions to F(x, y). 
The coefficients of the configurations x61X5Y, X4Y, X3y31 
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corresponding-to zero, one, -two and three overturned-spins, 
res- 
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From the third column from the left of Table we have' 
-L 
t (X. 
I.. 3)6 + (X2+ 
Z33 3) 6 2-, 2(6 1) (2.5.4) 
,Y)+ -z 
(x 
+Y +x +Y 
I 
From the bottom. row we-have-th& numbers 1,1,3 and-4 for the co- 
654233 
efficients of x.; -x. y; xy and xy. respectively. Hence there 
is one type-of Ising. basic. function. with no overturned spins; one 
with one overturned- spin; three with two overturned -spins and four, 
with three overturned. spins. The comparison with the. case. of. N = 11 
is interesting. Jable C-ý. S) -gives the corresponding results for this 
example, in which N is prime. ' The P01ya polynomial for N= -11 is 
F(x, y) --.: 
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We see from Table (2.6) that. the identity permutation generates 
all the basic types except for the trivial case of no overturned 
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scheme arise from terms containing cycles intermediate in length 
between 1 and. -N. These cycle types appear wh en there exist symmetry 
axes in the cluster; -and the corresponding wave-functions. which 
are, of course,. the wave-functions. belonging to the sub-standard 
blocks discussed. at length in the previous section, have the same 
symmetry properties. They. may-easily be written down for a given 
number of overturned spins by. distributing spins in accordance with 
the symmetries. For N= 12, there are four symmetry axes. as 
illustrated in fig. Cý. 8). (The arrows denote equivalent spin 
positions). -ý 
ý9- (2-3) 
I) Al "- 00 
Table (2.7)lists all the sub-standard functions for N=12. 
T able (2.7) 
No. of 
Over. 'Yr, 3 4- 5 6 
as;,. 
11TIttTlttTTT> (6) ljljTTTjjTtTT) (6) jjjjTTjý4jTT> (6) 
tx 6- IlTlTtTITIITT> (6) 
- 
11MIT11WO (6) 
'5banJdrjO (3) lllTtlTWt* (6) 
Types 111111ITTIVI> (4) 
1114TITITMI> (2) 
The numbers in parentheses give the size of the family in each case. 
5.4) Computing Details 
The original computations were performed for the rings N=6 to 
11 inclusive on the Ferranti 'Mercury'Computer at the University of 
London Computer Unit (now the Institute of Computer Science). CTbe cases 
N=2 to 5, and N=6 for the limit Y =1, are trivial enough to be done 
easily by hand. ) The-matrices were first set up by hand as shown 
in Fig. (2.4). This procedure was not too laborious, since the set 
of matrices for the same number of overturned spins shows a characteristic 
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pattern, which means that most of the elements may be filled in 
by 
inspection. This -part -could -have. 
done -by machine, but the programming 
would have been complicated by, the presence of the 'sub-standard' 
blocks. 
The actual, diagonalisation.. process was carried. out using a 
library programme, '(ýýogramme, ý-517)-based on Given's process for 
real, symmetric matrices. (Givens,. 1954). The-program design was 
such that it.. was. possible-to. obtain some or all of the eigenvalues 
and some, all. or none-of the eigenvectorsý-. The program arranged the- 
roots in descending algebraic order, and it was. possible. to set a 
parameter to -specify -aýparticular root which could then be calculated 
together with its-eigenvector. 
The time taken on the machine appeared to-rise rather more rapid- 
ly than quadrat i cal ly. with. the. order of the matrix. - The 
I&rgest matrices 
solved, for . eigenvalues - only, were the 
42 x . 42 . set . of . complex matrices 
z for N= 11, S -The procedure-. used-, described in-sub-sectiQn 
(5.2) of this. qhapter, resulted. in.. an-. effective. order of 84. Each 
such matrix took 47 minutes-. on. the,. Mercury computer, and the. time 
would have been, appreciably-longer had the-eigenvectors been required 
as well. The upper limit. on. the size of matrices to be solved 
depends on three main-factors: -. .ý 
a) the efficiency of the program,. as implemented-on the particular 
machine, b) the storage -capacity, and c). the-speed and mean 
free. 
time between faults. of. the-computer. Using. programme-517 on Mercury, 
the estimated upper-limit. was. order-90, which prevented the extension 
of the complete. calculations to N), Il, though isolated results were 
obtained for higher N, -as described 
in Chapter V. 
The total time. required-to. complete-the-calculation of-the. eigený 
values of the llspin ring was about 6 hours and. for-the 10-spin. ring 
-, a, little over two hours. Very recently equivalent calculations 
for 
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chains have been carried out on the Science Research Council Atlas 
Computer at Chilton, Berkshire. The technique adopted was to ex- . 6-1p 
pand the ring matrices in the machine, to represent the loss of 
translation symmetry, and then make adjustments to cover the change 
of boundary conditions. Chains of 6 and 8 spins were solved and 
partial results were obtained for N= 10. Additional use of reflec- 
tion symmetry was required to complete the solution of N= 10, and to 
obtain higher N values. The author was unable to complete this project 
before leaving the country. 
The programming language used was E. M. A. (Extended Mercury 
Autocode) and the matrix diagonalisation routines were the I. C. S. 
-ýoutines 92?, 923,924 and 925. Routine 922 reduces a real, symmetric 
matrix, where only the upper triangle is stored,. to a symmetric 
tridiagonal matrix by Householder's transformation (Wilkinson, 
Computer Journal, 1960) and routine 923 then goes on to calculate 
the eigenvalues of the tridiagonal matrix by the Q. D. method. Routine 
924 finds the eigenvector of a symmetric tridiagonal matrix correspond- 
ing to a given eigenvalue(. tlilkinson, Computer Journal, 1958). Routine 
925 combines routines 922,923 and 924 so as to calculate all the 
eigenvalues and a specified number of eigenvectors of the original 
real symmetric matrix. 
5.5) List of Results 
Complete sets of eigenvalues of the Hamiltonian with periodic 
boundary condition3 are available-for the following values 
of cluster size N and anisotropy parameter ý, conveniently presented 
in Table. (2.8). In the case of eigenvectors, however, only limited 
results have been obtained. For the calculation. of spin-pair correla- 
tion functions described in Chapter VI, it was necessary to obtain 
the antiferromagnetic ground state eigenvector(s) corresponding to 
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of ý of Table C2.8). In the case of 
eigenvectors, however, only limited 
results have been obtained. For the 
calculation of spin-pair correlation 
functions described-in-Chap, 
ter VI, it was necessary to obtain the 
antiferromagnetic ground state eigen- 
vector(s) corr&sponding. to N=2 to 11, 
inclusive, for the values of Y of 
L -- ,,, '. ,I Table (2.8).. Additional. eigenvectors 
are-required for-the perpendicular susceptibility calculations of-. 
Chapter V. ' The eigenvectors corresponding to the lowest-lying anti- 
ferromagnetic states-of both sub-blocks k=O and k'=7Tfor the Sz=0. 
blocks of the even rings N=4,6,8 and 10 have been-obtained (the 
antiferromagnetic ground state eigenvectors'are included in this set, 
of, cour3e). In addition all. the eigenvectors of the S Z- = 1, k=0 and 
Y, =I"rsub-blocks are. required. 
In the case of_chains, the complete set. of eigenvalues for all. 
the values of Y of Table (2.8) has been obtained for N= (2) 4,6 and 
8.. No eikenvectors have been calculated- 
In Appendix 2, we present, in Table I, the eigenvalues for Y =1 
of the rings N=2. to 11 . inclusive and in Table II . the. eigenvalues 
for Y=0.5 of the rings. N. =. 2-to 10 inclusive. In Table III. we 
show the eigenvalues for Y=; l of the-chai7i N=2,4,6 and 8 and in 
Table IV the eigenvalues forY= 0.5 of the, chains N=2,4,6 and 8. 
5.6) Accuracy. of-the Eigenvalues 
The general correctness of the eigenvalue spectra obtained for 
both rings and chains for the Heisenberg limit has been cheqked by- 
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comparing the appropriate sums of roots and powers of roots against, 
for example, the-exact trace relations Tr-t+ = 0; Tr'f+ 





-1/4 N2 J for rings and Tr)J-= 0; 
N 
and Tr'ýt(53)2' 1/4. (N-1)2. ZT for chains, Also, a particularly 
sensitive test is the feature that all, eigenvalues of a given Sz 
block appear, in all blocks of lower Sz (See, sub-section (5.1)). 
It has been verified that an error in a single off-diagonal. matrix. 
element for clusters up to N, = 11 produces an appreciable disturbance 
of this scheme. Tinally the results of. our calculations have been 
checked against the available calculations'of. -Orbach (thesis, 1959) 
and Griffiths (1961). For 0.5,, similar-trace-relations-hold, 
but we can-no longer employ the conservation of-total spin check. 
Regarding the degree. of accuracy of the numerical results, the ring 
eigenvalues-appear accurate, to at. least six significant figures for 
all. values of N and. ý . In the case of chains, the accuracy 
is more 
dependent on the magnitude. of N. For N=6 we have six figure 
accuracy but the eigenvalues for. N=S may-be in error by t 0.00005 
(corresponding to a maximum error of 0.1%). 
CHAPTER III 
THE SPECTRUM IN ZERO MAGNETIC FIELD 
Introduction 
The bulk of this chapter is devoted to a descriptive account of the 
spectrum of energy levels of anisotropic. and Heisenberg linear magnetic 
rings and chains. The spectrum is of interest in its own right. How- 
ever, underlying and unifyi. ngour. description are three, important theo- 
retical contentions. First, it will be seen that we can reasonably 
hope to learn some of the properties of infinitely large systems by ex- 
trapolation from the appropriate properties of small finite systems. 
Secondly, it appears very plausible that the thermal behaviour at low 
temperatures can be predicted from a knowledge of the energy gap between 
the ground state and first excited states. Thirdly, it turns out that 
the thermal behaviour for temperature. greater than zero is determined not 
so much by the unbound states, appropriately described by spin-wave theory, 
as by bound spin-complexes which are harder to treat theoretically. 
The first point supports the use of extrapolation techniques in later 
chapters. The second point provides us with a valuable supplement to the 
direct thermal property extrapolations, which are more successful at high 
temperatures. The, third point sugge-sts, ihat'any'satisfact6ry, theory 
'must take, into account the bound_stat6s of the spectrumi especially 
when-con§idering the case of anisotropy, 
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1. ANTIFERROMAGNETIC GROUND STATE 
1.1) Heisenberg Limit: Test of Extrapolation Procedures 
First of all we will perform a fundamental test to investigate 
the possibility of extrapolating results obtained for the eigenvalue spec- 
tra of small finite rings and chains (see Chapter II and Appendix: t) to 







with a negative value of the exchange, integral J i. e. J= -IJI. This 
situation is conventionally held to correspond to antiferromagnetic cou- 
pling and hence the eigenvalue of lowest energy will be the antiferromag- 
netic ground state. The Heisenberg antiferromagnetic ground state energy 
is equal to 
Eo = -; ZN1, Tl briZ + 0.5 N al 
in the limit N as was first shown explicitly by Hulthen (1938). 
It is convenient to define normalised ground state energies for finite, 
N: 
fjo ( N) -E'( N) 
and these energies are tabulated numerically in the first column 
(y =, 1.0) of Table (I) in Appendix 3. (Note that the values for N=4,6, 
8 and 10 (rings) were given exactly by Hulthen (1938), and that for N=12 
by Ledinegg and Urban (1953). ) In Fig. (3.1) the ring energies are plot- 
ted versus 1IN (circles) and also versus 1IN 
2 (squares) and the chain 
energies are plotted versus'l/N (diamonds). First of all we observe that 
the ring energies comprise two distinct sequences for odd and even N. Al- 
so the 1IN 
2 (but not the 11N) plots are linear down to N=4 or S. Hence, 
for rings, we suggest the ground states obey a relation of the form 
9 (N) t- 
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where a odd 2ý - 
2a 
even , quite accurately 
down to N=4 or S. (Recently 
Griffiths and Weng (private communication), from a study of the antiferro- 
magnetic ground states for small finite rings of spin-1, have conjectured 
a general approximate relation of the form 
So ( N; S) ý 80 (ool S) 'ý' 
N ZS+ 1 
(3.1.5) 
where S is the total spin of the homogeneous linear system. ) In the case 
of chains we have a slower convergence and the 1IN plot is linear, the 
linearity extending down to N=2 (not shown on the figure). In the case 
of chains, therefore, we have the approximate relation 
ý0( N) ýý E0 (c, -) 
The constants a odd' a even and 
b may be roughly estimated numerically to 
be 3.5,, -1.7 5 arid 0.2 8, respectively. If we did not know the limiting 
value, we could estimate it to about 0.1% accuracy by linear extrapolation 
of ring energies with 1IN 
2 
and to about 0.3% by linear extrapolation of 
chain energies with 11N. 
1.2) General Anisotropy 
Let us also consider convergence of anisotropic antiferromag- 
netic ground state energies to the known limit, illustrated in Figs. (3.2) 
and (3.3). In Fig. (3.2) we show the antiferromagnetic ground state 
energy as a function of y for finite and infinite rings. The exact limit- 
ing curve is taken from a numerical solution due to Orbach (1958), and 
appears as the dashed curve. The analytic form of the anisotropic solu- 
tion was first found by Walker (1959) and again by des Cloizeaux and 
Gaudin (1966) who gave the infinite series expression 
Eo (1) --5L r-L 
ky0. E; +Z(I-ba rLýL rty) 
N 131 rL= I 
where y (anisotropy parameter) - sech T, and the same result is implicit 
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. 
Again we observe, in Fig. (3.2), that odd and even rings form two dis- 
tinct converging sequences which bracket the limiting result. Over the 
whole range of y we observe that the Orbach curve is rather well defined 
by these small finite N results. 
For pure, Isi. ng rings-(y = 0), for N even, the. ground state Isi, ng eigen- 
functions are the doubly degenerate Sz0 pair, corresponding to alter- 
nate up and down spins, typified in the case of N=6 by lf+f+f+, > and 
I+t ... f) . Using the methods of Chapter I, section (1), it is easy to 
verify that the finite (and infinite) N ground state energy is given by 
60 (N 
e-veJ : -: - 
0' E5 
For odd N Ising rings the ground state energies are given by 
90(N 




In this case the ground state is 2N-fold degenerate, being composed of N 
z states with S 1/2 and N states with Sz = -1/2. Hence the ground state 
energy approaches the limit as 11N, a result which may be regarded as an 
effect of-the 'misfit seam' for N odd, i. e. we can only-turn over exactly 
half the spins to obtain perfect alternating antiferromagnetic ordering 
when N is even. 
In the case of Fig. (3.3) we-have a very similar plot, again with good 
convergence to the Orbach curve. Here we have substituted a set of even 
chains for N=2,4,6 and 8 for the previous set of odd rings-(even chains 
and odd rings both converge to the limit from above: so also do odd 
chains). We are thus. comparing the convergence of even rings and even 
chains over the complete range of y. For chains, the Ising limit ener- 
gies may again be calculated directly as 




Thus the energies approach the limit-as 1/2N for all N, whereas the even 
ring energies are exact. This, of course, is an effect of the-changed 
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of y shown in Fig. (3.2) and Fig. (3.3) are contained in Table (I) of 
Appendix 
Encouraged by the relatively simple and regular behaviour of the finite 
N results we have found so far, we may go on to examine properties for 
which the exact N results are unknown with the reasonable expectation 
that careful extrapolation to large N will not be misleading. 
2. GENERAL FEATURES OF THE EIGENVALUE SPECTRUM: 
LOW-LYING FERROMAGNETIC STATES. 
Let us now proceed to survey the spectrum of eigenvalues and their be- 
haviour as functions of y. In Fig. (3.4) we, plot the energy levels near 
i 
the ferromagnetic ground state for N=6 (the number of levels for higher N 
would be so large as to cause confusion). Rings are discussed primarily: 
chains are introduced when they differ in some significant aspect. For 
example, an important difference in the Ising spectrum is carefully dis- 
cussed in relation to the low-temperature thermal properties. 
2.1) Ferromagnetic. Ground State 
If we consider the ferromagnetic Hamiltonian 
N 
7- 7- 
S S. + 1+ 
it is well-known that the ferromagnetic ground state for all y<1 is 
doubly degenerate and, is given by 
Eo= - 0-5NIJI 
(3.2.2) 
z 
corresponding to S =, N/2 (all spinsaligned). For N=6, for example, the 
ferromagnetic ground state eigenfunctions are I ...... > and I ...... >. 
In the Heisenberg limit the ground state energy is still E. ý-0.5 N 1J1 
but the state is now (N+1)-fold degenerate corresponding to the (N+l) dis- 
tinct, orthogonal, completely symmetric linear combinations of all Ising 
z basis functions of, a given S, which constitute the eigenfunctions. 'For 
example, for N=4, the normalised ground state eigenfunctions are explicitly 
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a) I tttt> 
b) 1/2 [I+ttt> + 
1 
cj 46 LI ++tt> 
d) 1/2 [It+++> + 
e) I .... > 
+ lt++t> + 
I 
(Sz = 2) 
(sz = 1) 
+ 1++++> 
(sz = 0) 
(sz = -1) 
(Sz = -2) 
(3-2-3) 
If, therefore, we consider the normalised Hamiltonian 
N 
z R= ZIU-1 
EI (ýZtsl+ 
I 1/z SZ SL. I -5ý + +54 )1 
the. ground state will lie at Eo =0 for all y In-Fig. (3.4), since we 
are actually considering an antiferromagnetic Hamiltonian, the ferromag- 
netic ground state at E=0 will be the' highdst-lyi, ng : state -shown on the fig- 0 
ure. (We display the levels in this manner for the sake of continuity 
when going on to discuss the antiferromagnetic limit. ) 
2.2) Excited States 
First of all we observe, from Fig. (3.4), that in the Ising 
limit the eigenvalues are very highly degenerate. The first excited state 
lies at energy -21JI below the ground state and comprises all Ising states 
with one, two,, three, up to (N-1) adjacent overturned spins (hence has de- 
generacy N(N-1)). In fact, all the Ising level energies are given by the 
sequence 0, -21JI, -41JI . ............ . Nljl,, and all are degenerate. The 
off-diagonal terms in the Hamiltonian are then seen to split the Ising de- 
generacy, the levels fanning out but eventually showing some degeneracy 
again in the Heisenberg limit. ' However, there is less degeneracy in the 
2 
Heisenberg limit, i. e. the degeneracy is of order'N rather than N 
2.3) Energy Levels for One Overturned Spin 
Let us investigate in some detail the levels emanating from the 
first excited Ising level at -21JI. A sub-class of these levels of order 
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2N corresponding to one and (N-1) overturned spins may easily be in- 
vestigated exactly. The Hamiltonian block matrix corresponding to 
z S= N12 -1 is of order N and has the very simple cyclic form shown in 
fig. (3.1). In terms of the N 
th 
roots of unity, U) 
Or 
, where 0 ý*: cý 
* (N - 
ýZ5. ( 3.1) 
the eigenvalues, in de- 
scending order of energy, 
-2 
IJ 144 -2 
k2li I 
are (-2+2y)IJI; 
N-1 (-2 + Wil; 
CjN-91 IjI. (-2. w+ 
These levels are shown on 
Fig. (3.4) by solid straight 
lines, with diamonds indi- 
cating the individual val- 
ues for y=0 by incre- 
ments of 0.1 through 1.0. 
We observe that the level (actually two-fold degenerate) -2(1-y)IJI is 
the first excited ferromagnetic level for O<y<l, for rings. As N in- 
creases more of these levels appear between the two limiting levels 
(-2 ± 2y)IJI and in the limit N we obtain a continuum of levels, the 
energy difference between adjacent levels being O(N 
We may easily obtain the dispersion curve (energy versus wave-vector 
or lk 
k) for these levels for all y Replacing to by D, where 
Old: 1) we have 
E- EO 2++ J2 (3.2.5) 
=- 2- 1371 'd cos k. ) 
(In the limit, of course, k becomes a continuous variable. ) This dis- 
persion curve is sinusoidal and may be described as a 'spin wave' corres- 
ponding to a single overturned spin. Equation (3.2.5) is identical with 
J. that obtained by analytic treatment of the Bethe-Hulthen equations, and 
was first derived by Bloch (1930). 
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2.4) Energy States for Two Overturned Spins 
We may also distinguish a second set of excitations'(dashed 
curves with squares) corresponding to two overturned spins. The (trans- 
lationally reduced) Hamiltonian block matrix corresponding to two over- 
N- or) turned spins has the general form shown in fig. (3.2), where (I +W 








Ej 2- + 0.512T 
= -2. +y 
(, + cos 
diagonal elements are equal 
to -4 except the first, equal 
to -2, which corresponds to 
the set of N states which 
have the two reversed spins 
as neighbours. Second order 
perturbation theory yields, the 
formula for this special set 
N- ck 
+ 0.51 (2- wc'+ w) 
(3.2.6) 
defining k as previously. This formula is also obtained as an exact re- 
sult in the limit of large N by means of the Bethe-Hulthe"n formalism 
(Orbach 1958). We thus observe, that the levels for two neighbouring over- 
turned spins are split more slowly with y, i. e. as y2, than the corres- 
ponding levels for one overturned spin which go as y. 
2.5) Heisenberg Limit 
Let us now discuss the Heisenberg limit where, as we have already 
noted, appreciable degeneracy reappears. From Chapter II and Appendixt, 
we know this degeneracy, is associated with conservation of the square of 
the total spin S2 i) 
2. for this limit. The levels now appear as 
multiplets corresponding to the various eigenvalues of S, namely N/2, 
N/2-1 . ........ 0 (N even). (For N=6 we see that at y=l the ferromagnetic 
ground state becomes a septet corresponding to S=3. ) We observe that the 
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lowest-lying levels are, in order of decreasing excitation energy, S=2 
(quintet), S=O (si. nglet), S=l (triplet), S=l (triplet) etc. For a peri- 
odic system we have seen in Chapter II that the levels may also be classi- 
fied in terms of wave-numbers %, related to eigenvalues of the translation 
operator T. The appropriate value of, q is marked beside a given multiplet 
of levels (the q classification is the same for all members of the multi- 
plet and continues to hold as the levels split with decreasing y. ) We 
now compare the low-lying ferromagnetic levels of rings in Fig. (3.4) with 
a similar set of levels for chains shown in Fig. (3.5). First of all we 
can regard the chain Hamiltonian as a perturbed form of the ring Hamil- 
tonian, and accordingly we'would expect the level scheme to be generally 
similar but relatively distorted. On inspection of Fig. (3.5) this appears 
to be the case; however we apparently have more levels. This is because 
we have lost the ring classification by wave-vector q which introduces a 
two-fold degeneracy for qýo, N12. (The matrices for W and u) rfor 
qýo, N/2 have identical eigenvalues. ) The possibility of a wave-vector 
classification for chain eigenstates is discussed in a later sub-section 
of this chapter. With this, in mind we may identify chain levels with ring 
levelsas follows: - the chain spin-3 level A correlates with the ring 
spin-3, q=O level (Heisenberg ferromagnetic. ground state in both cases); 
the chain spin-2 levels B and E correlate with the ring spin-2 level for 
q=1 and q=S; the chain spin-1 levels C and F correlate with the ring spin-1 
level for q=2 and q=4; the chain spin-0 level D correlates with the ring 
spin-0 level1or q=3; the chain spin-1 level, G correlates with the ring 
spin-1, q=3 level, etc.. In this way a complete correlation of ring and 
chain levels may be made over the whole Heisenberg spectrum. 
2.6) Ising Limit Energy Gaps: Rings and Chains 
At the Ising limit the chain levels form a significantly differ- 
ent pattern from the rings, i. e. we have levels at E=O, -IJI, -21JI19 
-31J1 . ....... . (N-I)IJI rather than just for E=O, -21JI, -41JI . ..... as 
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is the case for rings.. The first excited ferrom. agnetic-Isi. ng level for 
chains at -IJI con tains = 4(ý - 1) +2 a6 2N -2 states which can be re- 2 
garded as having split off the ring level at -21JI under the influence of 
a perturbation. The degeneracy of the second excited chaiii. level at -21JI 
is then N(N'-l) - 2(N-1) = (N-1)(N-2) and is still of order N2. Since this 
dissimilarity persists to. the limit N-= -, it appears that finite rings and 
chains predict different limiting behaviour for the spectrum; in particular 
for the excitation energy gap AE F 
(o) between the ground and first excited 
states. / 
From the study of many examples in elementary statistical mechanics 
one learns that the specific heat-at low temperatures behaves as, exp 
[-AE 
F(O) 
/kT]. Since AE 
F 
(0) is different for rings and chains one might be 
led to expect, that the specific heat at low T is different for rings and 
chains. However, this is wrong as one can easily see by examining the 
exact solution, for rings 
(3.2.7) 
[COSO 
+ sir4(3/-,. ", 
)1 
I 
and for chains 
3/ / kT )N (3.2.8) 2 
COJý (7/2 kT) 
One can, also see from a series expansion of (3.2.7) that-there is an 
"accidental" cancelling of the odd powers of exp (-J/kT) in accordance 
with the description of the spectrum of rings. This cancelling is due to 
the effect of the sinh. 
N (J/2kT) term which, however, is completely negli- 
gible in determining the thermodynamic properties in the limit N 
This means that the low temperature behaviour is not determined just by 
the low-lyi. ng-states but may be, governed by all the energy levels, es- 
pecially when, the level degeneracies go as high powers of, N. 
- 110 - 
Thus, one must exercise some discretion in interpreting low tempera- 
ture thermodynamic behaviour from energy gaps. The preceding Ising ex- 
ample suggests some rules of thumb which, of course, are not rigorous. If 
the degeneracy of the first excited level is of O(N), then it seems 
plausible that the primary excitation gap is the same gap that determines 
the initial behaviour of the thermal properties in the limit. If the 
levels are of O(N 
2 ), as we have for the Ising rings, the effective gap is 
half the finite N primary gap; (in general, if the levels are of O(N 'r. ) we 
may presume that the effective gap=r- 
1x 
primary gap). If the levels are 
of 0(l), the apparent primary gap has no relation to the effective limit- 
ing gap. 
Finally, it seems that quite often the chains exhibit the true energy 
gap whereas the rings exhibit the double gap. Since it is sometimes diffi- 
cult to find the required degeneracies, the chains are seen to play a use- 
ful independent role. 
3. GENERAL FEATURES OF THE EIGENVALUE SPECTRUM: 
LOW-LYING ANTIFERROMAGNETIC STATES 
In this section we continue our general survey, this time examining the 
spectrum near the antiferromagnetic limit. Interesting questions of the 
degeneracy of the antiferromagnetic ground state and the existence of an 
antiferromagnetic anisotropy energy gap between the ground state and the 
first excited states in the limit are examined with the help of extrapola- 
tion methods. A unitary transformation of the Hamiltonian is presented 
which, in affecting the wave-vector classification of the antiferromagnetic 
ground sub-states, regularises the transition from a ferromagnetic to an 
antiferromagnetic Hamiltonian. 
3.1) Degeneracy of the Antiferromagnetic Ground State 
We have already considered the question of the energy of the 
antiferromagnetic ground state in detail in section (1). With the aid of 
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on to consider the degeneracy of the ground state. We observe that the 
two-fold degeneracy (for both rings and chains) of the-antiferromagnetic 
ground state at the Isi. ng limit is split by the transverse terms in the 
Hamiltonian, the upper level, becoming degenerate with a (two-fold degen- 
erate) lSzl=l level (the second excited state for finite rings and 
chains) to form a spin-1 triplet in the Heisenberg limit. It may easily 
be verified that the. ground, state splitting occurs only in high order, in 
th fact N order. We therefore suspect that in the limit N the ground 
state should again become degenerate,. at least, in some sense. To investi- 
gate this point we shall, examine the ground-state splitting AE 0 
(N, y) as 
a function of N and y. If AE 0 varies, as 
1IN for N large, the levels 
close up, but only at a, rate characteristic of a continuum of levels (as, 
for example, the one-overturned spin continuum) in the limit of N=-. 
If, however, AE 
0 vanishes mOre, rapidly than 
11N, e. g. as 1IN 
2, 
then we. 
may consider the levels as asymptotically degenerate even if they lie with- 
in a continuum. In Fig. (3.7) the product NAE (N)IIJI has been plotted 0 
versus 1IN for N=4,6,8 and 10, and for values of y in the range 0 to 1. 
We should mention here that the lowest-lying region of the antiferromag- 
netic spectrum, consisting of. the split ground state and the first excited 
state ES (N, y), is similar for both rings and chainsi hence we do not pre- 
sent a companion figure to Fig. (3-6) for the N=6 ring. However, for an 
Isi. ng ring the first-excited states lie at an energy AE A (o) -- 21JI above 
the. ground state whereas the corresponding energy. gap for chains is 
AE A (o) = 
JJJ. (We have already implicitly expressed the fact that the 
ground state for chains is E0 (o) = -(N-1)IJI whereas-it is EA (o) =-NIJI 
for rings. ) This does not affect Fig. (3.6) where we are concerned only 
with the ground state.. 
We observe that for yý0.5, NAE 0 
is rapidly decreasing and there seems 
little doubt that the limit is zero. For y=0.6,0.7 and 0.8 the decrease 
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thus seems probable that the limit is again zero. The probable behaviour 
of NAE, for N>10 is suggested by the broken lines. (These broken lines do 0 
not, of couTse, correspond to numerical extrapolations in these cases. ) 
At y=0.9, for rings, the values of NAE 0 at 
first increase slightly with 
N, but for N=8 and 10 they are almost equal, and we believe that larger 
values of N would again yield a product decreasing at first slowly, but- 
eventually rapidly. Extrapolation plots for chains show very similar fea- 
tures, and hence we do not present a separate figure. 
At the limit y=l, on th6 other. hand, NAE 0 seems 
to be rising steadily 
and approaching a definite limit at 11N=O, consistent with a state lying 
in a continuum bounded by the ground state. For rings, a direct extrapola- 
tion of the values for N=4,6,8 and 10 indicates a limiting value of 
NAE 
0= 
91JI. (For odd rings we have a limiting value of NAE 0= 
181JI. 
See sub-section ( 3.2 ) of this chapter. ) For chains, a linear extrapola-, 
tion of the values for N=4 ,6 and 8 yields NAE 0= 
81ij. In sub-section 
( 5,; Z) we shall discuss the analytic work of des Cloizeaux and Pearson 
(1962) which has a bearing on these results. 
In summary, we feel that the evidence of Fig. (3.7) definitely suggests 
that for all y<1 (anisotropic coupling) AE 0 
decreases more rapidly than 
1IN (i. e. NAE 0 -).. 
0), so that the limiting ground state may be said to be 
(two-fold) degenerate. In the isotropic limit, however, AE 0 
decreases- 
only as 1IN and the antiferrcmagnetieground state should be regarded as 
non-degenerate. Prior to the work of des Cloizeaux and Pearson, Marshall 
(1955) proved that. there existed a si. nglet, ground state, but did not ex- 
clude the-possibility of there being several degenerate ground states, 
some of which may not be singlets. Lieb, Schultz and. Mattis (1961) were 
able to prove a stronger theorem; namely that -for aý linear chain of spin- 
1/2 atoms with nearest-neighbour antiferromagnetic Heisenberg interactions, 
the. ground state is also non7degenerate. By a second theorem they were 
able to prove in addition that there exists an excited state (ES) for the' 
0 
- 115 - 
cyclic linear chain with nearest-neighbour Heisenberg interactions, 
with excitation energy of order 11N. More precisely, they obtained the 
result 
Es Eo 4- 2, Tý N 
(3.3.1) 
The conclusion is that there is no energy gap in the limit N for 
y=l, and the ground state is the limit of a continuum. 
3.2) Anisotropy Energy Gap 
Let us now investigate the existence of an anisotropy energy 
gap AE A (y) for intermediate values of y. We shall study a) the differ- 
ence AE a 
(y, N) between the 'lowest excited state' ES (y, N) and the finite N 
ground state E0 (y, N) (see Fig. (3.8)), and b) the gap AE A (y, N) between 
ES(y, N) and the limiting ground state NIJI 
60(y, 
oa) for rings. We 
should expect the two sets of values to form two distinct sequences but 
ultimately tend to the same limiting value. Let us investigate this point 
for y=l. Since AE =E (N) -E (N) and AE E (N) - NjJj6(. o)we have AS0AS0 
that 
, LEA EA= E0 (N) N ITI (3-3-2) 
But from Fig. (3.1) and the discussion of sub-section (1.1) we have (for 
2 
rings) 80 (N) - 60 a/N . Hence 
(A E/-L Eý,, 
) = a/N 
(3.3.3a) 
A 
in the limit. For other values of y we have the result that E (y, N) -E (y, co) 00 
vanishes also as 1IN 
2 
or more rapidly, and hence more generally we have 
I 
, LN, E, ý 
(3.3.3 
At the Heisenberg limit the conjecture that AE A (1, N) and AE A (1, N) 
fall to zero like IIN may be checked fromthe values for small finite N. 
For y=l, the first excited state ES is degenerate with the upper component 
of the split ground state and hence NAEA (1, N) = NAE 0 and 
therefore both 
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tend to the same limit. However we should expoct IýtAE-' A 
(1, N) 




where a even = -1.75 and a odd . 
3.5 from sub-section (1.1). (Since for 
chains -J!, we have that KI 
(3.3.5) 
(A EA - 6ý-: A -b and NITI-I(LEA- L 
EA) 
Hence, for chains, values of AEA(N) cannot be used in addition to values for 
6E A (N) to estimate the limiting anisotropy gap. ) 
For other values of y also, linear extrapolation with 1IN seems to be 
appropriate in estimating the limiting gap. In Fig. (3.8) we show our esti- 
mate for the limit AE A (y) of the antiferromagnetic anisotropy gap AE A (y, N). 
As we have already noted, at the Ising limit the anisotropy gap for rings is 
exactly 21ij. Our extrapolations indicate)in fact, that AE A (y) is non-zero 
for all y<1, though we observe a very slow increase in the gap as (1-y) 
increases from zero to 0.3 or 0.4. Since this work was performed , analytic 
work has appeared (des Cloizeaux and Gaudin (1966) and Yang and Yang (1966)) 
which on the whole substantiates our conclusions. Des Cloizeaux and Gaudin 
present the following analytic formula for the anisotropy gap 
(- 1) rv LrL 
1 (3.3.6) CT 5 tak 
cosk rty 
- 
COSVt 2rt, -4-1 TT7- 
rt =- 00 
T 
VL=-Ocý 
wherey = coshT(=l/ y in the present notation). This formula corresponds 
to an energy gap appearing at y=y=1, just as we have found by numerical 
extrapolation. Using formula (3.3.6) it may be verified that near the Heis- 
enberg limit 
Q (I') ' /j. 7T exp 
[- 
n XI- F:, -(ý --, )] (3,3.7) 
Hence our observed very slow increase in the gap as (1-y) increases from 
zero is confirmed by the exponentially slow increase of the analytic solu- 
tion. Near the Isi, ng limit, jo -* -, y -* 0, formula (3.3.6), on conversion 
to our notation, yields the approximate expression 
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(3.3.8) 
This result is identical with that obtained by second order perturbation 
theory. applied to the appropriate Hamiltonian matrices. On-Fig. (3.8) we 
have plotted the finite N anisotropy gap AE A (y, N) for N=4,6,8,10,7, 
9 and 11. Again even and, odd curves form two distinct sequences, the 
even N curves converging more rapidly in this case. For each of these 
finite N curves the limiting form near the Ising limit is found to be 
linear and is also given by perturbation theory. On Fig. (3.9) we plot 
the alternative set of finite N anisotropy gap curves for N=4,6,8 and 
10 for comparison purposes. This set appears to converge rather more 
rapidly. The finite N perturbation theory linear approximations to the 
curves near y=O are the same for both AE A (y, N) and AEý(y, N) and are shown 
on this. graph. 
Returning to Fig. (3.8), we compare the extrapolated limiting curve 
(a) with the des, Cloizeaux and Gaudin curve (shown dashed as curve (b)). 
We see that our curve (a), though very similarIn shape to the exact re- 
sult (b), is not in as close agreement as we would have expected. The 
discrepancy rises to more than 15% in the region of y=0.5, where the ex- 
trapolation uncertainties suggest only about 5%. We expect that the 
series of finite N extrapolation points for small N will presumably tend 
linearly to the limiting values, we have estimated, but for larger values 
of N (say Ný 30) will begin to turn up to indicate a rather higher val- 
ue. This point will receive further discussionin Chapter V, sub-sec- 
tion (3.6). 
On Fig. (3. -9) we plot'also, values. of AE A (y, N) for chains-. of N=4, 
6 and'8.. When extrapolated in a similar manner, to the, ring points,. these 
points indicate a. limiting, anisot-kopy energy gap (curve_(c)) which isý, 
roughly half the ring gap. We strongly suspect that, by analogy with the 
Ising limit, the chain energy gaps for 0<y<1 constitute, in fact, 
the effective anisotropy gap. for general y, which determines the low- 
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3.3) Antiferromagnetic Ground Sub-states 
So far we have confined our attention to the levels in the region of 
the ferromagnetic and antiferromagnetic limits. We shall now comment on the 
spectrum as a whole. A particular class of levels which are important in 
studying the zero-temperature magnetic properties of the linear chain are 
the lowest-lying levels in each SZ block of the Hamilton ian matrix. We shall 
term these levels the antiferromagnetic ground sub-states. In the case of 
Sz=Sz N12 
max we have only a single level in the block (a component of 
the ferromagnetic ground state); for the blocks corresponding to Sz=SZ. =0 min 
(even N) or 1/2 (odd N) the lowest-lying level is (of course) the antiferro- 
magnetic ground state. It is interesting to investigate each ground sub- 
z state as a function of wave-vector q. For S= N/2 we have q=0; for 
Sz= N12-1, q=N/2; for Sz = N/2-2, q=0; etc. 
. Hence the ground sub-state 
alternates between q=0 and q= N/2 as Sz is successively decreased by unity. 
This result is, in fact, a generalisation of that, previously quoted in sub- 
section ( 3.2 ) of Chapter II and sub-section (A.: L. 2-) of Appendix 1, that 
the antiferromagnetic ground state lies in the q -- 0 and Sz=0 sub-block 
for N/2 even and the q= N/2, Sz 
first pointed out by Mattheiss ( 
levels versus k for N=6 and N=8. 
two degenerate ground states are 
for m odd. Also the state at k 
odd or even. 
=0 sub-block for N/2 odd. This result was 
1961) who gave a plot of all the energy 
For odd N= 2m+l we have found that the 
at k= 7rm/N for m even and k=± 7(m+l)/N 
0 or k c- w is the higher according as m is 
Recently des Cloizeaux and Gaudin (1966) and Yang and Yang (1966) have 
considered a rather more. general Hamiltonian which is essentially 
N 
-H zz 1YC + 51 (3.3.9) 
If we make the transformation J2 and y we have 
z+ (3.3.10) 
2- T55 L+ I+ t+1 
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which is our anisotropic Hamiltonian. Des Cloizeaux and Gaudin observe that 
H (p) and H (-p) are related by a canonical transformation Cc ri - 
- Z- U exF 
in such a way that 
I'L I+c 
and 
The transformation U may be interpreted physically as a rotation of 7r in the 
x-y plane for the x and y components of the spins on odd numbered sites i. e. 
on one sub-lattice. The transformation is therefore equivalent to the re- 






for one sub-lattice. 
Yang and Yang (19615) introduce a very closely related operator A= 11'a z i 
zz where ai 2Si such that the product runs through sites on one sub- 
lattice. This transforms our anisotropic Hamiltonian in the same way, namely 
A A- 14 
The two operators have identical effects on the Ising wave-functions when 
N/2 is even, but differ slightly when N/2 is odd (we are assuming N even). 
The operator U commutes with Sz and conserves the cyclic boundary conditions. 
In respect to the translation-operator, however, its effects are interesting. 
By expanding the operator we have Z) i7T (S " 
.ý ;t 52. 
z 
+35 z+ 
UI=9,1 3 (3.3.16) 
and also 
7- 7- 7- 
'LLT 
v7T(Sz +2153 +-354-t- + W- 1) 54 N 51 Tj (3.3.17) 
_N to T, Sz I'TT 
(5 
Hence ILT N 
7 11 YN SZI) (3.3.18) 
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z Now S= N/2, N/2-1 . ......... . N/2; and Sz = +1/2. 1 
Consider the following cases for N even: - 
z N/2: UTT/TUY 
z N/2-1: 
z s N/2-2: 










W/Z evc rL 
z TTIL 
+1 (N/2 odcL) 





z Equivalent results hold for negative S 
We see, therefore, that U either commutes or anticommutes with T, for N 
even, depending on the Sz block of the Hamiltonian under consideration and 
also on the parity of N/2. Alternatively we may say that the effect of U on 
a given function of the Hamiltonian is either to leave the k-vector of the 
state unchanged or rotate it through w. More specifically, let us consider 
the states near the ferromagnetic end of the spectrum. The ferromagnetic 
ground state is ak=0 state and is unaffected by the operation of U. The 
(antiferromagnetic) ground sub-state of the Sz = N/2-1 block of the Hamil- 
tonian, however, is ak= 7r state and is converted into ak=0 state by 
the transformation U. Considering the states near the'antiferromagnetic end 
of the spectrum, let us assume N/2 is even. The antiferromagnetic ground 
state is ak=0 state and is not affected. However, the ground sub-state 
z 
of the S=1 block is ak=w state, which is converted to ak=0 state. 
These results, in the case of N/2 odd, are reversed. We see, therefore, 
that the effect of the transformation U is to convert all the antiferromag- 
ý' Sz netic ground sul5-, -states (lowest states of each S block for negative J) in- 
to k=0 states., As Mattheiss remarked, the previous alternation of wave- 
vectors between k=0 and k=w for these states appeared to have no 
physical interpretation. We therefore conclude that the physically reasonable 
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way to make a transformation-of the Hamiltonian-from ferromagnetic to anti- 
ferromagnetic is not only to change the sign of J, the exchange #tegral, 
but also to perform the transformation , 
-)-i 
A= 
'U (- WF ) "ý71 (3.3.20) 
For odd N, the appropriate transformation is similar in character, but 
a little more complicated. It may easily be verified that if N= 2m+l, the 
transforming operator for m even i(, 
2 TT Sý' 
N 
3=1 (3.3.21) 
and if m is odd, we have W 
--t- i)i IT 35z) 
Ni (3.3.22) 
This transformation converts the antiferromagnetic ground state from a 
±m7r/N state for m even and ak= ±(m+l)w/N for m odd to ak=0 state 
in both cases. 
FERROMAGNETIC DISPERSION CURVES 
Section 4 can be regarded as a continuation of section 2, which 
in a sense. forms an introduction to it. Classes of ferromagnetic levels 
are examined in detail as a function of wave-vector k for N=10 and N=11, 
and the resulting dispersion curves are relevant to a. classification of en- 
ergy states into bound and spin-wave categories. The relative importance 
of these categories in determining the low-temperature thermodynamic, prop- 
erties in the large N limit is discussed for the Heisenberg and anisotropic 
cases. A careful study reveals that the low-lyi. ng ferromagnetic spectrum 
also can be described in terms of an anisotropy energy gap, analogous to 
the antiferromagnetic gap. 
4.1) Picto-fial'. Representation, of Interacting'Spin-Waves ' 
We have-so far been primarily concerned with. 'the energy eigen- 
ýralues -as ftincilons of anisbtropý)(. We shall now'turn . oilr attention to- 
studying the levels as functions of wave-vector k for a given value of 
anisotropy. 
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For the ferromagnetic limit we have already derived a (single) spin-wave dis- 
persion relation which has the form 
. -1 3. ( Ei - Eo) ý Ei (Y, ) = 2, 
(1 
- cos 
where k=2? rq/N, q=0, ±1, ±2 . ........ With two overturned spins, the 
simple spin-wave approximation predicts 
S-1 ( E2- E. ) = F, 
2 
(kl+k2) =EI NI) + F-2 (K2) (3.4.2) 
but this is not exact owing to the spin-wave 'interactions'. For aniso- 
tropic linear chains the problem of (one and) two overturned spins has 
been discussed by Orbach (1958) who followed Bethe's analysis for y=1 
(Bethe 1931). The interaction of two spin waves is illustrated for the 
Heisenberg limit in Fig. (3.10) which shows energy levels for a ring of 
N=ll spins for y=1. The solid curve through the dark circles is the 
single spin-wave dispersion law (equation 3.4.1). The other solid curves 
represent the superimpositions (equation 3.4.2) and their intersections are 
thus the simple spin-wave approximations to the levels for two overturned 
spins. The arrows indicate the energy due to the interactions., the exact 
energy levels lying at the points of the arrowheads. (The open circles at 
the foot of the dispersion curves represent 'missing states' i. e. levels 
predicted by equation (3.4.2) which do not occur for the true Hamiltonian. ) 
For most combinations of k1 and k2 the interactions are evidently repul- 
sive and the spin-waves 'scatter' and remain 'unbound'. However, for 
k, =k2 =(l '*' the interactions are strongly attractive and the spin waves 
condense into lboundf states' whose dispersion law is 
EI (K) =2(I- 72L Y2[(- CO 5k]), (3.4.3) 
as we have already derived in sub-section ( 2.4, ) of this chapter. This 
curve is indicated by the dotted line (b) in Fig. (3.10). The correspond- 
ing eigenfunction relates to two closely associated overturned spins 
travelling around the ring together (Orbach 1958). 
Ftq. 3.1 o 
x 
11 
1 03 -t- 0 
?r 




4.2) Bound States of Two Overturned Spins 
Recently there has been some interest in the existence and prop- 
erties of bound states. Wortis (1963) using an approximate Green's func- 
tion method, has studied bound st, ates-of two spin waves of general spin S in 
one, two and three dimensions for a simple nearest-neighbour Heisenberg 
model. For a linear chain lattice with spin-1/2, Wortis states that in the 
limit as the lattice becomes large there exists a unique bound state for 
each value k1+k2=k of the total momentum of the pair. However, our 
finite chain results suggest that the conclusions of Wortis may not be quite 
correct. To see this, let-us consider Fig. (3.11) which is essentially equiv- 
alent to Fig. (3.10) except that we are considering states of two overturned 
spins for N=10,, not N=11,, and k runs from 0 to 27r rather than -w to w. The 
extent of the two-spin-wave continuum, indicated by curve (a) in Fig. (3.10) 
is shown shaded. The continuum limits are given by the equation 
(3.4.4) 
k) lc. s-kk) 
which is the envelope of the curves (3.4.2). We notice that the single spin- 
wave, dispersion curve (solid curve through open-circles) lies within, the con- 
tinuum. for. all k. The, two-spin. bound-state dispersion curve (curve (b) in 
Fig. (3.10)) is shown as a solid curve through dark circles which are the 
bound states. We see from Fig. (3.11) that there are no bound states for 
q=0 and q=1. in disagreement with Wortis. This result is, a priori, of 
some importance since the missi. ng, bound states are those of lowest energy in 
a ferromagnetic representation., 
4.3) Katsura's Exact Solution 
Katsura (1965) has been able to simplify the analytic treatment 
of the Bethe-Hulthen equations for. two overturned spins by introducing a 
transfo, rmationwhich. decouples them. (This, transformation, unfortunately, 
does not apply to more than two overturned spins. ) His conclusions (in 
which an important error has been corrected by the author) are valid for 
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finite and infinite rings, and confirm our finite ring results. Katsura 
places the lowest-lying ferromagnetic states (excluding the ground state) 
in categories he calls III, IV, V, VI, VII, VIII and X. Categories IV, VI 
and VIII are quite equivalent to the categories III, V and VII, respect- 
ively, except that they have wave-vectors k' = w-k. Category X includes 
a single state that is really a cat. egory V state which clearly does not 
exist when N is odd. Katsura shows that categories III and V include only 
bound states but that category VII states are always of a spin-wave type. 
Category III (and IV) states always number 
N12 -1 for N even, N/2 odd 
(3.4.5) 
N12 -2 for N even, N/2 even. 
However, and this is important in a discussion of the low-temperature 
thermodynamic properties, it follows from Katsura's arguments that in the 
limit of large N there are of the order of AN category VII states distri- 
buted along the bound state dispersion curve, and that there are altogether 
as many states in the combined categories VII and V as in category III. 
Hence the lowest ferromagnetic states fall into two classes: - 
Class A: category III only: 
even k vectors 2,4,6 . ............ j, N-4, 
N-2. 
Class B: category VII (VIII): 
odd k vectors 1,3,5,. n+2, n and N-n, NIt', 2 . ...... N-3, N-1 
category V (VI): odd k vectors n+2, n+4 . ........ % 
N-q 2 (3.4.7) 
14-. 1 
where n 
ýAN for large N. 
7T 
More precisely, the number of category VII! (and VIII) spin-wave solu- 
tions is 2N 1 (=n+l), where N1 
is the largest number which satisfies 
co 5 IT 2- W, -I)-, - I-2 (3.4.8) 
NN1. 
This implies that, for N=10, N, =1: for N1 =2 i. e., for the second 'cate- 
gory VII'ýIstate to appear at q=3, N must be greater than about 25, and 
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The work of Bethe (1931) (for y= 1) and Orbach (1958) is, of course, 
closely related to the work of Katsura. Bethe and Orbach actually ob- 
tained the same condition as Katsura (equation 3.4.8), for the Heisenberg 
limit, which Orbach quoted in the form 
k12- >., - I- 2-1 N 
(3.4.9) 
This equation was then erroneously taken to imply that no spin-wave 
(Category VII)ýstates can exist in the limit of an infinite chain. 
4.4) Anisotropic Dispersion Curves for Rings 
Let us now consider the effects of anisotropy on the number and 
distribution of bound states for our small finite rings. Fig. (3.12) is a 
companion figure to Fig. (3.11), showing the distribution of one- and two- 
overturned-spin states for y=O. S. Both figures are on the same scale and 
we notice that for y=0.5 the area covered by the two-spin-wave continuum 
(the individual two-spin-wave states for N=10 are shown as diamonds) has 
shrunk appreciably, according to equation (3.4.4. ). In fact, the single 
spin-wave dispersion curve (open squares) now lies completely outside the 
two-spin-wave continuum (i. e. completely below the continuum in a ferro- 
magnetic representation). For this yalue of anisotropy we see also that 
a bound state exists for all q,, including q=0 and q=1, and that the 
bound state dispersion curve, (solid, curve through dark squares) also lies 
outside the continuum. (Note that the individual states give a very close 
fit to the solid curve representing equation (3.4.3) for y=0.5). Since 
the bound state dispersion curve differs significantly from that at y=l, 
it is interesting to investigate how this change comes about as a function 
of anisotropy. The single spin-wave curve of Fig. (3.11) is degenerate 
with a set of states of two overturned spins. When y<1, this degeneracy 
is broken and the one-overturned-spin component follows equation (3.4.1). 
The component for two overturned spins shows a, discontinuity, the states 
for q=0 and q=1 apparently tending to join the bound state dispersion 
curve for two overturned spins., When (1-y) is sufficiently large, the 
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two-spin states at q. =, O and q=1 lie, outsidd the two-spin-wave con- 
tinuum limits and are more properly rýegarded-as bound states. our finite 
ring studies suggest that in the limit of large N, bound states of two 
overturned spins will exist for all values of q, for all, y < 1. 
We can re-interpret the work of Orbach for the case of two overturned 
spins in the presence of anisotropy. The number of spin-wave (category 
VII) solutions is, given by the condition 
Cos 7T (2 1) 201) (3.4.10) 
N 
Hence for y< (1-21N) there are no spin-wave (cat. VII) solutions for 
either finite, or infinite N. Thus in the limit N=-, no such solut 
' 
ions 
exist for y<1, and the two-spin bound state dispersion curve contains 
bound states for all values of k (q), in agreement with our finite N study, 
predictions. 
It is perhaps worth noting that Orbach expects the number of cat. VII' 
type states to increase significantly as y becomes greater than unity, a 
situation we have not been concerned with. 
4.5) Anisotropic Dispersion Curves for Chains 
A discussion of the properties of the ferromagnetic spectrum for 
one- and two-overturned spins will not be complete without a consideration 
of free-ended chains. An exact solution will first be attempted. 
Let us consider the case of one overturned spin. First of all, we 
shall consider rings of 2N spins and show that half of the energy lcvdls 
are identical with the energy levels for a chain of length N, in the Heisen- 
berg limit only. Consider the appropriate matrix for a ring of 8 spins, 
shown in fig. (3.4a) as having eight-fold cyclic structure. 
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C-Zq- (3-4, a) 
1 2,1 -3 1 4. 51 61 71 
, -Z 1 
1-2 1 
1 -Z 1 
1 -2 1 
FL9. (3-4 6) 
5 
1 (g) -Z 1 @) 
The rows and columns of the matrix may be rearranged as in fig. (3.4b) to dis- 
play 4x4 block cyclic structure, and the 4x4 matrix which results from add- 
ing blocks (A) and (B) is shown in fig. (3.4c). This matrix is identical with 
the matrix for the chain of 4 spins. 
-t I 
I -2 1 
1 -2 1 
I -I 
(The remaining solutions of the 8- 
(3.4c. ) ring arise from the 4x4 matrix 
corresponding to (A)-(B). ) The re- 
sult may be generalised, and hence 
the chain solutions are alwavs a sub- 
set of the ringsolutions for y =1. Let us now consider the general chain 
matrix for one overturned spin operating on a trial eigenvector, illustrated 
in fig. (3.5a) and fig. (3.5b) respectively. 
5 a) 9. 
Cos 0 0 
cos 30 
I1--T21 
C05 (r - 19 
cos (N t 
Consider the effect of operating on the eigenvector with level (a) of matrix 
(3.5a) : 
level (a): 4.11) +r 2- 
(3 C05 2 -65 
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from which 2- +2 cas 0 (3.4.12) 
In general, for all levels ý (a) or 
(y- 
2- - ? ý) C os 
(y- 
- -L 0) + coS 
(-r + -L (9) =: -! 0 (3.4.13) Cos +2zZ. 
hence ý- + 2. =Co5[ 
(r 
- 72LO) - (9] + coS 
[ (r - -2L- 
0) + 0] 
Cos (-r - ýIz- 0) 
and finally cos & (3.4.14) 
level (a) : 
from which 
c 0: 5 N cc) 5 IL) (3.4.15) 
C050 + sLrt, 
(N--7L-)o strLO 
Cos CN-1)(9 
In order for level (0) to yield an eigen, value -2 +2 cos 0 we must have- the 
condition (boundary condition) 
L r-L (9 5L VL (9 co S (3.4.17) COS 
From equation (-3.4-17) we obtain the trivial solution 
'5 0 I. e. (9 -r I T,, r=0.1 
and the non-trivial solution 
r7T 
Is L YL 0 e. N, r=0. ) 
1 (3.4.18) 
Hence the chain states may also be classified in terms of a wave-vector 
k= rTr re- Cý N, which 
has twice as many'allowed frequencies with half the f 
quency interval as the corresponding wave-vector for rings 
k= 2r7r 
. The RN 
situation is similar-to the case of dynamical vibrating linear systems with 
fixed and periodic end-conditions.. 
We thus conclude that the energy levels for chains. lie on the same dis-, 
persion curve as the states for rings, but occur, at half-integral wave-num- 
ber spacings. For example, in the case of N=10, the ring distribution of 
states may be equivalently regarded as follows: - a single state at k=O, two 
(degenerate) states at k=l, 2,3 and 4 and a single state at k=S. The chain 
distribution is single states at k=O, 1/2,1,3/2,2,5/2,3,7/2,4 and 9/2, 
comprising, of course, the same number of states in all. This result is 
displayed in Fig. (3.11 ), where the chain states for half-integral k are 
shown by the concentric circles on the left-hand portion of the single 
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spin-wave dispersion curve. In a sense, therefore, a chain of N spins is equiva- 
lent to a ring of 2N spins, whichagain shows. the value of considering free- 
ended systems for elucidating ferromagnetic thermodynamic properties. 
Let us now examine the solution for one overturned spin for the general 
case of anisotropy. The corresponding matrix and trial eigenvector are shown 
in fig. (3.6a) and fig. (3.6b) respectively. 
(3.6 a) ýq 
(3.6 b) 
i 'ý 2 .0 
Cos O/Z 




11 -Z Y 
(P) I1 -11 
1N 
Procpding as before we have: - 
In general, for levels ý (a) or 
C) (3.4.19) '&COS(r--!, )8 + (-Z-, X)CO5(r + cos 
(r + J2 
from which =- 2- 4 2-Y CO 5G 
(3.4.20) 
level (a): X) cos (9/2, +Y CO -5 
0/2 0 (3.4.21) 




from which Cos (9 + SLn() 
C05 (N - J)& (3.4.24) 
First of all we observe that the e, igenvector of fig. (3.6b) cannot represent 
the true eigenvector of the system, since equations (3.4.20) and (3.4.22) can- 
not be simultaneously satisfied except in the limit y =1. We can, however, as 
an approximate solution, choose 0 so that the end levels (a) and ($) have the 
same form. The condition reduces to that in the Heisenberg case, 'namely 
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0= 11 . -r= 0,1,2, 
Hence our approximate solution has the following N 
characteristics: - 
a) The eigenstates have the same k values as for y 
b) In general, the levels obey the same dispersion law as do rings, 
namely e(k) = 2(1-y cosk) (3.4.25) 
c) The end levels obey a different dispersion law, namely 
E-, W :, - I -+ Y-2Y Cos k (3.4.26) 
Altho. ugh we do not expect conditions (a), (b) and (c) to hold exactly for 
small, finite N, we believe the solution has increasing validity as N -* -. 
In the light of our approximate solution, we have plotted the finite 
N (actually N= 8) chain states obtained-numerically, at exact integral 
and half-integral % values, as at the Heisenberg limit. The result is shown 
as the curve through the open circles in Fig. (3.12 ). The approximate 
character of our anisotropic solution is revealed by the fact that the numer- 
ical states, under these conditions, actually lie on a smooth dispersion 
curve which is slightly displaced from the corresponding ring curve. How- 
ever, in the limit N we can expect this discrepancy to disappear. Our, 
approximate analytic solution implies that the two end-level states corres- 
pond to wave-vector values k=0 and k=I and will be split off the. rest of N 
the dispersion curve in the direction of the ground state. This behaviour, 
is to be observed in the numerical solutions of Fig. (3.12). 
We are unable to obtain an exact solution even in the Heisenberg limit 
for the case of more than one overturned spin. Hence, as an approximation, 
we have chosen to plot the energy levels obtained numerically in such a way 
that the half-integral character of the distribution is maintained in the 
case of two or more overturned spins. In Fig. (3.11) the resulting two- 
spin bound-state dispersion curve is shown as the curve through the dark 
circles, slightly displaced from the corresponding curve. for rings. Again 
we see that no bound states exist for q<1. In Fig. (3.12), the chain 
curve for two-spin bound-states is again similar to the ring curve except 
that the q=O and q=1/2 bound states have suffered an upward displacement 
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like the corresponding states for one overturned spin. 
4.6) Anisotropic Levels for Many Overturned Spins 
Our detailed investigations of the dispersion curves for Sz blocks 
near the maximum have been of interest in their own right; particularly the 
division into spin-wave and bound states. If, however, we hope to obtain 
sufficient information on the nature of the ferromagnetic spectrum to make 
a, reasonable conjecture about the low4temperature thermodynamic properties, 
z 
we must investigate states of more overturned spins, particularly S =0 
states. In view of the difficulty of obtaining analytic results in these 
cases, we are forced to rely mainly on our finite ring and chain numerical 
studies. We are enc6uraged by the very close correspondence between predic- 
tions derived from numerical studies and analytic limiting results that we 
have seen so far for the ferromagnetic limit. We shall consider, first of 
all, the case of general anisotropy, where we feel that reasonable con- 
clusions may be drawn. Later, we shall see that the Heisenberg limit is 
rather pathological. 
Let us return to Fig. (3.12) to review the situation with respect to 
the low-lying levels as a function of wave-vector q,, for -y=0.5. In the 
region q<1, near E/JJJ= 0, we see the chain end-levels as the two (two- 
fold degenerate) open circles corresponding to Sz =N/2-1, and the two dark 
circles just below them which represent not only states of two overturned 
spins but also states of three, four, etc., up to N12 overturned spins 
which all appear degenerate on the scale of our figure. Consider next the 
set of N (or N-2 for chains) bound levels for two overturned spins (dark 
squares and circles) whose energies lie on dispersion curves, lp the region 
just above ! -21JI. - Examining the lowest-lying levels for rings for other 
values of Sz down to. Sz =0 we obtain a set. of limiting-dispersion curves 
apparently similar in form to the curve for two overturned spins but with 
successively reduced dispersion amplitudes. The entire set of curves lies 
within the limits-of the two-overturned-spin curve, and the N individual 
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states for Sz =0 are shown by the set, of crosses within squares in Fig. (3.12). 
Clearly the variation in energy with q is very small, and we presume that 
in the limit N -* co , the N states for SZ =0 will 
be degenerate in energy (the 
dispersion curve amplitudes appear to decrease as yr where r is the number 
of overturned spins). Alt 
* 
ogether, therefore, we shall have of the order of 
N2 such states for two or more overturned spins in a fairly narrow energy 
band - (the situation for-chains is quite analogous). The average excita- 
tion energy of these N2 levels is very close to twice the energy of t he N 
chain end-levels. This is suggestively similar to the situation in the 
Ising limit discussed in sub-section (2.6) where the lowest-lying excited 
states are N-fold degenerate, the next excited states are N 
2_ fold degenerate 
and the effective energy gap is given , by the difference oF UZ ground state 
energy and the first excited energy levels. Notice that the lowest one-over- 
turne4-spin levels are of 0(l) in number and do not affect energy gap con- 
siderations. The remaining one - overturned- spin levels, although of order 
(N) in number, do not affect the energy gap because they are higher in en- 
ergy (ferromagnetically) than the N end-levels for two and more overturned 
spins. We conclude, therefore, that the situation for chains in the, case 
of anisotropy y50. '5, and probably for all y<1, closely resembles the 
Ising limit. Also for rings, we see that for general anisotropy the situa- 
tion isagain equivalent to the case of the Ising limit, since there are no 
levels at the top of the energy. gap and N2 levels at twice the energy gap. 
Having made plausible the idea of anisotropic energy. gaps for rings and chains 
at the ferromagnetic end of the spectrum with the aid of the dispersion curves 
of Fig. (3.12), we shall now attempt to study these gaps as functions of y. 
We shall start by performing preliminary studies on the approRriate chain 
y. All Hamiltonian, Hamiltonian matrices with the aid of perturbation theor 
matrices for two and more overturned spins have the simplified form shown 
in fig. (3.7). Second order perturbation theory for the end-levels"of 
block (a), which form the lowest-lying ferromagnetic levels of the problem, 






yy % yy -4 3 
gives 
+ -Y 3-1 -1 + 1/2 y2 (3.4.27) 
(The actual matrices are rather more 
complicated than is suggested here, 
but give identical results as far 
as perturbations of the two lowest- 
lying end-levels are concerned. ) 
Since we must consider states of 
positive and negative Sz, we have, 
in the Ising limit, altogether 2(N-1) 
such lowest-lying levels (as we have 
mentioned previously). Of these, 
the four states for one overturned spin deviate from -J as 1-y 
2, 
accord- 
ing to second order perturbation theory. These four states are not thermo- 
dynamically significant in comparison with the remaining 2(N-3) states. 
These 2(N-3) states, which appear to remain degenerate according to second 
2 order perturbation theory, deviate more slowly from -J as 1-1/2Y . For y 
near I and for finite N, the levels must separate in higher order pertur- 
bation theory in order to agree with exact numerical calculations. 
Comparing these predictions with our numerical results for chains of 
4,6 and 8 spins, we see that the perturbation equations 










appear to give a very plausible account of the probable limiting behaviour 
of the relevant chain energy levels, at least for y50.6. Fdr Y>0-8 & 2 04 - 3) 
levels, instead of following equation (3.4.29) to a finite value as y 
turn fairly sharply upwards, and in the limit may be expected to go to 
zero (for the normalised Hamiltonian we are considering) for y ->-I. The 
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development of these 2(N-1) levels as functions of anisotropy may be 
seen, in the case of N=6, by reference back to Fig. (3.5 ). These are the 
levels which comprise the multiplets A and B in the Heisenberg limit. 
For finite N, the levels divide into two equal. groups, one of which 
joins the upper component of the end-levels for. one overturned spin to 
form a total-spin-N/2 multiplet: in fact, these are the levels which join 
the two degenerate levels of the ferromagnetic ground state for y<1, to 
form the (N+1)-fold degenerate levels of the ferromagnetic ground state in 
the Heisenberg limit. The other set joins the lower component of the end- 
levels for the one overturned spin to form a total-spin-(N/2-1) multiplet 
which lies on the dispersion curve corresponding to one overturned spin 
for Sz= N/2-1. We shall see in the following sub-section that this multi- 
plet is the first excited state for finite N, differing in energy by terms 
of order (11N 
2) from the ground state. Hence, at y =1, the latter multi- 
plet is the special spin-wave state replacing the 'missing bound state' for 
q< 2Tr/N. At y =1, therefore, these low-lying chain levels change their 
character and become I spin-wave- like I rather than 'bound'. The fact that 
they are degenerate at y=0 and again at y =1, and the, intermediate split- 
ting is slight, suggests that in the limit'N -* - the levels will remain 
degenerate for all y. (The levels for one overturned spin will remain split 
off, but they do not interest us since they will not affect the thermal., 
properties. ) 
In Fig. (3.13) we present an estimate of the limiti. ng behaviour of 
these levels as a function, of y obtained by extrapolation of. the chain re- 
sults for N=4,6 and 8 (dashed curve (a)), shown with the appropriate chain 
levels. Also on this figure (dashed curve (b)) we. show the perturbation es- 
timate (equation (3.4.28)) for the four levels for one overturned spin, 
with a level for N=8 for comparison. Finally (dashed curve (c)) we have es- 
timated, with the aid of results for finite rings and chains, the continuum, 
limit of the next excited set of levels emanating from the Ising level 
FL9.3.13 Lo 
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-21JI, or N -* -. The ring levels for N=4,6 and 8 are shown also. We 
conjecture that the energy gap between the ferromagnetic. ground state 
and curve (a) in Fig. (3.13) can be regarded as the effective anisotropy 
energy gap AE F(Y) (or energy. gap for chains) for ferromagnets, analogous to 
curve (C) of Fig. (3.9) for antiferromagnets. Also that curve (c) of Fig. 
(3.13) is the energy gap for ferromagnetic rings (i. e. twice the effective 
energy. gap ) analogous to curve (a) (or more exactly to curve (b) of des 
Cloizeaux and Gaudin) of Fig. (3.8) for antiferromagnets. However ' the 
ferromagnetic gaps do not have the same form as the corresponding anti- 
ferromagnetic. gaps, vanishing rather rapidly as y -* 1 instead of exponen- 
tially slowly, and varying quadratically with y near the Ising limit, 
rather than linearly. 
4.7) States of More Than Two Overturned Spins: 
Heisenberg Limit 
At y 1.0 the spectral distribution is-rather complicated. For 
example, the two-spin-wave continuum comes down to join the single-spin- 
wave continuum, and bound states of two overturned spins also lie, just a- 
bove the ferromagnetic ground state. In Fig. (3.14 ) are shown the lowest- 
lying ferromagnetic states for rings, for different numbers of overturned 
spins, for N=10 (open circles) and N=ll (dark, circles). Curve (a) corres- 
ponds to one overturned. spin, curve (b) to two overturned spins, curve (c) 
to three, curve (d) to four and curve (e) to five overturned spins; the 
maximum for N=10 and N=11. Werecognise curve (b) as the two-spin bound 
state dispersion curve and hence conclude that curves (c), (d) and (e) must 
also be bound state dispersion curves of three, four and five overturned 
spins respectively. The curves may also be characterised by their total 
spin quantum numbers; for example, curve (a) contains spin-(N/2-1) states, 
curve (b) spin-(N/2-2) states, curve (c) spin-(N/2-3) states, down to curve 
(e), spin-0 states for N=10 and spin-1/2 states for N=11. In. -general there 
will be - N/2 of these curves, arranged so that the curves of minimum total 
- 142 -F it 9.3.11, 
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spin lie nearest to the ferromagnetic ground state. It may. be observed that 




( k) :, - ( : zT/-r) 
(I 
- cos k) (3.4.30) 
where r is the number of overturned spins. This is in accordance with Bethe's 
analytic result (Bethe 1931) for the dispersion curves of the lowest-lying 
bound states. However, Bethe's results imply that bound states are uniform- 
ly distributed along the dispersion curves in the limit. If this were the 
case, these bound states would undoubtedly form the lowest-lying states of 
the ferromagnetic linear chain. But we have already observed that for our 
small values of N, the q=l two-spin bound state is missing. We see from 
Fig. (3.14) that the rest of the curves also have missing states, and rela- 
tively more of them. For curve (c) bound states are, missing up to and in- 
cluding q=2, for curve (d) states are missing as far as q=3 and soon. Thus,, 
in general, for small finite even N, the bound state curve for spin S=O will 
contain only a single state. * In-the light of the Katsura, solution, it seems 
most reasonable to infer that these bound states will still be absent in 
the large N limit, and that probably others also will be missing in this 
limit. Since the two-spin-wave continuum states of total spin S=N/2-2 and 
the bound states of total spin zero up to N/2-2 are found to be roughly com- 
parable in total number, mean spin degeneracy and position in the spectrum 
it is likely that both will contribute to the thermal behaviour for T>0. 
However, we ought to examine the higher excited states for more than 
two overturned spins. Some of these are shown, i']I, Fig. (3.15) (which, inci- 
dentally, has a scale half as. large as-Figý (3., 14)). One interesting con- 
clusion is that there do not seem to be any additional spin-wave continua 
of total spin less than N/2-2, at least as far up the ferromagnetic. en-, 
ergy scale as the states shown in Fig. (3.15). (The number of states be- 
comes rather large for higher ferromagnetic energies and interpretation be-. 
comes increasingly-difficult. ) The states of total, spin less than N/2-2 
Z-- w1-;; - 144 - Fig. 3.15 
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in this region appear to be'bound states lying in families-of dispersion 
curves very similar to those, pf Fig. (3.14 ). Six such families-are shown 
in Fig. (3.15), corresponding to N=10, the leading singlet dispersion, curves 
(dark circles) being indicated by the arrows. Let us study the family, of 
dispersion curves at q=3. Curve (e ) is a singlet dispersion-curve, curve 
(d') a triplet and curve (c') a quintet. The shapes of these curves are 
obviously closely similar to the corresponding, curves of, the lowest-lyint 
bound state family (with some understandable distortion), and unlike the 
spin-wav6 dispersion curves. We are thus led to conjecture they are.. 
bound statesý- 
As a final comment, it appears, that,, the first-excited state, for large 
N will be the(N-ý-fold'degenerate first excited-. state on the si, ngle, spin- 
wave dispersion curve. The missing states. alo. ng the lowest-lying bound- 
state dispersion curves prevent states of this type from beating it; and 
a survey of. numerical results for. small rings indicates that the higher, 
bound state families do not lie low enough to affect it. 
S. ANTIFERROMAGNETIC DISPERSION CURVES 
In this section the finite N antiferromagnetic dispersion curves. for 
rings and chains are identified and compared with analytic results where 
available, for the Heisenberg limit and for general anisotropy. The ap- 
parent existence is noted of a low-lying set of antiferromagnetic, dispersion 
curves which do not accord with the usual prescription for spin-wave curves, 
but which nevertheless show a dispersion pattern essentially similar to that 
of the spin-wave'states. 
5.1) Heisenberg Primary Dispersion Curves 
Let-us noW study. the energy states at the bottom of the antiferro- 
magnetic spectrum as a function of wave-vector k in a like manner to the low 
energy ferromagnetic states. We shall, consider first of all the Heisenberg 
1iiit. 
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Plotting the lowest energy states for a given value of k we obtain a 
dispersion curve (primary dispersion curve) for small finite N of approxi- 
mately sinusoidal form. The curves show an interesting double periodicity 
over a range in k of 0 to 2v, consistent with an approximate Isin gibe- 
haviour. Des Cloizeaux, and, Pearson (1962) have conducted an analytic in- 
vestigation of the antiferromagnetic dispersion properties. They conjec- 
tured that these lowest states of a given k were included in the spin- 
wave category; that is that the wave-vectors of the individual spins of 
the state are all real. They devised a prescription for obtaining these 
states for finite and infinite N, in terms of quantities related to the in- 
dividual wave-vectors. Feedi, ng this prescription into the Bethe-Hulthe'n 
coupled equations, they-were able to obtain the correct energies for these 
low-lying antiferromagnetic states for rings of 6 and 8 spins, i. e. the 
energies obtained by analytic calculations agreed with the results of ma- 
trix diagonalisation. (Note that they also obtained these states for rings 
of 16 and 48 spins. ) They then went on to obtain the following expression 
for the dispersion curve in the limit of large N: - 
"1 
(3.5.1) E (k) =E (k) -E. =. T, 
15L 
rLkj 
These points are illustrated in Fig. (3.16) which shows the low-lying 
states of the antiferromagnet-N=10 for y=1. The character of the states 
is signified as follows: - singlet states are dark circles; total-spin-1 
states are. open circles; spin-2 states are open squares and spin-3 states 
are circles with crosses. (States of spin-4 (spin-N/2-1) do not extend 
sufficiently far down the, spectrum to appear on Fig. (3.16). ) The N lowest- 
lying states of, F. ig. (3.16) comprise the-antiferromagnetic ground state 
(singlet) situated here at q= ±5, together with 9 (in general (N-1)) trip- 
let states. We have already established that the lowest triplet state, here 
situated at q=O, becomes degenerate with the singlet ground state in the 
large N limit. We 'show for comparison the des Cloizeaux and Pearson limiting 
spectrum superimposed on the finite N ground state as the continuous curve 
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lying below the N=10 triplets (curve (b)). In this limiting curve there is 
complete symmetry between the two branches of the curve, which is-not the 
case for finite N. However, numerical extrapolation of the appropriate en- 
ergy differences, versus IIN for. a sequence of finite clusters up to N=ll in- 
dicates a limiting value in good agreement (i. e. to within-5 to 10%) with 
the, des Cloizeaux and Pearson value of JJJ w for the amplitude. The des 
Cloizeaux and Pearson curve may be compared with the result of Anderson. 
(195ý2), which also. gives Isin kj dependence but-with a modified amplitude of 
2 instead, of v. The Anderson dispersion curve is actually, the same as the 
dispersion curve for the X-Y model solved independently by Lieb, Schultz and 
Mattis (1961) and Katsura (1962). 
5.2) Inferences From the des Cloizeaux and Pearson Analytic Result 
We may use the des Cloizeaux and Pearson result to infer an analytic 
result for themay in which the anisotropy energy gap vanishes at ya1 as 
N -*. - . Let us consider the finite N dispersion curve for an odd ring 
e. g. for N= 11, which is sketched in fig. (3.8). 
Nb (3.8) 
AE AE AE AE 
k 
We observe that the dispersion relation for od& rings differs slightly from 
that. for even rings in that a) the energy states at k-0 and k-w are al- 
ways degenerate but b) the two portions of the dispersion curve are not 
symmetrical, the lower branch converging to the limiting curve (shown dashed 
in fig. (3.8)) from above and the smaller branch from below. The states at 
k=0 and k- it are total-spin-1/2 doublet states constituting an. anti- 
ferromagnetic ground state which isfOurfold degenerate for all finite N. 
The remaining states are quartet states of total-spin-3/2. Hence, as we 
observe, from the sketch, the finite N anisotropy gap is governed by the 
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energy difference, AE between a doublet ground state and a quartet state of 
neighbouring k. In the limit this energy gap will correspond to the en- 
ergy difference, between'states of k=0 and k =ýL along the des Cloizeaux N 
AE 27r 2 and Pearson dispersion curve; namely Tj7J 
Tr sin 27 IN : The value 
2 NAE 2" for T_JT compares reasonably well with the extrapolated value of 18 
mentioned in sub. -section ( 
However, we see from Fig. (3.16) that the ground state and the first 
excited, state are, separated by a-wave-vector difference of Tr , for even, 
rings, and it is not obvious how to determine the limiting behaviour of the 
energy gap, AE, from the des, Cloizeaux and Pearson relation in this case.. 
In sub-section ( 3-: 1 ) of, this chapter, however, we have noticed that 
*L M(NA E/IJ) ý±L1 rn (NA E/f, 71) (3.5.2) 
evem od, & 
according to our numerical, extrapolations. This result suggests that 
LNA E/1-11 )e *4 (3.5.3) 
(rhis conclusion is supported by the discussion in sub-section (ý3-3 ) of 
Chapter V_ that the zero-temperature magnetisation curve as'a function 
of applied field, should have the same limiting, low-field, slope for-both 
odd and even rings. ) 
S. 3) Higher Excited Heisenberg Dispersion Curves 
We have seen that at the ferromagnetic end of the spectrum, the 
states can be-divided into two categories. The spin-wave states, lie close, 
to the intersections of like curves arising-from the primary spin-wave dis- 
persion curve: the bound states lie on different, dispersion curvesý It is 
interesting to, study the antiferromagnetic end of the spectrum to see if 
similar phenomena can be observed. The triplet states (open circles) on 
Ro. 16 
curve (a)Aare numbered 1 to 9 inclusive. We observe that three. curves, 
(al), (a3) and (a2) may be drawn originating from states 6,7 and 8 (or 2, 
3 and 6), respectively, having a-very similar form of dispersion curve. to' 
curve (a). Situged on these curves. we have 6 states whichare also spin-1 
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triplets. By anal. ogy with our. discussions of the ferromagnetic limit, we 
expect this, family of states to be spin-wave states. This conclusion is in 
accordance with analytic work by Hulthen(1938), des Cloizeaux and Pearson 
(1962) and Griffiths, (1963, unpublished), 
In Bethe's formalism, an eigenstate of the Hamiltonian (3.3.9) with total 
spin S and wave-number k is associated with a set of N/2-S integers Xi satis- 
fying 
(3.5.2) 
and k2 7X/N rX L mocl W) 
(3.5.3) 
'Spin-wave' states are characterised by sets of Xi, no two of which differ 
by, less, than. 2. This scheme is easily verified in the ferromagnetic limit- 
for the case of two overturned spins. The bound states of the problem are 
shown to be specified by sets of Xi, such that some of the Xi are (a) equal 
or (b) differ-by 1. Actually the latter category-does contain some'spin-, 
wave states " but ' 
Katsura's (1965) solution shows that the number of these, 
is small., Let us consider, as an example, theý antiferromagnetic region of 
the. spectrum for N=10. Hulthen (1938),. points out that the number of spin- 
wave states with a given total spin S is given by 
rL 
N/2, +S (3.5.4) 
(Each of-these n(s) states is, of course, (2S+1)-fold degenerate. ) 
We see straightaway. that only a single state out of the class of sing-- 
lets is a spin-wave, state: this state is, in fact, the antiferromagnetic, 
ground state. For, N=10, formula, (3.5.4) predicts the existence of 15 spin- 
wave triplets, which we. shall proceed to identify on Fig. (3.16). We have 
two possible choices for the set, of Xi for the antiferromagnetic ground 
state: - 




suck t6at k0 OCICL (3.5.5) 
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suck LkaE k aL,. N (3.5.6) 
2C vc, 14. 
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From Fig. (3.16) we. observe that the lowest state is a% ='N/2 state; and, 
in general, we discover that the finite, N antiferromagnetic ground state is 
always given by the set Xi = 1,3,5 . ....... * (N-1). (3.5.6) 
We further observe that, the alternAtive X distribution gives rise to the 
z S. =0 component of the first excited state, which is a triplet. Orbach 
(1958) gives a brief consideration of the two distributions, pointing out 
that the integral equations derived from these distributions differ-only. by 
terms of 0(11N). This result is in accordance with our conclusions con- 
cerning the behaviour of the Heisenberg energy gap when N -)- -. 'Des 
Cloizeaux and Pearson first obtained the sets of A corresponding to the set 
of triplet-states along the lowest-lying dispersion curve,, curve (a). This, 
z prescription is conveniently illustrated in Table (3.1) for the set of S =0 
6le C: 3 - JL) 
C, k 5" 
0 0 
x 1 01 
x z ol 






I x I, 51 0 
components, which shows the particular set of Xi for a. given excited 
state and its corresponding k-value., 
The series of states is obtained from the starting state,, state 5, by dis- 
placing the largest, X (X = 8) one place to the right and following this by a 
systematic similar displacement of the smaller X's. This scheme has been 
discussed by Griffiths (1963, unpublished) who points out'that a series of 
displacements. of this type constitutes a si. ngle-spin-wave excitation. In 
Table (3.2) we see the corresponding series of JSZJ -A states which also, of 
course, lie on curve (a). These states are associated with only 4 Xi. and 
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rx T 1x 
z differ from their S =, 0 counterparts by omission of Xi = 0, according to the 
rule for obtaining the, different components of a multiplet given by des 
Cloizeaux and Pearson. It is interesting to observe how this scheme pre- 
z dicts the absence of an S1 component for the antiferromagnetic ground 
state - the series becomes complete at state 9. since-any further dis-. 
placement of, X's would, produce either a state of higher Sz or a state which 
does not fulfil the spin-wave specification. In accordance with the con- 
clusions of Griffiths (1963, unpublished) that -the states of negative k do mot 
form an independent set, we have considered only states for which k ý: 0. 
With these ideas in mind, we =4 turn to the problem of identifying dis- 
persioncurves containing higher n=bers of spin-waves. In Table (3.3) we 
consider the various'spin-wave excitation possibilities arising from state 6. 
7- T)i p r. 
7 
x 12 f- sp 
-ve, wa- 
a6le- (3.3) 
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There are,, in fact,, only two possibilities-within the spin-wave frame- 
work.. Recalling that state 6 was obtained from state 5 by displacing 
Xi =8 one place to the right, we see that if we displace the same X to 
the rightagain we have a state with k =, 3 and-only 3 remaining X's. Thisý 
z state is therefore an S=2 state. Since the same X has been doubly shift- 
ed, this state is a double-spin-wave state, i. e. two spin-waves'have-been 
excited at the same site. (Griffiths (1963) unpublished). The series of 
Sz=2 states, lying on this double-spin-wave dispersion curve, the dotted 
curve (c), we then obtained in a like manner to the states of curve (a). 
We observe other low-lying S=2 states in Fig. (3.16) which can also be 
shown to lib on approximate sin k dispersion waves arising from'states 7, 
8, and 9. 
Returning to state 6, we can distinguish another set of excitations, 
the curve (al) we have mentioned previously, which arise from state 6 by 
displacing the first X one place to the left. This set comprises a set of 
Sz=1 states of decreasing k. Since two separate X's have suffered a'single 
displacement, we have a dispersion curve corresponding to two single-spin- 
wave excitations., Curves (a2) and'(a3)ýare obýained in a. like manner from 
states 8 and 7 respectively. This result confirms our earlier expectations 
that the 15 states lying on curves (a), (al), (a2) and (a3) comprise all 
the 15 triplet spin-wave states. 
We observe that there are stilla large number of low-lying singlet and 
triplet, states which cannot be obtained from the spin-wave prescription for 
the Xi. We-are interested to observe a set-of singlet. states lying just a- 
bove the fundamental dispersion curve (a) on the dashed curve (d) which, has 
a very similar form to curve (a). In fact, numerical studies in a sequence 
of values of N suggests that in the limit* N -* -, curve (d) becomes degener- 
ate . (to order 11N) with curve (a) and hence has the identical dispersion 
fo=ula 
:E (k) L, rx k (3.5.7) 
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Further we observe that associated with curve (d) are sets of dispersion 
curves, presumably corresponding to higher order excitations, namely curves 
(dl), (d2) and (d3) (shown dashed) and (el), (e2) and (e3) (shown as faint 
solid lines), which are really very similar to. the sets of spin-wave curves, 
(ai) and (ci). If it were possible to discover a Xi prescription which sim- 
ply and unambiguously reproduced the states of curve (d) and the apparent 
excitations, this prescription could then be fed into the Bethe-Hulthen 
formalism and the analytic properties deduced. Unfortunately, it has not 
been found, possible to discover-a satisfactory prescription. 
Griffiths (1963, unpublished) attempted a spin-wave calculation of the 
thermodynamic properties of the antiferromagnetic linear chain using the spin- 
wave states we have just described. Although his calculations were in good 
'agreement 
with the numerical results for finite rings, he presented argu- 
ments demonstrating that the class of spin-wave states, as determined by 
the X prescription described above, form too small a sub-set of the levels 
for an infinite chain to have any influence on the thermodynamic properties 
at a finite temperature. It appears from Fig. (3.16) that we have been able 
to distinguish a second class of levels whose X prescription is unknown but 
is certainly-not the spin-wave prescription, whose-dispersion properties 
seem to be remarkably similar to those of the spin-wave states we have just 
discussed. It may happen that this second class of states is sufficiently 
numerous to influence (or even dominate) the limiting partition function. 
Since the low-temperature thermal properties of these states will resemble 
those due to the spin-wave states, we have a possible explanation of Griffiths' 
result that the low-temperature thermal behaviour obtained from numerical ex- 
trapo; ations appears'to be 'spin-wave-likel. 
5.4) Isotropic Dispersion Curves for Chains: Brillouin Zones, 
It is implicit in Griffiths' (1963, unpublished) spin-wave anal-, 
ysis that in the limit of infinite N the approximate double periodicity of 
the antiferromagnetic dispersion curves becomes exact (as was first pointed 
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out by des Cloizeaux and Pearson (1962)) andýthe Brillouin Zone reduces from 
0 to 2? r, say,, to 0 to n. The des Cloizeaux and Pearson, spinwave disper- 
sion law is more properly 
< IY (3.5.8) 
According to Griffiths, therefore, the first antiferromagnetic, Brilloui, n 
Zone contains N/2 states with wave-vectors in the range 0<k<n spaced at 
intervals of Ak'= 27/N. This conclusion is supported by our results for 
chains, where, in Fig. (3.17), we compare the Heisenberg'dispersion curves, 
for N=8 for both rings and chains. The state notation is as in Fig. (3.16). 
Hence singlet states are denoted by black circles, triplet states by light 
circles and spin-2 quintets by light squares. The ring dispersion curves 
are shown by dark solid lines, and we see at a glance that the dispersion, 
patte-m is essentially the same as. for N= 10. In the case of the chain of 
8 spins, we appear to have a, one-to-one correspondence near the antiferro7 
magnetic end of the spectrum between chain states of a particular spin and 
their ring counterparts in the region 0 to w. The chain states are plotted 
at the same k-values as the corresponding ring states, involving an. assump- 
tion which presumably becomes, more valid as N increases. As we see, the 
chain dispersion curves, shown dotted, are closely similar to the corres, 
pondi. ng ring dispersion curves, with some, additional distortion which is, 
probably partly due to the fact'that-the chainI values areapproximate only. 
In the ferromagnetic case we have already implicitly observed that the first 
Brillouin Zone for chains is defined by 0<k< ff and the state separation 
is. given by Ak = it/N. For rings, therefore, it is probably better to define 
the first Brillouin Zone also as .0<k<, Tr , with a-state separation given 
by Ak =-27/N. Then all states except the states,. at k =., O and k=w are 
two-fold degenerate. However., it has been found. convenientýthroughout this 
chapter to consider an enlarged Brillouin Zone, given by 0 <. k.. < 27r, since 
characteristic dispersion patterns are then more easy to perceive. 
Kg. 3.17 - 156 - 
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5.5) Anisotropic Dispersion Curves 
The effect of a, small amount of anisotropy on the ring dispersion 
curves of Fig. (3.17) is-shown in Fig. (3.18) which applies to y=O. S. 
The triplet, states are seen to be split into JSZJ =1 and Sz =0 com- 
ponents,. but this splitting is relatively slight and the same splitting for 
z 
y=0.5 (not shown) is hardly more appreciable. As y -* 0, the two S=0 
states at k=0 and k=w detach themselves, from the rest of the disper- 
sion spectrum (i. e. the a branch) and become degenerate in the limit y=0 
for-finite N (for infinite N we, have concluded in subsection ('3.: L ) of 
this chapter that these two states are degenerate for all y). *The remain- 
ing three branches of the low-lying antiferromagnetic spectrum, two 
SZ=0 and one (degenerate) Sz=1 branches, for convenience labelled a, 
y and $, respectively in Fig. (3.18), become degenerate and flatten into a 
'horizontal' line lying at an energy gap of AE/IJI =2 above the two-fold 
degenerate antiferromagnetic ground state for rings. For the branches a and 
$, des Cloizeaux and Gaudin (1966) have recently obtained analytic ex- 
pressions which do not both seem to be whol, ly correct. For-the a branch, 
z corresponding to S=0, they obtain an analytic expression which cannot be 
expressed in very simple form except at the Heisenberg limit where, of course, 
we obtain the familiar dispersion curve. - 
F- ( k) = 7ý sL ri, (3. S. 9) 
and at the. Ising limit where des Cloizeaux and Gaudin find that 
E (k) 2. (1 - c05 2 k) (3.5.10) 
In our notation, equations (3.5.9) and (3.5.10) must be multiplied by the 
appropriate value of y, which leaves (3.5.9) unaffected but which 'flattens' 
equation (3.5.10) into a 'horizontal' line given by 
0 all k (3. S. 11) 
But-this equation implies that we have a, total of (N/2-1) states all de- 
generate with the antiferromagnetic ground state. We know this is not the 
case, for either finite or infinite N. Equation (3.5.10) must-therefore be 
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regarded as spprious. Des Cloizeaux'and Gaudin discuss their spurious 
states for 0<k<w and conclude they must be collective states. A more 
plausible explanation is that these states do not occurl In the case of 
the a branch, corresponding to JSZ[ = 1, des, Cloizeaux and Gaudin obtain a 
dispersion curve which is the same dispersion curve as they obtained for 
z S=0 superimposed on an energy. gap given by equationT(3.3.6), subsection 
C 2). Z ) of this chapterý When compared with the finite ring results, this 
excitation pattern seems perfectly plausible. Although we have not been 
able to follow through the des Cloizeaux and Gaudin analysis to show-that 
the evident error for the a branch is not matched by an error. in the a 
branch, we believe that-the a branch results (and the anisotropy energy 
gap calculation) are, in fact, correct. Our finite ring results suggest 
that the a branch dispersion curve is identical-with the $ branch disper- 
sion, curve in the limit of infinite, N for all y, not. just at the Heisen- 
berg limit, 'y = 1, where the two branches combine to give a set of total- 
spin-1 triplets. We conclude that-the Sz=0y branch also is degenerate 




Our fundamental aim in this chapter will be to estimate the general 
limiting thermal properties. We shall see that the convergence of the 
finite ring curves is sufficient to indicate the limiting behaviour for 
all y quite accurately at temperatures above kT/IJI v O. S This tempera- 
ture region includes the maxima in the antiferromagnetic specific heat 
(and susceptibility) and also in the Heisenberg ferromagnetic specific 
heat (the ferromagnetic specific heat for y=O. S appears to show a maximum 
at a rather lower temperature). These maxima, despite their experimental 
importance, had not previously been estimated with any accuracy prior to 
our beginning this study. 
At lower temperatures, extrapolation procedures are supplemented by 
low-temperature theoretical studies based upon our detailed discussion of 
the properties of the spectrum in the preceding Chapter III. The com- 
bination of techniques enables us to carry the limiting estimate of the 
thermal (and magnetic) properties right down to T=O. 
Extensive comparison is made of our limiting results with the other, 
more successful approximate theories in the field. The Baker, Rushbrooke 
and Gilbert Pade' approximant evaluations of high-temperature, zero- 
field series for y=l are in excellent agreement with our own work for tem- 
peratures above kT/IJI = 0.5 for antiferromagnets and kT/IJI = 0.3 for 
ferromagnets. This gives us confidence in pointing out the relative un- 
reliability of the other methods which are in agreement only at much higher 
temperatures. 
Field-dependent effects on the thermal properties are considered also 
in this chapter. An anomalous zero-point entropy peak in Ising 
- 160 - 
- 
antiferromagnets at a critical value-of-the applied magnetic field is shown 
to disappear for the more physically realistic anisotropic andlleisenýerg 
models. "Pseudo-phase" boundaries; i,. e. ' the' limit ipgý- loci of the entropy 
maxima as a function of field and temperature are estimated for various 
values of y.. The rather short-'length-of-our chaiiis-doe, s--not enable us'to 
study very critically the high-field, -low-temperature-region toinvesti- 
gate the possibility of additional phase boundaries related to an in- 
cipient spin-flop transition. 
The actual calculation of the -thermodynamic properties was per- 
formed by direct evaluation of the-appropriately weighted partition sums 
on a computer, using sets of numerical eigenvalues obtained as describedý 
in Chapter II. 
As bac, kground both to this chapter and the followi. ng Chapter V, we 
present at the outset 'a brief review-of the properties of the Ising spin- 
1/2 linear chain., While the limitings N4-, behaviour-iss- of course, 
well-known, the way-in which the finite N properties'-approach the limit 
is interesting, and not available in published, form. -In fact, finite N 
Ising studies have afforded valuable clues concerning-the nature of the- 
convergence of the corresponding'anisotropic and Heistnbe. rg properties 
where, of course, the exact limiting values are not at present, available. 
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1. THE ISING LINEAR CHAIN 
Let us consider the problem of a chain of N Ising-coupled 
spins of magnitude 1/2 (Ising, 1925). The problem is very simple, 
but serves as a useful introduction to the bulk of this thesis and 
gives valuable clues as to how one should approach the problem of the 
linear chain with a more physically realistic coupling, which does 
not, at present, admit of general exact solutions. A feature of 
particular interest, not previously investigated, is how the be- 
haviour of finite chains systematically approaches the limiting case 
of N= c'O . 
1.1) Limiting Partition Function 
The Ising Hamiltonian for nearest-neighbour coupled spins in the 
presence of a magnetic field H applied parallel to the z-axis i s 
NN 
1+ 2, T 
(where 5P is the magnetic moment per spin). It is well-known that 
the special si mplicity of the Ising model (see, for example, (D omb 
1960)) allows the partition function for an N-spin system with 
periodic boundary conditions to be written in the matrix form 
KIL + MV/Z 2. 
zN= Tr "P wkere P k/2. K VIL (4.1.2) 
where K= J/kT and MK = gPHAT. The roots of P are 1 17 
. K V, 
Cc>sk MK/Z MK/Z +-a, (4.1.3) 
In the limit, N4w, we have that ZN 'X1 N and hence 
_Qa Z = 
1" (Z"), /rj __ X, (4.1.4) 
where is the largest root of the interaction matrix 'P . Hence 




7- -eý Cosk MV'12 + 
le 
-5irt6 MK/Z + -e.. 
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Note that for H= 
z= ;Z co5k k/2 (4.1.6) 
and for K=0 (i. e. non-interacting particles) 
Z= 2 co5k 9PH/kT (4.1.7) 
Thus the properties of, say, an assembly of spins in a magnetic field. 
at high temperatures are similar to thoseýof an assembly of inter- 
acting particles in zero field. 
The transformation from a ferromagnet to an antiferromagnet is 
given by replacing .7 
by - 3' and hence K 6j -K. It may be 
seen from Table (441) that the zero-field partition function and 
hence the-zero!. field thermal (but not magnetic) properties are 
invariant with respect to this transformation. This ferro-antiferro 
symmetry is shown by other models, e. g. the X-Ymodel of Lieb, 
Schultz and Mattis (1961) and -KatsuraJ1962) and the infinite spin 
linear Heisenberg model of Tisher (1964), but does not occur for the 
Heisenberg (and anisotropic) linear chains with S= 1/2-1 
1.2) Critital Behaviour 
From equation (4.1.5)'we observe that the partition function Z 
is analytic in T for O<T, <-0 (since it is analytic in K for 0,4K<-), 
and hence there is no transition at a finite temperature. By writing 
the partition function in the alterpative notation (Domb , 1960) 
ZAt (I +^) + -/x. L)2 + 4/4L 
1] 
where -TAT -K- -5 P 
"/IzT 
Z= . 0- =ei "" =Z =e ; 
A=2, ^ z, 
we see that a power series expansion in/A. and z is possible about any 
point for which^ý 1, zý0. No expansion however is possible about 
the point/-L=l, z=O, hence we may. describe the Ising linear-chain as 
a ferromagnet whose Curie point has gone to zerc), 
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The magnetisation (per spin) is 
-L 
M/N -jLrLk NK 
I 
-5Lvxtj MK + 4e, 
and hence there-is no-spontaneous magnetisation since M -ý, O as 
I 
H -). 0. The ferromagnetic susceptibility, however, diverges at 
0, as one might suspect, whereas the'antiferromagnetic suscep- 
tibility vanishes'at T=0 and T =910, and shows a typical rounded 
(A. -I-9) 
maximum 
13*1 X/ N O-Ocao at 6T/ ITI =0*5 (4.1.10) 
The behaviour of the antiferromagnet at T=0 is no longer peculiar 
in zero field but ii; a critical field 9p Hc =2 171 . Table (4.2) - 
gives expressions for antiferromagnetic properties in arbitrary field 
and temperature (the corresponding ferromagnetic properties may be 
simply obtained by the transformation of sub-section (1.1)) and 
also in-the critical field at absolute zero;, - The entropy, magnetn 
ism and, susceptibility show anomalies in-the critical field, the-non- 
zero entropy contradicting the. third law of thermodynamics and the 
susceptibility diverging as T- 
1.3) Finite N Partition Function: Rings and Chains - 
For-finite Ni'the'second root, X2, of the interaction matrix 
is no longer negligible compared with the IrSt , and must be included. 
Hence, for example, the zero-field partition function is 
NNNN 
cosk K/2 +Z6, K/2 
First of all, we-notice-that when N is even, the-partition function 
(4.1.11) is invariantIbetween ferromagnets and antiferromagnets-(as 
is the limiting zero-field partition function) but this is not the 
case for the odd rings. This is the effect of the 'misfit-spin' 
in antiferromagnetic odd rings. The effect becomes increasingly less 
important at-higher N. values, becoming significant only in the region 
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of absqlute zero for very large N, and disappearing in the limit 
N-+cO. In an applied magnetic field the partition function is 
K/2 
ý! IK ý 









Czze, 5LX0 (4-1-12) 
-L 
Again, for free-endedichains, -we may derive the partition function by 
the standard transfer matrix method. The results are: 
N 
ZN 2 (cos, 6 K/2) 
and, more generally, in a magnetic field 
-1 
-K K2- 
KIZ MK -/ZCO5ttjjK ý LJKýj 
KK 
=LK- . 1. 
(-5iV, 
ZN2C i- 4e, S Lrl 
Fe- 
COSý17 +(Q+ 4P- 
K- jý MK)117- (0- 




Vt j! KKKz 
4Z KK (e 
C056tj Cos + Z'Sýnýlp 2+ 
(e. 
KK HK Z 
+& Cim 
It is easy to verify, 'by taking logarithms of equations (4.1.11) 
and (4.1.13), that, the ring and chain partition functions give rise 
to the same ý-ree energy in the limit. (Also see the discussion of t 
sub-section (2.6), Chapter III). The equivalent result holds in the 
presence of a magnetic field. 
1.4) Thermodynamic Properties; ConverRence to the Limit 
From the invariance of the zero-field partition function for 
rings for N even, we. conclude that the thermal properties, i. e. the 
energy, entropy and specific heat will be independent of the sign 
of K. This point is explicitly illustrated by the following express- 
ions (also derived by Griffiths in an unpublished report (1961)): 
K 
(colL6K/2)N 4- L 
+ (L'A"k I</; Z)t4] 
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c =I cIX12XNc Nk CN Q 
LLm 
(cosh K- 1) (1 4, (CoL6 KA)") 
(I +(Larlk K/2)A) 
(4-1-17) 
The limiting values are, of course, those given in Table (4.1). For 
the magnetic thermodynamic properties we must consider the partition 
function in an applied field (equation (4.1.12)). Hence we may derive 
the following well-known expression for the susceptibility of finite 
rings in the limit of zero magnetic field 
k ýP, 
K (tank K/2- (4.1.18) 
N g2pý It I+ (tCLA6 k/z)" 
In the case of chains, the. analogues of equations (4.1.15), (4.1.16) 
and (4.1.17) for the thermal properties are 








We observe the. simple 
CC 511 k Sit 
(4.1.20) 
clý K Y, 1 (4.1.21) 
NkN 
C )Liw" 
convergence properties of chains: the thermal 
properties clearly differ from their limiting values by terms in 11N. 
By contrast, we see that in the case of rings the finite N correction 
terms have not. nearly such a simple form. 
Specific Heat_ 
The convergence to the limit N-+ oo for the specific heat function 
is shown in Fig. (4.1) for ferromagnetic and antiferromagnetic 
rings and chains. The curves are labelled with the number-of spins in 
each case, with subscripts R-and C to denote rings and chains respectiveý 
ly, and prefixes F or A to denote ferro- or antiferromagnets respectively. 
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(an unmarked curve is invariant). The dashed curve is the limiting 
N -co curve given in Table (4.1). First let us consider the chains 
for Na4,6,8 and 10. They form a well-beh3ved set converging 
monotonically from below, as equation (4.1.21) would lead us to 
expect. At low temperatures they. -are in rmuch better agreement with 
the limit curve than are the corresponding rings. At higher tempera- 
tures, kT/J > O. S, on the other hand, the agreement Is not as good, 
but if points for Na4,6,8 and1O are extrapolated with I/N at 4 
fixed temperature, the extrapolations are in excellent agreement 
with the limit. The chains for odd N values (not shown) form part 
of the same sequence, i. e. they also converge monotonically from 
below, the curve for N (odd) lying between the curves for ('N'%) 
(even). For all chains, odd and even, the partition function and hence 
thermal properties are invariant under the ferro/Antiferro transforra- 
tion. In the case of rings the convergence is much more complicated. 
Rings give good agreement with the limit at higher temperatures (at 
sufficiently high temperatures, finite and Infinite rings and chains 
behave asymptotically as K2 /4). For example, the 10-ring curve Is In 
I% agreement with the limit above kT/J- 1.0. the 20-ring curve agrees 
down to lower temperatures, kT/J- 0.6. and the 30-ring down to Uft-OAS. 
Since, however, the specific heat maximum, C -. * 
/H k=0-1, -S 9 
occurs at kT max/3 v 
0.417, we must go out to a ring size of about So 
spins before the specific heat maxim in is well defined. Let us consider 
the convergence of the sequence of rings N even, %hich are Invariant 
under the ferro/antiferro transformation. For Na 10, the maximum 
is greater than the limiting maximum and occurs at a slightly higher 
temperature. As N increases, the peak falls in height and moves to 
slightly lower temperatures. At Na 30, a double wxim= begins to 
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increases, defines the limiting maximum. Studies of rings up to 
N- 500 show that the second, spurious, local maximum appears at 
consecutively lower temperatures, and is less and less pronounced 
as N increases. At very low temperatures, the rings appear to tend 
to a different limit from the chains (and the limit curve itselfl). 
However, we recalPthel-discussion of Chapter III, subsection (2.6) 
where the energyýgaps, , between'ithe ground and first excited states (and 
also between the first and., second set of excited-states) for both 
ferromagnetic and-antiferromagnetic rings is shown to be 2J 
instead of J as inýthe case of chains. In this sense the chains are 
more realistic than rings, since the effective limiting energy gap is 
also J. The 'artificially large' energy gaps for rings cause the 
curves to 'take-off). from zero at kT/J- 0-. 125 instead-of kT/J-0.075 
and also cause the spurious second peak which ultimately-disappears 
as N -*oo . The. odd N rings-fall into two distinct converging sets 
for the ferromagnetic andiantiferromagnetic limits. The ferromagnetic. 
rings follow the same convergence scheme as the even N rings which 
we have just described in detail, the curve for N (odd) Ijing between 
the curves for (Nl+ 1) (even). In the antiferromagnetic case, the even 
rings converge from above and. the odd rings converge monotonically from 
below, somewhat similarly to the chains. For illustration we compare) 
in Fig. (4.1)) the antiferromagnetic N=25 curve and the ferromagnetic 
N=65 curve. 
14 For these Ising systems, the monqnicity properties of the chains 
are obvious from equation (4.1.21) and those-of the antiferromag- 
netic rings may be deduced. rigorously, eig. by differentiating equation 
(4.1.17) with respect to N. (In addition, it may also be proved rigorý 
ously that the internal energy at a given temperature increases mono- 
tonically with N in the ferromagnetic case. For the antiferromagnetic 
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case the energy for even N is monotone, increasipg in -N at a fixed 
temperature, I and for'. odd N monotone fdecreaýing. - -Also the antiferro- 
magnetic entropy, at a fixed temperature-,. is monotone -decreasing in N 
-for N odd. ). our justification. for discussing the.. convergence 
properties in such detail is that the convergence fQr'anisotropic 
and Heisenberg coupling appears to be qualitatively .. similar i -We --thus-. 
have valuable information to help us in investigating the: probable- 
--form of the limiting curves in these cases.., 
Antiferromagnetic Susceptibilitý, 
In Fig. (4; 2). we have plotted as a function of-temperature the 
antiferromagnetic parallel susceptibility -in -the, limit -of vanishingly. 
small applied fieldi iie. the-. zero, field response to -a . magnetic Sield 
applied along-the z-; -axisj for rings and chainsi. -. Again, -the-number-of 
spins is shown, by a label on the curve together with a suffix R for 
rings or C for chains. The--low. temperature region of the limiting. 
curve (see Table (4.1) )` is shown das6ed; the. -rest of the'curve 
is well defined. by., the-appropria'te. odd and-even ringS. First of. all, 
we observe that the even rings. for-N. = 4, -. 6-j-8. and-10-form a well- 
-behaved sequence, ýconverging monotonically. from., below. -.. The 10-spin 
ring is in 1%. agreemenv. with, the limiting curve-above kT/J ~ 0.7i 
and- is a large eneugh system-. todefine,! tthe maximum of thecurve (see 
equation (4i. 1.10). The limiting. curve at rather-. lower: temperatures 
is defined by the. rings for'N-. =-20 and N- 3O. -Again. we-see that the 
-even rings appear to tend-to'-a-different low. -temperaturewlimit from.. 
the limit --curvej but this-is again the effect of. the-. abnormally. large.. 
z energy gap between the-. antiferromagnetic-ground-state with. S _= 0 
and the lowest state with. S z=1, i. e. the-first magnetic excitation. 
It is therefore a feature of the particular rhoice of boundary conditions. 
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An interesting feature of the odd N ring susceptibilities is 
that they ultimately diverge in a positive sense as T --ý, 0. The 
smaller the ring, the higher is the temperature at which this para- 
magnetic behaviour sets in. However the-11-ring is large enough to 
define the maximum of the limiting. susceptibility curve. and show a 
minimum before divergence occurs. As we proceed through a sequence 
of odd N values to the 29-ring, we see this minimum moving to lower 
temperatures and expect that in the limit the divergence will no longer 
occur. The antiferromagnetic ground state-. for rings is a 
ISzI 
= 1/2 
state which is 2Nýfold degenerate. The corresponding Ising wave- 
functions have antiparallel orJerirq giving rise to a zero magnetic 
moment, except for a single pair of parallel 'misfit-seam' spins which 
cause this residual paramagnetism. In-the-. case of general spin S 
the antiferromagnetic. ground state is (2S + 1)N-fold degeneratei. The 
wavefunctions consist of antiparallel ordered sýins corresponding to 
the maximum value-, of, ýjSizj =S for each spin, together with an extra, 
'misfit' spin. States with all allowed values of the misfit spin 
z Si = S, S-1, ... -S are degenerate in energy. The zero-temperature Z 
susceptibility may be calculated from. the-relation X. T, , i, - :,, )ý, 
>, 




ý N t32 p2 
where the brackets > denote thermal average. Hence we have the 
general result 
Ii I-K = -r2) r=-S 
(4.1.22) 
N ý'P' (2,5+1) N 
We see, therefore, that the parallel zero-field susceptibility of 
antiferromagnetic odd N rings for general S also diverges as T -> 0. 
[For spin-1/2 the result becomes ITI WIN 92P 2- K/Ir N at low 
temperatures.. Flence -QZm 
lirn (ZK -9,0 and this divergence dis- ;7 1 T --: p 0N --3, - W) 
appears in the limit. ] It is easy to show that relation (4.1.22) also 
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similar manner to the odd N rings.. The even chains, N=4,6, _8 
and 10., on the other hand, form a well-behaved set converging monon- 
ically from above. to the limit. At the lowest temperatures the con- 
vergence is. very good, At higher temperatures. ) i. e. in the region 
of or just above the. maximum'the-convergence appears to be slow. If 
however points for N'm'4,6,8 and 10 are extrapolated with 1IN at 
a fixed temperature,, the extrapolated points (shown encircled at 
kT/JJJ = 2.0,. 1,5,, 1.2,1.0 and 0.8) are in excellent agreement with 
the limiting curve. Below the maximum, at kT/171 = 0-. 5, the extra- 
polations are not so good (about. 10% agreement. with the limit). We 
thus see the usefulness. of taking sequences of chains into account, 
as well as sequences of rings, in estimating the. limit. In the case 
of short linear systems of about 10 spins, we observe that there is 
a 12% difference in the height of the maximum-and a 15% difference 
in the location of the maximum between free-ended and periodically 
bounded systemsi. This may. need taking. into account when comparison 
is made with experimental measurements on linear chain substances. 
2. THEPMAL PROPERTIES IN THE HEISENBERG LIMIT: ANTIFERROMAGNETS 
2.1) Thermal Properties of, Rings. Internal Energy 
In Fig. -(4.3) we show the internal energy per spin in zero field 
as a function of temperature for antiferromagnetic pure Ising and 
Heisenberg rings of N=2- 11 spins. The-. values of. the energy func- 
tions at zero temperature are just-the antiferromagnetic ground 
state energies for Y=0 and 'Y =1 discussed in Chapter III, subsections 
(1.1) and (1.2). We have already observed that odd and-even. rings 
form two distinct sequences. at T=0 and we see that this behaviour 
persists as a function of temperature for both Ising and Heisenberg 
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the Ising cuzv. es (essentially that antiferromagnetic even N curves 
approach the limit. monotonically from one side. and odd N. curves 
approach monotonically from the other side), in subsection (1.4) 
of this chapter- There seems no-reason to doubt that the same 
situation will prevail-at Y =1. The energy-of an infinite Heisen- 
berg chain is thus defined*to an accuracy of better. than +0.5% down 
to temperatures of, kT/, J o. s by the mean of the curve's for N 10 
and N 11. Tabulated values-for these two curves and for the 
e5timated limiting curve are given in Appendix 3, Table (VI), together 
with correspondingývalues for the entropy and specific heat. Further,, -* 
since the value, at T -0 is, known exactly,. even a-roughly estimated 
limiting curve for the-intermediate temperature region would be 
accurate to +1%. " We shall-shortly. discuss in some detail various 
extrapolation methods for the low-temperature portions of the limit- 
ing-curves for, the thermal properties. 
Entropy 
The entropy for., antiferromagnetic Heisenberg rings is shown 
in Fig. (4.4). The convergence appears to be similar. to that for 
the energy and the limit seems well determined down. to kT/ I. Jj = 0.5 
by interpolation between the curves for odd N. and even. N. For odd N, 
at T=0 the ground state'. is fourfold degenerate and the entropy per 
spin thus goes to zero only as, 2k In. 2/N [For the Ising limit, 
for odd N, the ground state is 2Nýfold degenerate and the entropy 
per spin goes to zero as k in 2N/N. For even N, where the ground 
state is two-fold degenerate the entropy per spin goes to zero as 
k In 2/N, whereas in the Heisenberg case the ground state is a-singlet 
for all even N and the corresponding entropy vanishes]. 
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Specific Heat 
The specific heats for antiferromagnetic Heisenberg rings are 
shown in Fig. (4.5). Again the convergence appears to be very 
similar to the corresponding Ising case. For temperatures above 
kT/ IJI = 0.5 for N> 4, the convergence appears to be monotonic 
from above for even N rings and monotonic from. below for odd. N rings. 
For lower temperatures-the-. odd N-rings, continue to converge regularý 
ly butýthe even N rings show a more complicated-convergence, with.. 
vestiges of the 'spurious bump'-or '. second maximum' effect we have 
discussed in connection'with Ising rings in-subsection (1.4) of this 
chapter-. At low temperatures,. however.,, we expect the convergence to 
be rather complex, since, 'for finite N, the specific heat. always 
vanishes exponentially fast as T -> 0, owing to the finite energy 
gap between the ground and first excited states. As N4w, however, 
the states close up (as. l/N). and merge into a continuum. which runs-from 
the ground state (see. Chapter III) subsection-(3.2)). Hence we-would 
expect a power law behaviour for antiferromagneticthermal properties 
at low temperatures. 
In the Heisenberg limit, the convergence in the region of the maxi- 
mum is more rapid than in the Ising case, and the limiting curve (shown 
dashed) can be estimated quite accurately through the maximum of height 
c Max Nk 0-350 
at F, T vv%& X/ ITI 
2.2) Weighted Means 
0.96Z 
(-i = I) (4.2.1) 
(4.2.2) 
The property of monotonic convergente by odd and even N sequences, 
which is a feature of antiferromagnetic thermal properties, suggests 
that convergence may be rendered considerably more-rapid by taking means 
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means 
N PN -L -L z pm -t- I P,, 
c) +N Pt4-t_ (4.2.3) 
where P is the thermodynamic property in question. An example of the 
improved convergence is Fig. (4.6) which shows-the. specific heat 
means-weighted as in a) for N even and c) for. N odd, and which is to 
be compared with the preceding Fig. (4.5) (actually Fig. (4.6) is 
drawn to a slightly larger scale - the effect would be even more 
marked on the-same scale as Fig. (4.5). ). At temperatures in the 
region of the maximum and above we still have two monotonic con- 
verging sequences,, the-odd. /'even and the even/odd sequences. The. ll/. 10 
mean and the 10/9. mean appear-to bracket the-Jimiting curve very 
closely, e. g. the discrepancy is only a little over 1% in the region 
of the maximum. 
2.3 Low Temperature Estimates 
In connection with the specific heat we have already discussed 
the reasons for expecting power law behaviour (rather than exponential 
behaviour as in the case of the Ising model) at low temperatures for 
antiferromagnetic Heisenberg thermal properties. Suppose we have the 
following functional form for the limiting internal energy 
I'L (T) - Lt (0) ý: 1\ NITI(ý,, T/ 13- 1 
)-, 
(4.2.4) 
where A and -I- are fixed (as T 0) [The corresponding expression for 
(ý T/I 3.1 -4 the free energy would be AN 171 Then, for* 
the entropy we have 
(Ck- I) 
=A -1. (o, - -I 
)- 1 (4.2.5) S(TVNk 
and for the-specific heat we obtain 
0 
4.6 - IVI- 
10 2.0 
0.3 
rn prove A Cr, 'e, I on cc of Anti 'Ferromolnetic WCISktect spccýr; c 
Heat Means :Y=10. 
itT/ii-i -+ 
,-52.0 
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C/NVz = A-,, (kT/ ITI)OL-1 
. 
(4.2.6) 
By combining equations (4.2.4) and (4.2.5) we obtain 
U (T) -U (0) 7-- (1- oC') TS (T) (4.2.7) 
Hence a plot of energy Ik 
/N I-SI versus T S/ N 171 for N--> oc, should 
be linear, with slope determined by the index In Fig. (4.7) 
this plot is shown for N= 10 and N= 11 and supports the view that 
the limiting. curve would indeed be linear.. The solid line which is 
drawn from the exact (N --->c-) ground state with slope 0.515 should 
be close to any reasonable 'best fit'. This line corresponds. to 
an estimate OL - 2.06 + 0.03. This value is largely determined by 
interpolation between data for temperatures in the range kT/I. Jl= 
0.30 - 0.60. The dashed line, on the other hand, is of slope 1/2 
and corresponds to aL =2 exactly. It seems likely that this is the 
true limiting value which would be obtained by fitting data for 
larger N at lower temperatures. These conclusions closely parallel 
work of-Griffiths in an unpublished report (1963). Griffiths 
plotted U(T) versus S(T) and estimated the index oL by fitting 13 
and 13 in the power law U (T) -1t(O) =BS (T) 
13. By this means 
Griffiths estimated oL = 2.1 but also suggested OC =2 was probably 
the exact value. If we assumec4 = 2, the equations (4.2.4) 
to (4.2.6) become 
U(T) - U(O) A (VT) 
z 
(4.2.8) 
N ITI I'll 
ý-LT) 2A7 (4.2.9) 
N Vz 
(klTl ) 
and c ? 
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The amplitude A may now be. estimated in a variety of ways a) by 
curve-fitting for the temperature variation of 
L"T) 
and 'Lswi N al NITI 
b) from plots of U/NI-JI versus (S/Nk)z using the weighted 
means; and. c) from the. slope of the weighted entropy means at low 
temperatures. 
To give some idea of the reliability'of the-procedure we show 
in Fig. (4.8), the entropy means weighted as in b), 5/4, - 7/6,9/8, 
and 11/10. We assume that in the-limit these means will come into 
T=0 as T, and hence we draw targerLts-from the origin to the curves,. 
obtaining a regular sequence of values for the slopes (2A) of 0.363, 
0.355,0.349 and 0.345. If this trend were to continue, we, would 
expect a limiting slope ofoL 2-- 0. -34. However, other procedures 
suggest a slightly higher value, and we finally conclude-that 
2A = 0.35 + 0.01. Hence we have the estimated asymptotic results 
U(o) + OA715 NIJ-1 (kT/1-JI)2 
(T) : 21 0- 315 Nk (12 T/ i-il) (4.2.12) 
rL CL 
C (T) ': ý' 0- -3 5N iz ( ký'( j 171 (4.2.13) 
These results have been used to estimate the limiting curves (shown 
dashed) on Figs. (4.3), (4.4) and (4.5) respectively, and are in 
close agreement with Griffiths' unpublished estimates (1963). 
2.4)Spin-Wave Theory Predictions 
Let us compare the low-temperature numerical estimations. for 
the thermal properties with-the. predictions. of. a simple form of 
spin-wave theory; namely a bose-type harmonic oscillator. approximation 
based on the des. Cloizeaux and Pearson (1962) fundamental dispersion 
relation. 
Fig. / .,. 
8- 18S. - 
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It is easy to show that the harmonic oscillator approximation-In 
conjunction with a general. dispersion. relation S(k) yields the 
following expressions for the free energy and internal energy res- 
pectively: 
ir 
F-/kT NpE (k))] cL k (4.2.14) 
IT 
0 
and UNE (k) 
(4.2.15) 
PE (k)_ -, IT- 
where p (IZT)-' 
These formulae assume -a basic Brillouin zone from 0 to 
X containing 
N/2 energy states. spaced at a. frequency interval. of Ak = 2-Txl 
(see Chapter III,. subsection (5.4)). Substituting the des Cloizeaux 
and Pearson formuLa E( k) ý 
111 Jl 5Z YL k (4.2.16) 
we have for the internal energy 
U-'Ao NI-SI 
2- 
7TP jal sInK (4.2.17) 
0 _Q_ 
The low temperature-assumption allows us to consider only states 
near the antiferromagnetic ground-statei-. iieiý-, k-is-small and 
sin k -- k. With. a convenient change of variables, equation (4.2.17) 
becomes 
IA-IAO = -1 IDC -x (4.2.18) 
N 1"JI (nPIT02 
0 -a 
Ix- I 
the upper limit, oL , may be replaced by 4 GO., and the integral 
evaluated in terms of Riemann-Zeta-functions as 
U_ IAO = L_ 5 (2) = _. 
L (ýLT)2 (4.2.19) 
N ril (TTP13-02 6 1-11 
We observe with interest that spin-wave theory predicts the same power 
of T as we find numerically, namely T2, for, the internal energy (and 
also for the free energy),. Also the value of the coefficient, 0.167, 
in equation (4,; 2il9) is very close to the approximate value 0.175 
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obtained-numeridally, fsee equation (4. -2.11)). This feature was- 
- 1963) who felt.. -- first-discussed by, Griffiths (unpublished-report-ir 
the agreement -was, spurious since -he was -able -. to- 
demonstrate -. that -. tha 
spin-wave states make-&-negli-gible. contributionýto-the partition. 
function for finite-temperatures. -. However. we-. have-been able to 
identify, 
-ddditionAl-states, which are not in. accordance-with. the 
- in, the. spectrum. of-the. finite N systems (see prescription,, ' 
Chapter-III,,,. sub, section-(Sý. 3)) which. appear. to. have-very similar 
dispersion behaviourz. to. the.. spinýwave -states. - If this second class 
of- states is . suf f ieienýly-. numerous in, the -Aimit, N -> <x: ) , equation 
(4.2.19) may still be-a-iralld. ýand reasonable-low temperature approx- 
imation to the %limiting -thermal properties of the anti f erromagneti c, 
linear chain. 
Finally, -we -remark -that a higher-order --form of -spin-wave -theory 
due to Tu bo (1952) -also -predicts a T3-. like -dependence for the 




2.5) Thermal Properties--ýof. Chains. 
We have-. seen: in. ýour_previous discussion -. of Ahe . -Ising model -that 
free-ended -chains- form. -. an--.. a lt ernative- sequence, with -different con- 
vergence, propertie, 91 for -estimating the -limiting thermal properties. 
Unfortunatelyi. -it appears:.. thdt in the antiferromagnetic limit, for the 
Heisenberg modeli. chain-. convergence-. is irregularand rather poorý. As 
an example,. in-Figi; ý. (4.9)-we display-the low.. temperature entropy curves 
for chains, hoping-for further. -evidence. in-confirmation of our-low.. 
temperature., entropy-limiting-. behaviour. -. -. Iiowev. er., -the entropy curves 
cross-each-'oth_er-, in-th6, -temper;, ature--. region-. -. kT/IJI -0.4 to 0.8. 
The antiferrO'Magnetie-specific heat--. curves in Fig., (4,10) are-also 
irre*gular. -However the-maximum for N=6 is only slightly higher 
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(less'than 0.5%) than-that of the, estimated limiting curve, while 
CKajrL CurVP- f 01- 
the height of the N=p is actually the same as,, the estimated limiti- ;k 
Further for temperatures'between kT/IJI = 0.4 to 2.0 these two curves,, 
are very similar in-shape to the limit. (For-lowertemperatures the, 
chains'slow-the-Ising-like 'spurious-peak' convergence. ) However the 
positions'of. their-. -maxima-are M-12% away'-from the limit, and it is 
not, clear what-the'-pattern--of-convergence for N> 8 will be. - The 3. .. 
chain is included as a. sample of the odd N behavior. 
2.6) High-Temperature-Series_Expansions- 
In subsection (2.2) of Chapter (I) we have outlined the method 
of high-temperaturo-series. -. expansions, theýmost successful method to 
date-fpr-treating-the; -Heisenberg and anisotropic models with general 
(in practice riLther-smdll)-spin values and nearest- and further- 
neighbour'Interactions. - A, particular case of a more general theorem 
tells us that. a, power,. -series, -expansion in K= J/kT of the logarithm 
of the partition function-in-a) zero and b) a finite magnetic field 
of a ring-cluster of N spins-agrees through-the first-( N -1)- 
coefficients'(or-th-rotigh'the power-KN-')'with the corresponding ex- 
pansioh of the jnfinitjA linear: lattice. Hence it was possible - 
to obtain the.. coefficients-through K 
10 in the-expansion of the-zero- 
field-free'energy-. -antl-also--the-coefficients through K 
10. 
of the suscep- 
tibility, high-, temperature. -expansions for the linear-'chain. [With the 
aid, of auxiliary----. theorems, -one., or, two additional-terms-in each expansion 
may be'obtainedl-fromf-the4ý-tame cluster. However. th- ere is appreciableý 
loss-of. accuracy, -in. 'the, h, igher terms, essentially as a result of the 
limited accuracy of-the cluster el wdlues-themselves] 'When the series- 91 
X. = the thermodynamitipr6perties were'analytically continued with týe-- 
aid, of Pade' approximant techni'ques, 
--reasonable 
agreement was obtained 
with the direct extrapolations of, for example, the specific heat and, 
4. '1 .-- 189 - 
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susceptibility in a temperature range extending upwards from just 
below the maximum in each case. At lower temperatures the various 
extrapolation techniques on finite clusters just described yielded 
much more information on probable low-temperature limiting behaviour. 
Recently, however, 13akerRushbrooke and Gilbert (1964) have con- 
sidered high-temperature series expansions for general spin-1/2 
clusters of up to and including 10 spins. As a by-product of this 
undertaking they observed that the sub-set of clusters corresponding 
to free-ended linear chains gave essentially twice as many terms 
in the zero-field f-ree energy expansion as did the corresponding 
k ring clusters (polygons). This breakthrough enabled them to obtain 
a free-energy expansion with coefficients correct up to 21 terms by 
considering the 10-spin chain. (In the case of a magnetic field, 
however, their technique breaks-down and they were able to obtain 
only the first 10 terms in the susceptibility expansion). It was 
.0 
therefore of great interest to independently apply Pade approx mant 
techniques to the B. R. G. published series. As was to be expected, 
the longer series gave more information at low temperatures than Oilr 
ring_series. Since we expect the specific heat to vanish as T., the- 
Pade' sequence of prime interest is the [N+l, N] sequence. [The Pade" 
approximant notation used in this thesis is [Denom, Num. ] where the 
first term in the square bracket-denotes the number of terms in the de- 
nominator and the second term denotes the number of terms in the numera- 
tor. ] Bearing in mind that the high-temperature series is a series in 
reciprocal-temperature, it is easy to see that such Pad6ls behave 
asymptotically as T at low temperatures. In addition, and as a possible 
check on the correctness of our T conjecture, we have examined sequences 
of [N, N] and [N + 2, N] Pade"s, vanishing'as a constant and as T2 re- 
spectively. Bakerj Rushbrooke and Gilbert performed their own Pade' 
10 
0.3 
Vctr tat ion of 5pecific Heat -LL6 Tew-per ature for AnL, Fe, -rovvajrleLt'c 
Heiserx beccj 0-tains 
l'O 1 .52.0 
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analyses on this series and concluded that a branch cut crossing 
the negative real axis at about kT IM = -2 was spoiling the-con- 
vergence of the Pade sequences below about kT 11JI = 0.6. We do 
appear to see evidence of such a branch cut, roughly an arc of a circle, 
in ForM behaving as described, Certainly it appears that the 
[N+l, N] and the [N+2, N] Pade, sequences are affected by rather strong 
poles in this low temperature region. In Fig. (4.11) we display the 
[11,10] and [9.8] Padi'lls, for which the corresponding evaluations 
are identical as far as we have plottedthem. They appear to behave 
well down to a temperature. of about kT/IJI = 0.5 or perhaps 0.4, 
and. are in excellent-agreement with our extrapolations over this 
range. At lower temperatures, however, they encouker a pole at 
kT/ JJJ = 0. -054 and consequently their behaviour is unreliable. The 
[10,9] Pade runs rapidly into trouble with a pole-at KrIIJI 
0.588 and is not useful. It is interesting that the [10,10] and [9,9] 
Pades, which show perfect convergence but which go in to T=O as a 
rather small positive constant (0.077) do not show these troublesome 
ex pectecL 
poles. However, since they do not show theasymptotic low tempera- 
ture behaviour we are not-inqlined to: rely: on-: them below T, = 0.5 
or perhaps 0.4. Finally we observe tharthe-(11,9] Pade finds a 
poleat kT/IJI = 0.361. We conclude; therefore, that the antiferro- 
magnetic Pade approximants. are likely to be reliable, down to about 
kT/ JJJ = 0.5, and are in. excellent agreement with our extrapolations. 
The-evidence of the [10,10] and 111,10]-Pade's in'the region 0.4 to 
O. S suggestý that the limiting cutVe may lie about. 2% lower than our 
extrapolations in the region 0.2 to Dý, S, but this is very tentative. - 
The agreement with each other of, the [11,10] and [9,8] Pdde series 
and the [10,10] and [9,9] series., shows that the 21 term series is 
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Unfortunately, the occurrence of the poles causes convergence to the 
wrong, values-. As Bakersuggests-, these poles are probably related 
to the existence of the branch cut crossing the negative real axis. 
There is, we feel, also a possibility, though not a strong one, that 
these divergences"are the result of incorrect asymptotic behaviour 
near T=O'. Pethaps it might be worth investigating the T 
1/2 Padg sequence 
as a check on'this,, although these Pade's are much Iess straightforward 
to perform. 
Finally, the excellent agreement of the Pade's with our extra- 
polation in the region of a maximum suggests-that we use the more 
precise Pade evaluations to obtain the position and height of the 
peak to higher accuracy. We conclude that 
Crnctx /N ký 0.731t17 -t 0. oooi (4.2.14) 
ý Tmax / 131 0. cl 61 -t 0- 001 (4.2. lS) 
(cf. equations (4.2.1) and (4.2.2) ). 
We have also examined the Pade approximants for the internal 
energy and-the entropy. Howevero again we run into trouble with poles 
below about kT/IJI = 0.5, just as in the case of -the specific heat, 
Since the energy and extropy are less sensitive functions than the 
specific heat, we believe our own extrapolations should really be 
I 
quite reliable down to T= ID., and, in these two cases, clearly superior 
to the B. R. G. Padels. In the case of the specific heat, extra- 
polations and Pade's are comparable. 
2.9) Comparison with Other Models-and Approximations. 
Let us now compare ouy'numerically estimated limiting curves with 
the predictions of some closed form approximations (the more success- 
ful in the field), and the X-Y model of magnetism. The appropriate . 
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curves. are shown in fig-. (4,12),. Cutve (C) is the specific ýeat - 




" Si" + 'SA', (4.2.16) L4 I 
, Katsurd 
(1962) ýolved the. model, exactly for the thermodynamic, pr6per- 
ties. The analytic expression for the specific heat-is 
C40 7T 
cos2 k cLk N k. Tr (4.2.17) 
0 cosk2. 
(2K. cosk) 
where K= JTJIWý and curVe (Q. was- obtained by numerical, integration. 
The curve has-a-maximum 
IN k0-326010.00 ol 
at K'T max/ jJj.;::, M35-+---0.00S. 
The low-temperature expansion-is 
CIN kR+7 71 
3+ 
6K 240 K5 






The overall shape of the cu-. pve--is rather similar to that of our limit- 
ing curve (a): in particular,, the-specifte-heat'varies as T 
(CINk = 0-5236(VT/I"JI)) at low --temperature-. A rather success- 
ful'apprbach to,. th6%lipear. Heisenberg antiferromagnetic, model,, is the 
Har-4-reQ-; Fock approximation. of BulaeVskii (1963). The specific 





ix I+ 4x p (-! -P- cos k) 0r 
where 
C/Nk 0-5 p iie (4.2.23) 
JT 
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The quantity p was obtained, self-consistently, by repeated 
numerical integration of equation (4.2.22), and the resulting curve 
for the specific heat is shown as curve (d) in Fig. (4.12). The maxi- 
mum is given by 
G 
hK 
/N lo- c: - 0. -38Z ± c). ool 
(4.2.24) 
T,. x / 101 =1-O: 
z ±0 oi (4.2.25) 
The low-temperature expansion is given by Bulaevskii as 
C/Nk t- 7T T+ ý=: -0.3200 
T+- -- (4.2.27) 
6(l 4 2/ly) 
and the high-temperature expansion is C/Wle (4.2.28) 
Katsura and Inawashiro (1964) attempted an approximation method which 
treated the X- Ymodel as the unperturbed Hamiltonian with the addi- 
tional terms (components in the z direction) of the full Heisenberg 
Hamiltonian as a perturbation. The resulting approximation to the 
antiferromagnetic specific heat is curve (e) in Fig. (4.12). Clearly 
the convergence of this method is distinctly poor. 
Accordingly, Katsura and Inawashiro have-recently (1965) em- 
ployed a similar perturbation method which, however, treats the approx- 
imate Hamiltonian of Bulaevskii as the unperturbed Hamiltonian. Curve 
(f) in Fig. (4,12) (shown dashed) is the resulting specific heat curve 
(read off Fig. ( 11 ) of Katsura and Inawshiro (1965). ) The agreement 
with our limiting curve appears to beratýnrgood (i. e. to within a few 
percent) over the whole range of temperature. 
3) THERMAL PROPERTIES IN THE HEISENBERG LIMIT: FERROMAGNETS 
3.1) Thermal Properties of Rings 
Internal Energy. Let us, first of all, plot the energy per spin 
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In contrast to the antiferromagnetic case, the curves for finite N 
do not appear to bracket the limiting curve but rather increase mono- 
tonically towards it. Their behaviour is very similar to the*wcounter- 
parts in the'Ising limit, (See inset in Fig. (4.13) on a smaller 
scale. ) We see at once that low temperature ektrapolations will be 
much more difficult than in the antiferromagnetic case. However, 
above KT/J = 0.5 the convergence is rapid, and the limit seems quite 
accurately defined. Note that, as in the Ising case, all curves approach 
the exact limiting ground state 80= -0.5. In Table (ML) of Appendix 
3 we present tabulated values of the curves for N=10 and N=11 together 
with the estimated limiting curve, for the energy, entropy and specific 
heat. 
In Fig. (4.14) we show a selection of curves, rings and chains, 
for the entropy per spin. The ring curves show a complicated con- 
vergence, successive. curves crossing at lowtemperatures, similar to 
the antiferromagnetic Ising even N rings and the ferromagnetic Ising 
rings (see inset--graph on same scale for the latter). The chains, 
on the other hand; for N=4,6 and 8 are well-behaved, apparently 
converging monotonically to the limit. Although, as is usual with 
chains, they do not converge very rapidly at higher temperatures, bhe 
shape of the N=8 chain is clearly very similar to the estimated limit- 
ing curve, for which we expect it to provide an upper 6ound. We know 
that the ferromagnetic ground state is (N+I)-fold degenerate for both 
rings and chains. Hence the zero-point entropy is 
,Nk : -- -&, 
which approaches zero rather slowly. 
The specific heats of Heisenberg rings for N=4 to 11, inclusive, 
are shown in Fig. (4.15). Again there is no bracketing effect, and the 
P'll 4.13 
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convergence appears to be monotonic. decreasing at temperatures above 
kT/J =-0.3 for N3-8. We observe-that. the convergence is going to 
be very similar to the. case of. -, ferromagnetic-Ising rings. It appears' 
that a double maximum will develop when N= 13 or 14 and that the 
maximum of the limiting curve will not. derive from the maxima in the 
curves for N t-: il. Clearly, the limiting behaviour for kT/J < 0.5 will 
be quite difficult to estimate. 
In Fig. (4. '16) we study the convergence of the chains N=4,6 
and 8. Although they do not converge very fast, they appear to con- 
verge regularly and their general shape is much more suggestive of 
the limiting curve than that, of the corresponding rings. In parti- 
cular, they indicateunmistakably an-, extensive flab top with a rathe-r 
poorly defined maximum for. tho, limiting gurve in the temperature 
region kT/J = 0.3 to 1.2. At temperatures below kT/J = 0.2 the 
chain convergence indicates. thatthe limiting curve is likely to 
rise rather rapidly from zero. The rather peculiar behaviour of the 
limit curve in the region 0-0.4 comes as no surprise in view of our 
earlier studies in Chapter III, subsection (4.7) of the spectrum of 
Heisenberg rings and chains near the ferromagnetic limit. We have 
seen that lying below the single spin-wave dispersion curve whose 
dispersion law is given by E (k) :1 23(1- Cos k) there are a whole 




where r=2,3, ... N/2. The effect of this family of states will be 
experienced in the temperature region below kT/J C-- 0.3. 
3.2) Estimation of'Limiting Behaviour 
The convergence of the rings is adequate to determine the specific 
heat limit for temperatures above kT/j * 0.8. In the region 0.3 - 
0.8 the following procedure was employed. Plots of the quantity T/C 
were made for N=9,10 and 11. Then limiting points in the region 
16 - 
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0.8 to 1.2 were put on the graph, and the rest of the limiting curve 
down to WJ = 0.3, was estimated, This extrapolation was almost linear, 
showing that the limit curve is approximately flat-topped in this 
region. The corresponding entropy values were then determined from 
an inverse plot of this extrapolation, i. e. from the thermodynamic 
relation T2 
c 527 JT 
(4.3.2) T 
To 
The limiting entropy points were plotted on Fig. (4.14) and examined 
for consistency.. This process was repeated a few times until self- 
consistency resulted. The process appeared to be fairly sensitive. 
For example, if trial specific, heat points were taken a few percent 
higher than the optimum limit curve, the corresponding entropy 
points were reduced a few percent. However, we see from Fig. (4.14) 
that the limiting entropy is well defined by finite N results to 
lower temperatures than is the specific heat, i. e. to about kT/J 
0.35 instead of 0.8. Hence these fluctuations were easy to discard. - 
A further check on'the correctness of the result was the fact that 
the integrated'area underthe specific heat curve must check with the 
energy. The-flat-topped curve made the position of the maximum 
rather difficult to estimate. Ou'r conclusion was 
Crelax /Nk ýý 0-134- (4.3.3) 
0. -70 (4.3.4) 
We attempted to estimate the low-temperature behaviour by the - 
power law analysis presented in subsection (2.3). The corresponding 
U(T) versus TS(T) plots are shown in Fig. (4.17), which covers a 
temperature range of kT/j =0 to 0.3, and considers the 1dr9est rings 
N=9,10 and 11. Over this range, the plots are fairly straight, 
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below %T/J = 0; 025', where an exponential decay-sets in. At higher 
temperatures, the curves deviate-from. -straight'lines, Pecomihg concave 
downwards. The onset-of curvature is observed for the N 11 curve on 
Fig. (4.17). The maximum slo&s appear-to increase monotonically with 
N, a;; El 4e s-I r-'to i; Revp ase menetenleall), wit", andýthe slopes 
shown, on'the graph for N- 9, -10 and 11 correspond to values ofthe index 
a of 1.415,1.419 and 1.427 respeftivblý, *Rough extrapolation linearly 
in 1/N, suggests that-the true-index might Hein the neighbourhood' 
of (; L = 1.45 to 1,5, but the corresponding pure power laws would only be 
closely followed below temperatures ofýU/J = 0.25. 
Accepting the value OL = 3/2, we m# go onto estimate the constant 
A (see equations (4.2,. 4) to (4-ý2.6))-ntimerically,,, ch, oosing the value 
which best'appears to-fit the low-temperature energy, entropy and specific 
heat-simultaneously. We thus-obtained: 





C(-r) = 0-42Nk(VT) 
%/Z 
T (4.3.7) 
These-results werq then used to coMPleie the estimates of the extrapolated 
limiting curves (shown dashed). on Figs, ' (4.13), (4.14)-and (4.1S). 
3.3)- Spin , Wave Theory Predictions 
Let us apply the harmonic oscillat&-approxiiftation of sub-section 
(2,4) to the ferromagnetic Heisenýerg limit. For ferromagnets, it is 
convenient to consider a'basic Brillouin. zone-of 0 to 1T containing-N 
states-spaced, at'a freque-ncy-iniemil', Ak= Tf (see Chapter III, 
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substituting the ferromagnetic dispersion relation 
E (k) = 27 (j - Cos 
ý) (4.3.9) 
and the small k approximation E (k) -Uk? ' (4.3.10) 




with the aid of a suitable change of variables the integral (4.3.8) may 
be evaluated as 
U- Lko P(_3 (1) (4.3.12) 
7T 2- TV 3-) z 
3 
U-U (-22-) 0.3685 (4.3.13) 
N U' 4- IF ( ý-J) 3/z 7 
As in the antiferromagnetic case, we observe that this approximation pre- 
dicts the same low-temperature dependence of the internal energy, namely 
3/2 T, as we found numerically. However, the constant, 0.37, in equation 
(4.3.13) is about 1.3 times larger, than the constant 0.28 of equation 
(4.3.5). The spin-wave approximation for the energy may be compared with 
the estimated limit curve in Fig. (4.13). The spin-wave constant does 
ap_pear to be rather too large. For the entropy and specific heat, 
our spin-wave theory predicts 
kT 5 (T) 1.10 6N i>_ (4.3.14) 
and C (T) 0.5 53Nk kl-T (4.3.1S) 
In addition to the spin-wave'states, we have observed the presence 
of low-lying familieS of bound states having the dispersion formulae 
(see Chapter III, sub-section 4.7) 
Cr) 
W C'Sý) ý -V 2,31 2 (4.3.16) 
It is of interest to examine the thermal behaviour predicted 
by states 
of this type in conjunction with the harmonic oscillator approximation. 
Equation (4.3.13) becomes 
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rý 
1 12. U" q-r ý( 31z) 0.37 (PT (4.3.17) 
N Z+ -4-rr I 
USF-) 
ýP 
Again we have aT 
3/2 
temperature dependence, though with a modified 
constant that appears to be even less in agreement with our numerical 
estimates than the spin-wave constant. 
3.4) High Temperature Series Expansions 
The 21 term high-temperature series in K= kT/J due to Baker, Rush- 
brooke and Gilbert (1964) can be examined by Pade approximants also in 
the ferromagnetic case simply by changing the sign of J and hence K. 
On the whole., the ferromagnetic Pade's are much better behaved than their 
antiferromagnetic counterparts. The [10,10] and [9,9] Pade's show 
perfect self-convergence right down to T=0, with no troublesome low- 
temperature poles, going into zero at C/Nk = 0.077, (the same value as for 
the antiferromagnetic [10,10] Pade ). The [11,10] Pade also has no poles 
to spoil its behaviour near T=0. These Pade's are shown in Fig. (4.16). 
Since we believe that the low-temperature asymptotic behaviour goeýs as 
1/2 1.1/2 T, probably neither of these Pade's is correct. Assuming that the T 
Pade lies between the [10,10] and [11,10] evaluations, a set of points has 
been interpolated between these two curves, and perhaps these points may 
be taken as indicating the most probable behaviour of the limiting curve 
below kT/J = 0.3. However this is somewhat speculative since we are not 
completely assured of the T 
1/2 behaviour or that the T 
1/2 Pade definitely 
lies between the constant and T Pade's. 
Effects of the asymptotic behaviour of the various Pade evaluations 
only set in below kT/J = 0.3, i. e. all Pade's converge above this tempera- 
ture. We therefore conclude that the BRG Pade' series for the ferromagnetic 
specific heat is reliable down to kT/J = 0.3. It is most encouraging to 
observe that the Pade evaluations above 0.3 are in excellent agreement with 
our own extrapolations. Below 
LT 
= 0.3 however, our extrapolations do seem i 
to be significantly higher than the [10,10] and (11,10] Pade's and the T 
1/2 
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interpolations, although our quoted probable error allows discrepancies 
of this order. The behaviour at very low temperatures of the ferromagnetic 
specific heat limit is clearly quite subtle and nothing less than the 
complete analytic solution is really satisfactory. 
As in the antiferromagnetic case, we may now use the Pade evaluations 
to reestimate the height and position of the maximum. We obtain 





/ j- = 0.6 65 o. oo5 (4.3.19) 
(cf. equations (4.3.3) and (4.3.4). It does appear that our extrapola- 
tion estimate for the position of the maximum is about 5% in error, since 
the Pade's are likely to be completely reliable at these temperatures. This 
is really not atý all bad in view of the nature of the limiting curve. 
9 Let us now return to Fig. (4.14) for the entropy. In addition to the finite M 
curves already listed, we show our extrapolated curve (dashed) and the 
[10,10] and [10,9] Pdde's for comparison. ý,, (The (11,101 Pade has a pole near 
T=0 and is therefore omitted. ) Since the extrapolated specific heat 
curve lies above the'Pade' s, we expect the corresponding entropy extrapola- 
tion also. to lie above. The dashed, extrapolated Curve does, in fact, lie 
slightly below the [10,9] Pade in the temperature region kT/J = 0.05 to 0.25 
arguing against the thermodynamic consistency of the low-temperature Pade's. 
The'-[10,9] Pade, ýin-turn lies below the [10,10] Pade . Above kT/J = 0.3, * 
of course, the assorted Pade's and our extrapolations are in excellent 
agreement. Finally, in Fig. (4,13) we compare the [10,8] Pade/ with our 
extrapolations. (The [10,9] and [9,8] Pade's converge but their low- 
temperature asymptotic behaviour is quite unrealistic. This may be veri- 
fied by direct extrapolation of the low-temperature energy curves. 
) 
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3.5 Comparison with Other Models and Approximations 
In sub-section (2.7) we compared ou-r antiferromagnetic specific heat 
curve (curve (a) in Fig. (4.12)) with the X-Y model specific heat and two 
perturbation approaches of Katsura and Inawashiro. The X. -Y model curve 
(curve (c) in Fig. (4.12)) is invariant under the transformation from 
antiferromagnet to ferromagnet. The earlier perturbation method of Katsura 
and Inawashiro (1964) treats the X-Y curve as the zeroth approximation, 
and the first order approximation to the ferromagnetic specific heat is 
shown as curve (g). The agreement with our numerically estimated curve (b) 
is even worse than in the antiferromagnetic case. However, the(Bulaevskii, 
1963) Hartree-Fock approach applied to the ferromagnetic case recently by 
Hunt and Girardeau (1967), breaks down, since it predicts a mean-field- 
type phase transition at a finite temperature for ferromagnets. A similar, 
mean-field-type, spurious transition occurs also for the Katsura and Ina- 
washiro (1965) approximation which is based on the Bulaevskii Hamiltonian 
as zeroth order. 
It appears that there is no approximate closed-form treatment extant 
which is even moderately successful in predicting the form of the ferromag- 
metic thermal properties of the Heisenberg linear chain. 
To round off our, studies of the thermal properties of the Heisenberg 
linear chain we compare, on the same scale, in Fig. (4.18) the exact and 
estimated specific heats for infinite chains with (a) S= 1/2 Ising coupling, 
ferro- or antiferromagnetic ; (b) S= 1/2 ferroý or antiferromagnetic X-Y 
coupling; (c) S= 1/2 Heisenberg antiferromagnetic coupling; -(d) S= 1/2 
Heisenberg-ferromagnetic coupling; (e) S =oo (classical)Heisenberg ferro- 
or antiferromagnetic coupling (Fisher, 1964). The large difference between 
the relatively sharp-peaked antiferromagnetic S= 1/2 Heisenberg specific 
heat and the low broad ferromagnetic-specific heat is striking testimony 
to the lower stability of the isotropic ferromagnetic coupling. Curve (e 
for S co continues to rise monotonically to a maximum at T=0 of height 
C/Nk 1.0. 
-2li- FL9.4--ig 
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4. ANISOTROPIC THERMAL PROPERTIES 
4.1) Antiferromagnets: General Anisotropy 
Let. us first of all study the behaviour of the specific heat as a 
general function of-anisotropy. In Fig. (4.19) we see the specific heats 
for rings of N=8 spins. The-exact limiting curve for ý( =0 and the 
estimated limit for 'd =1 are'plotted as dashed lines to indicate the degree 
to which. the results for N=8 approach the limit. The effect of increasing 
from the Isi. ng value Y=0 is, to shift the specific heat maximum to higher 
temperatures, to reduce its height and to broaden the peak. At low tempera- 
tures (kT/IJI c- 0.1. ) the curves for finite N (even) and Y in the range 0.1 
to 0.6 display, anomalou4 small peaks-and points of inflection. These are 
"small number. effects" due to the finite splitting of the degenerate Isi, ng 
ground state by the transverse terms in the Hamiltonian. For fixed V and 
increasing N, the splitting diminishes and eventually goes to zero as 
(see Chapter III, sub-section ( 3.1) ). Correspondingly the anomalies move 
to lower, temperature and are reduced in magnitude, finally disappearing in 
the limit N= oo . 
For Yt- 1 and large, finite N, the specific heat curves of the rings 
at low temperatures-(but above the anomalies) vanish exponentially fast, 
roughly as exp LEA 6d) /kT where &E A 
(Y) is the limiting ani- 
sotropy gap betwee*ý. the, ground state and the first excited states for rings. 
The value, of this gap was estimated in Chapter III, sub-section ( 3.2 ): 
it approaches zero as Y--* 1 and the Ising value 21A as Y --:? 0. However, 
(2.6) andL 
in Chapter, III, sub-section-s( 3.2 ) we have discussed reasons for believing 
that in the limit N the "effective. gap" jnj EA (e) is about half the 
anisotropy gap for rings. AE 
"' M is obtained by extrapolating energy A 
gaps for small finite free-ended chains, and the situation parallels that 
in the Ising limit, Y=0. 
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4.2) Antiferromagnets: Thermal Properties at V=0.5 
Let us now examine the internal energy, entropy and specific heat curves 
at 0.5 with a view to predicting the limiting curve as N---> 00 in each 
casee The techniques employed will be similar to those for the Heisenberg 
limit. In Figs. (4.20) and (4.21) we see primarily, the ring curves'for 
N=3 through'10, for the energy and entropy respectively. The situation 
is clearly qualitatively similar to the Ising and Heisenberg limits in both 
caaes, although at-low-temperatures traces of the anomalies remarked on 
in sub-section (4.1) in the case of the specific heat are evident. Again 
we see that odd'and'even rings appear to form two distinct, essentially 
monotonically converging, sequeýnces bracketing the limiting result. The 
energy of an infirite chain is defined to an accuracy of better than + 0.7% 
down to temperatures, of kT/ JJJ = 0.5 by'the means of the curves for N =9 
and N= 10. The entropy is alsoýwell defined down to kT/ lil = 0.5 by 
interpolation between the rings for odd'and even N. In Fig. (4.22) we have 
corresponding bracketing behaviour for the specific heat rings. The, specific 
Ver -rL, I -t 
bo 0.5. ja&Fair Ij -ell Ae F- ea k a-% 
heat-is., well defined by-4ifect interpolation '- down to kT/Iij = 0,9, A The 
convergence behaviour in the region of the maximum suggests that we employ 
various sets of weighted means to determine the maximum more precisely. Two 
such sets are shown in the inset to Fig. (4.22) on an enlarged scale. The 
solid curves are the set of means 10/9,8/7, and 6/5 weighted towards the 
even rings, and the dashed curves are the set of means 9/8,7/6 and 5/4 
weighted towards the odd'rings. Both sets are reasonably consistent in 
predicting the limiting curve which we'd6t6rmine by extrapolation. For 
the position and height of the maximum . -we obtain 
C,,., / Vz = 0-35 ?±o. oc), 5 
k, T 
vv, ,x/ lu 1 2ý 0.6 35±0. "2 r- 
(4.2.1) 
(4.2.2) 
We do not feel we can determine the maximum as precisely as in the Heisen- 
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regular. Chains are included in Fig. (4.22) for comparison purposes, and 
seem reasonably consistent with our estimated limiting curve in the-region 
of the maximum. However the apparently rather irregular convergence of the 
chains for Y=0.5, similar to the chain convergence for Y =1, discourages 
us from using the chains for extrapolation purposes. 
4.3) Low-Temperature Approximation 
At temperatures below kT/1-SI = 0.5, convergence of rings and chains 
is sufficiently irregular to rule out direct extrapolation for estimating 
the limit. However, in Chapter III, sections (3) and (5), we have discussed 
the nature of the anizotropic antiferromagnetic low-lyi. ng energy level spec-- 
trum. with some care and detail. We shall now employ this knowledge to con- 
struct a low-temperature extrapolation which gives a plausible, though, of 
course, entirely non-rigorous, account of the thermal behaviour below about 
kT11_S1 = 0.25. 
A careful reinterpretation of the work of des Cloizeaux and Gaudin (1966) 
suggests that the anisotropic spectrum, in the limit, consists of an energy 
gap from the antiferromagnetic ground state (which we believe to be two-fold 
degenerate) to a continuum of excited states whose density varies in a general 
sinusoidal fashion with wave-vector k. The dispersion curve for the excited 
states is sin k-like at V-I and cos k-like nearl =0, and for inter- 
mediate 'd may be expanded as a power series in k. Examination of Fig. (2) 
in the paper of des Cloizeaux and Gaudin (1966) suggests*that-at 
V 
=0.5, 
the dispersion curve is still predominantly sine-like and"accordifigly we shall 
use the following approximate expression for the excitation energy from the 
ground state EM 1ý-- AE* (-e) +bk= c<, + 6k (4.3.1) 
A- A 
where AEA (d) is the effective anisotropy gap, or limiting energy gap for 
chains (des Cloizeaux and Pearson use the energy gap for rings) and b is per- 
haps best regarded as an adjustable parameter. In conjunction with the harmonic 
oscillator approximation of sub-sections 2_ and ( '3_3 ) of this ch apter, 
our choice of E (k) yields the following expression for the internal energy 
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W- Ap I-XI t3 ISI k 
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-2 --AK +K. J2, fo-c 640 an cl K -> c-0 (4.3.3) 
IT b 7T b 
where =kT 13 171 The corresponding expression for-the 
free energy is 
F III -2, 
X 
K/ lT b (4.3.4) - 
It is encouraging to observe-that the functional form of the. internal energy- 
and free energyagree with-our-expectations in going to the Heisenberg limit; 
1, where the anisotropy gap 0( 'U and F For -the specific 
heat. we have 
_t KK C/N 1z K 
ýP_ + 20( . 0- V, 'e (4.3.5) - 7T b 7T 6 TT7 b 
and-this is the function we--shall-attempt to fit, first, taking a value of the 
chain anisotropy gap read from-Fig. (3.9) asct= 0.191t JJJ , The function 
(4.3. S) turns out to have a plausible. shape, starti. ng out, with, an exponential 
tail from kT/jJj =0 to 0.15, then-becoming rather straightfor a, short 
range and ultimately starting to curve downwards at 0.3 to 0.4. The best 
choice of parameter b--to fit this, low temperature approximation to, the.. extra- 
polated values in the region- of the maximum'is 2b =1-6 C1 171 , and the completed 
curve is shown dashed"in Fig. (4.22). The energy and entropy at, low tempera- 
tures can be obtained from the-appropriate int. egrations of the specific heat 
function (, and the results-checked against-the analytic expressions'such as 
equation (4.3.3), of course) and the resulting-estimated liMiting-curves are 
shown dashed on Figs. (4.20)-and (4.2,1). ý The limiting curves-for the thermal- 
propertiesi together with some finite-N results, are'tabulated in Appendix': 5', 
Table (M[). 
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4.4) Ferromagnets: General. -Anisotropy 
The behaviour, of the ferromagnetic specific heat for a ri. ng-of 8-spins 
as a function of -Y is shown --in: Fig. (4.23) at intervals 'of 0.1.. The, 
exact limiting Ising curve and--the estimated limiting, curve forY = l7are 
shown, dashed, for comparison., We-obsdrve that the finite ri 
, 
ng curves, for both 
I =0 and Y =1, and-'thus presumably. for all Y lie above, the corresponding 
limiti. ng, cuives. ' Let us-compare, fig; (4.23) with Fig. (4.24),, the corres- 
ponding plot for-free7endedýchains--(but on a different'scAle). ' Th6ýgeneral 
trend with varying 'Vis obý6rved to. be-very similar to th6'cas6 of the.. rings, 
except that the., finite N curves for ý=O andl =1, and hence again presumably 
for all'i , now, lie, belowýthe corresponding limiting curves. 
4.5), Ferromagnets: Thermal-Prqpe ties at Y =, O. S 
In Figs. (4.25)'and-(4.26)-we see, the ferromagnetic. energy'and-entropy 
curves 'for finite #ngs, and-chains at Y=O. S. We observe, at--once-that the - 
convý-rgence. pattern (all rings, odd'and even, N, conv6rging-Isystematically 
to -the limit from -one side -and ýchains -converging monotonically from the -other) 
I 
appears to be the same-as-, in the Heisenberg and Ising limits. This-feature 
suggests at once'that we, conside; various, means not., of odd*and even, rings as 
in the antiferromagnetic case--but--of rings and chains of the'S'ame N. ' This, 9 
procedure has, resulted: in thvestimate, for the-limitipg specific--heat in the 
region of the maximum sho. wn--dashed--on Fig. (4.27). Our estimate for the 
position and height,, of the maximum, itself is, 
Cmax / Niz lý-- 0.3 cl 3 £ 0.0o5 (-4.5.1) 
a- t- 
. lp- T 
vv%ax 
/j- e-- 0.. -3 4 ± 0.02.  (4. -5ý. -2) 
The limiting curve, is well-defined by. thb rapidly converging, rings in the. 
temperature range above kT/J : ý; 
0.9., * aacL rcasoma6lj well -Ao, -Jn tr O-S- 
4.6)- Low-Temperature Approximation 
Our studies of the low-lying levels of. the ferromagnetic-spect. rum in- 
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thermal properties at low temperatures are. governed by an effective energy 
gap (as in the case of anti ferromagn ets) . Except near )? =1, we believe that 
this energy gap is quite accurately given by the expression 
2ý E* (y) - (i - -z1- 'et) 3- (4.6.1) 
Whereas in the case of-antiferromagnets, the excited levels above-the gap 
show a sinusoidal distribution with respect to wave-vector-k, our ferromag. - 
netic studies show, that-the-dominant levels (the Sz =0 states) are completely 
degenerate in er! ergy, i. e. ýthe levels are independent of wave-Vector k. In 
this situation, it is easy to show that we. obtain an approximate free energy 
of form 
NT p (- A* (-s) K) F 
K exp (I- -12- ? ') K1 
(4.6.2) 







The corresponding expression for the specific heat. gives rise to the. dashed 
limiting curve below, kT/J - 0.25 in Fig. (4.27). This curve closely follows 
the low-temperature chain specific heats in this region., Similarly, we have 
completed the limiting curves for the energy and entropy in the same tempera- 
ture region. (The higher temperature portions of these. curves have been ob- 
tained from the ap' 
Oriate int. egration of the limiting specific heat and from P rAp 
the convergence of the sequence of rings). The limiting results for the 
thermal properties, together with some finite N results, are tabulated in 
Appendix 3 (Table (IX ). 
S. THERMAL PROPERTIES IN AN APPLIED MAGNETIC FIELD 
5.1) Entropy 
Third Law of, Thermodynamics. It is well known that the-Ising model of 
an antiferromagnet exhibits an anomalous entropy peak at a critical magnetic- 
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field which remains even at the absolute zero of temperature, in violation of 
the third law of thermodynamics. More precisely, the third law implies that 
for a macroscopic system in equilibrium consisting of N interacting spins, the 
entropy per spin should vanish-in the limits N -> oo and T-> 0. A magnetic 
material in thermodynamic equilibrium which does not obey the third law could 
be used in an adiabatic demagnetisation process to reach the absolute zero 
in a finite number of steps (Wilks, 1961). 
Anomalous Entropy Peaks. It was noted by Brooks and Domb that the plane 
square Ising model of an antiferromagnet is anomalous in this respect since 
the entropy displays a maximum as a function of magnetic field which persists 
down to absolute zero. The point has been discussed more recently by '. Fisher, 
avId -DOrnb (N60). 
(1960),,, The anomalous entropy of an antiferromagnetic linear chain has al- 
ready been reviewed briefly in Chapter IV, subsection (i.. Z). It is now con- 
venient to discuss the matter in more detail. 
In an antiferromagnetically ordered system at low temperatures a small 
magnetic field tends to reduce the order (by reversing spins aligned against 
the field) so that the entropy rises as the field is increased. In a strong 
field, on the other hand, all the spins become ferromagnetically aligned and 
the entropy falls to zero. Consequently at an intermediate field (and low 
enough temperature) the entropy displays a maximum. See, for example, Fig. 
(4.28). It-is a characteristic feature of the Ising model, however, that-this- 
entropy maximum persists as a sharp peak right down to T=0, where it occurs 
at a field H =, H c 
(see Fig. (4.28)). The critical field Hc is simply the field 
at which the'gain, in magnetic energy on reversing a single spin coupled anti- 
ferromagnetically to $ neighboring spins is balanced by the loss of coupling 
energy due to the change over to ferromagnetic alignment. Explicitly, for the 
Hamiltonian 
»= 17 l-liz 51 5i -9p il Z D-C2, 
2-0 
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the critical field is Hc = cý 111 (5.1.2) 
1P 
The height of the anomalous peak-is found to be an appreciable fraction of 
the maximum possible entropy change ( k9fft2 per spin). Thus for the Isi. ng 
linear chain (Domb, 1960) 
-L 
-Q,, rt, 2. 
(1 0.694Z4 
-(Lm 2 





For-the standard two-dimensional Ising lattices the. anomalbus entropy is not 
known'exactly., but is approximately 50% of the-maximum (Domb, 1960). It was 
hoped (see Fisher, 1960) that this-mon-physical feature was a direct consequence, 
of the simplicity of the Ising-form, of coupling, which would not'arise in, the 





was undertaken-to clarify this point. - 
Ising Entropy Peaks. In F. ig. (4.28) we have plotted the entropy per spin 
for an Ising ring of eight spins, ( Y =0) asa function of field for various 
temperatures. The anomalous entropy peak is evident. Its height is given 
by 5 : -ý I -Q-a4l which differs from the limiti. ng (N =CO) Nk T 
result 0.4812 by less than 0.03%. For fields less than Hcp however, 
the entropy does not fall to zero -as might be expected, but to the value 
(k/N)-9, n2 = 0.0866k (N =, 8). This-is a 'small number' effect arising from 
the twofold degeneracy (N even) of the antiferromagnetic ground state-pf the. 
Ising model. In the limit-N -). co, of course, this co, ntribution, vanishes'. 
Examination of, the, spectrum of eigenvalues of the Ising Ting as a func- 
tion of magnetic field (see Fig. (4.29)) reveals that the anomalous entropy 
peak is due to a confluence of a large fraction of the energy levels at the , 
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critical field H- H. The multiplicity of this degeneracy for -rings of c 
N= 2p 3,4... spins js 'given- by. -the Fi 6onacci series . 3,4,7, ll-, 18, ý29,. 
47,.. o,, the N 
th. term of which-varies 'as 
L+I 
ýFS) 
N for large N. From, (i, 2 
this, the. limiting-result follows-immediately. It-is clear that-any--perturba- 
tion which splits this high degeneracY should. result in the disappearance, of 
the-anomalous entropy at-sufficiently low, temperatures.. 
, 
Effect of B6tindary Conditions. - Letýus briefly. consider the,, effectýof- 
a change in, boundary. conditions, at, this point. - In the . 1case of 
the Ising 8-spin. 
free-ended chain, the zero.;. point-entropy shows a different pattern. There . 
are two anomd1ous'peaks, which. -persist down, to T 0. The-first occurs. at' 
_L 
I 
H=2, Vic and has magnitude Nit = SJn6 0.2-240 . The-second 
occurs at-H =Hc and has magnitude -S/NlQ_ = lilyt2l = 0.3V06 -appreciAbly 
lower than the, peak-for rings; However; it is easy to show that the-first peak 
1 disappears in the limit N --), co as -W 
kn (N/2 +, 2). For N=2,3,4, N 
the, peak at, H c 
has degeneracy-1,2,3,5,8,13,. 21,.... whi6h, again is a, 
Fi 6onacci'series, For, sufficiently. l*arge N, this series ha: s. thie"sameý 
asymptotic, behaviour'as the series for rings, and therefore, as we-would expect 
on general, phy'Sical., grbiinds, *tlýe charge ofboundary conditions makes no 
diffqrenqe in the 
Effect, of-Transverse Terms-of-the Ham iltonian.: A mo. re effective, way to, 
split the high Ising degeneracy is 'by -introducing, as -a perturbation, 
the 
transverse part, of, the Hamiltonian (5.1.5) when4> 0. , Calculation shows'that 
the degeneracy"is indeed appreciably split. -. Fig. (4.30) shows-the relevant, 
part'of., the spectrum wherLY= 0.1, which still corresponds to a rather-anisotro: - 
pic antiferromagnet., Altho, ugh-the. multiple, degeneracyýis, split. -there is still 
a considerable density of low-lying-level crossin ritical field. gs'near the c 
The doubly deg6nerate-zero-field-antiferromagnetic ground state, is--actually 
split, but by such a'small-am. Ount. -(0.024%) that the-two levels cannot be 
distinguished on, the"scale of-theýfigure, 
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in Fig. (4. -31). The level density-is rather uniform and only slowly chapg-r. 
ing.. The only 4egeneracies-in- the -antiferromagnetic ground state -as -a. function 
of field, are, twofold, andarise. from the crossing of one level'by-, a -level of 
higher total S Z. In the general case there will be 9/2 of these-intersec- 
tions (H), 0). It will be -noticed- that, they spread out between H=O'--and H=2H ca 
althougli they tend-to cluster-more closely towards H- 2H c. 
This-diagram of 
crossing energy levels- is fundamental to the understanding of other field-de- . - 
pendent, thermodynamic properties. For example, each level crossing corresponds,. 
to a discontinuous jump in the curve of zero -temperature magnetisation as a 
function of applied field. The zero-temperature susceptibility curve shows 
N/2 infinite spikes at thesq; - field values.. As the temperature is increased 
from zero, these infinities become finite broadened peaks. As- T 'further in- 
creases, a single, rather broad -susceptibility peak becomes-, dominant -and the 
position of -this, -peak moves to -lower H values as T increases, reaching H=O at 
a temperature equal to the temperature of the maximum in, the zero-field sus- 
ceptibility., 
In Figs.. (4.32), (4.33) and--(4,. '34)-we have plotted the entropies as. 
derived from the calculated spectra. for the 'cases ý=0.1,0.5 and 1 respec- 
tively. In Fig. (4.32) with Y =--O. l we are still close to the, pure-Ising, 
model (Fig. (4.28)) and the entropy'isotherms are almost uncha. nged-. down to 
temperatures for whichAT/ 1JI-0.2. Below this temperature, however, the 
height. of the entropy, peak begins to fall rapidly and'eventuallyithe peak 
splits into separated compoents; This. again is a-small number effect-and we 
must, presVrne that in the, -limit N -), 4w the peak will fall smoothly to ý zero. 
(Owing to the very small splitting of the zero-field anti ferromagnetic ground 
state,. noted above, the entropy-below H C. still appears to 
fall to-, the'value 
(kA2/N) rather, th'ah to zero. At--very low temperatures, hiow'ever, 'it-will 
ev, entually falll to zero. ) In the-case of, moderate anisotropy (Y-. 0.5), 
shown in, Fig. (4.. 33), the--entropy--maxim= As-much broader and-has-shifted to 
a higher, value of the field. It also falls more rapidly at- higher temperatures. 
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At a temperature below kT/ JJJ = 0.3 the maximum again splits into- a- series 
of smaller separated peaks. The same phenomenon occurs in the pure-Heisen- 
berg case (Fig. (4.34)) where the-maximum is so spread out and so low in 
height as to be scarcely identified as a feature of interest. The small 
peaks in all these cases are of-height k. QA2/N and correspond simply to the 
two-fold degeneracy that occurs-when levels of adjacent Sz cross in a field. 
In the limit N-> 00 these peaks will be absent, and the entropy must fall 
smoothly to zero in all fields. 
Summary and Comparison with Other Models and Approximations. In Figs. 
(4.35) and (4.36) we summarise the main features of the dependence on anisotropy. 
In Fig. (4.35) the solid curves! how the variation in height of the entropy 
maximum with temperature for different values of Y. We see that the anomalous 
zero-point entropy occurs only at the Ising limit, although, if there is 
sufficient anisotropy, an appreciable entropy peak remains to quite low temper- 
atures, even when Y>0. These curves are plotted for N=8 but except at the 
lowest temperatures, where the curves are shown by broken lines, they are likely 
to differ by no more than a few percent from the limiting results for N= CPO 
We also obs'erve, in Fig. (4.35), a set of dotted curves which represent the 
behaviour, as a function of temperature and anisotropy, of the zero-field 
entropy minima. 
After this study was completed, the'4-Ymodel for a spin-1/2 linear mdg- 
metic chain was solved exactly for the thermodynamic properties by Katsura 
(1962). In particular, Katsura was able to demonstrate that the X-Y model of 
an infinite chain displays no anomalous entropy peak. 
A linear chain of coupled spins does not of course, show a phase transition, 
although we may distinguish a predominantly antiferromagnetic region from a 
predominantly paramagnetic region, at high fields and temperature. In Fig. 
(4.36) we show the loci of the entropy maxima for Y =0,0.5 and 1.0 in the 
Pre 01 or^ ýV" C%n L 1j 
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ordering. (Falk, 1965) refers to this maximum entropy locus as a p2eudo- 
phase, boundary, since there is no discontinuity in thethermodynamic quanti- 
ties as the boundary is crossed,. for T: ý 0. Two- and three- dimensional models 
(except for the Heisenberg limit-in two dimensions) must be expected to show 
a proper transition, with ah-associated specific heat anomaly, as do real 
antiferromagnets. The effect-of-a transition on the-entropy variation, however, 
should not be very marked. According to the exactly soluble two-dimensional 
super-exchange Ising model (Fisher, 1960), the main charge will be merely a 
steepening up of the rate of increase of entropy with field on the low field 
side of the entropy maximum. Consequently the. general features of the entropy 
variation and its dependence on anisotropy for linear systems should be valid 
for two- and three- dimensional Heisenberg-type models and fot'real antiferro- 
magnets of simple structure. 
In Fig. (4.36), the curve for Y=1.0 is actually the curve for N= 10. 
For values of gpHIIJ14 )-0, the r-aFid convergence of the curves for N=6 
and 8 (not shown) and N=10'suggest that in the region the curve for N=10 should 
be extremely close to the limiting N= oo curve. The curve meets the T-axis 
at kT 
11JI 
= 1.28, which is our estimated position of the zero field suscep- 
tibility maximum for Y=1.0. In the region where T--> 0, we know that the 
limiting loci must cut the H axis at points. given by c3 pH/ I-sl =2 (1 -t d). 
The finite N curves 'for Y=1.0 show a complicated convergence in the low-T 
region, meeting the H-axis at points 3.618,3.802, and 3.880 for N=6,8 and 
10, respectively. The solid curve through the encircled points which meets 
the H-axis at gpH/13-1 =4 is a curve obtained by Falk and Ruijgrok (1965) 
and (Falk, 1965) based on the work of Bulaevskii (19 63 ). We shall observe 
in Chapter V, subsection ( 3.7) that the Bulaevskii approximation predicts 
a behaviour for the curve of zero-temperature magnetisation as a function 
of field, near the saturation field c3 pH/I: TI = 4_. 0, which is equivalent 
to the exact Heisenberg result. It therefore seems plausible that the 
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be ý-ý ý-. viour of the 1.0 curve in the region T --> C) and 9 
It is consistent, in fact, with the convergence of the finite N curves, that 
the limiting Heisenberg curve should follow the Bulaevskii-Falk curve for 
kT/ IJJ 0.7 and 3.0 < qpH/1: YJ -'Zz 4.0. At lower field values, however, 
the Bulaevskii-Falk curve deviates from the limiting Heisenberg curve, as 
shown in Fig. (4.36). 
The curve for Y=0.5 is a similar estimate of the limiting curve, based 
closely on the N=10 curve for W=0.5, which cuts the T-axis at kT/IJI= 1.07 
and goes linearly in to the H-axis at(3pH/I-YI= 3.0. The slope of our 0.5 
curve near T=O appears closely similar to slope of the 1.0 slope, and we 
have estimated both to be q 13 6H/ ýzT = 1.20 1 0- to - 
Falk quotes a slope of 1-2 5t0.10 for the Bulaevskii-Falk curve. 
The beK-aviour of the'd= 1.0 and 'i = 0.5 curves in this region is to be con- 
trasted with the Isipg curve, Y =0, which goes in to the H-axis at 9PH/131 =2 
with zero-slope. The variation at the opposite end of these curv es, near H=O, 
appears to be quadratic in H. Falk was able to demonstrate a similar quad- 
ratic behaviour for the Falk-Bulaevskii curve by means of a perturbation 
analysis. We also show, on Fig. (4.36), the X-Y model curve computed numer- 
ically by Falk and Ruijgrok (1965) and (Falk, 1965). In the region near T=O 
the curve is linear, with a finite slope which is very similar to the slopes 
of the Heisenberg curve, the Bulaevskii-Falk curve and the curve forY = O. S. 
Falk estimates that 1.31 + 0.10 for the X-Y model. Near H=O, the 
kT 
curve hastgain a quadratic variation with H, meeting the T axis at kT/jJj 
0.632. It is obvious at once that the X-Y curve and the estimated limiting 
curve show a striking resemblance of shape, and if we plot the points for 
X-Y curve on a scale expanded by two for both the H and T axes, we obtain 
the series of points denoted by dark squares in the neighbourhood of oury=1 
curve. It is very suggestive that the curve for N=10 in the region for H42.0 
on which our Y =1 limiting curve is based, has not quite converged to the 
limit, and if we further assume that the X-Y points calculated by Falk have 
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a small numerical uncertainty -(as would appear from a. graph due to Falk,, 1965 
private communication), we would strongly suspect tbq the X. -Y curve and 
Heisenberg curve are represented-by the same function of H and T, i. e. -F (14, T) 
X-Y 
'F H"T") where-HI = 2H and T' = 2T. Hets I 
The observed difference in- shape between the - Heisenberg and Isi. ng curves 
suggests that the finite non-zero slope of, the Heisenberg and X-Y curves near 
T=O results from the effect of-a-field in the z-direction on spin components 
in the perpendicular directions,. x or y. Since, the effect of a perpendicular 
field will be identical for spins aligned-either parallel'or-antiparallel, the 
X-Y curve applies-to both ferromagnets and antiferromagnets. Anotherýcurve 
which will be identical for both--ferro- and antiferromagnets isthe dotted 
curve Ui iaekad Ising I -which- may -be -taken to represent the effect of a 
magnetic. field in the x-direction- on- a linear chain, of coupled Isi. ng spins; 
i. e. spins ordered either parallel-or-antiparallel in, the., z-direction. The 
Ilrw-Isingl model, unlike--the- Isi. ng model Aoes, not. ýshow-an. an6malous 
entropy peak at -absb'lute zero temperature. For this curve,. -however, only 
the points whe're. the. curve meetý the H- and T-axes are known, exactly (Fisher, - 
1963) and'(Katsura, 1962). The curve as a whole must be regarded"as a sketch- 
showing, a finite slope. near T=O and a quadratic .. variation with H near T=O. 
5.2 Antiferromagnetic Specific-Heats 
The variation of antiferromagnetic specific heat with Oagnetic field may- 
be, -studied just' as for- zero-. -fiel4. In _particular; 
we shall'consider- the 
variation of, specific heat--with-temperature for various fieldsboth-bel. ow 
and--above-the critical-field-, for a-particular 
Y. We find that in general, 
in the, presence of a'field, convergence, is improved. In fact, the-convergence. 
above kT/ JJJ = 0.3 is--quite--rapid, especially if consecutive means-for N= 2n 
and N =. 2n+l areconsidered. At--lower temperatures the behaviour of the finite, 
rings is-rather erratic. because-of-the rather-artifiqially large variations 
in low-lying level. densities caused by the crossings of-levels of, various Sz 
discussed at length in, -the previous sub-section. 
In Fig. (4.37) we have 
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plotted for the pure Heisenberg case the mean specific heats for N=10 and 
N=9 at various fields (except at H=O where the estimated limit is shown. ) These 
means should represent the true-limiting curves to within 1 or 2% down to 
temperatures of kT/1j1 = O. S. We compare this Fig. (4.37) with Fig. (4.38) 
which contains the exact, limiting Ising specific heat curves for various 
fields. The general pattern of convergence is essentially similar. In the 
Ising case, as the field increases from zero, the maximum at first falls in 
height and goes to lower temperatures. Eventually (see the curve for H=1.5) 
a double peak develops, and the lower peak tends to T=0 and vanishes alto- 
gether at the field H Ilu-1 = 2.0, which is the critical field fo r antiferro- A 
magnets. The general trend is the same in the Heisenberg limit, although 
the double peak effect does not appear so prominent. The critical field in 
this case is () 1-2,1! 4.0. At the critical field magnetic saturation occurs 
and the peak is relatively low and broad. Above the critical field in the 
Ising case, the pattern of convergence is similar ' only reveised, as 
H increases. 
For example, the curve for 11=3 is similar to the curve for H=1.5. At higher 
fields, the maximum continues to increase in height and pass to higher tempera- 
tures, In the Heisenberg case, however, it seems that for higher fields the 
curve stays rather similar in form to the critical curve, except that the 
height of the maximum, and the positon as a function of temperature, slowly 
start to increase again. For ý=0.5 (see Fig. (4.39)) the situation is 
generally similar to the Heisenberg limit. For fields greater than Hc, the 
convergence of the finite N curves is very good indeed. Clearly the energy 
levels even for small rings have been spread out by the magnetic field in 
such a way that they have an ordering which is essentially similar to the 
limiting ordering. The initial rise of the curves is governed by the energy 
gap 
0 
5.3 Ferromagnetic Specific Heats 
In Fig. (4.40) we show the variation of the ferromagnetic specific heat 
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with magnetic.. field for-Y =1. The-curves are those for N=$ (except for H=O, 
where the estimat, edý-limiti. ng-curve--is-plotted) butshould not differ signifi- 
cantly from the_correspondi. ng limiti. ng curves'since-convergence-is much 
for- cj_e 14 faster for, H > 0. For. example- =2, the curves. for N=6 and-N=7 
T 
are indistinguishable from--N=8-over the whole range, of temperature shown on 
the graphý When 4> 0, there is an-abruýt change in the character-of-the 
spectrum, since the. degeneracy for H'= 0,1? =1 due'to conservation--, of-total 
spin is. broken-for-all H >0. --In-particular, the (N + I)-fold degeneracy, of 
the-ferromagnetic, ground-state-is-split, and the.. ground state becomes-non- 
degenerate and separated from the--first excited state by a finite energy gap, 
eyen-in-the -limit N =-oo . -The-splitting, of degeneracy manifests-itself as. 
a ýsharp increase ýin- the specific- heat maximum for'q ph 
/T 
= O. S. --The-rela- 
tively-high, narrow maximum-shows-that. the ferromagnetic system in-a-magnetic 
field,, even, 
-a 
small-field, --, is much more stable.. than in zero-field; -The-varia- 
tion in the height and-position-of: the, specific heat maximum-are shown-in 
Table (4A). It may be noted--that-the effect of increasing magnetic-field 
on the ferromagnetic specific heat is very similar to the., effect of-increasing 
anisotropy., 
Table (4-1) 
qßH/J C,. /Nk kT,. /J* 
0 0.1-34. 0.70 
0.5 1 
0.368 0.61 
1.0 0.41q 0.94 
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Our primary aim in this chapter will be to estimate the limiting 
magnetic properties, especially the magnetisation versus magnetic field 
isotherms and the various temperature dependent magnetic susceptibilities 
(parallel and perpendicular, isotropic and anisotropic, ferromagnetic 
and antiferromagnetic, in zero field and in an applied field. ) We shall 
see, as we remarked in Chapter IV, that the convergence of the finite 
ring curves, is adequate to indicate the limiting behaviour for all 
at temperatures above kT/IJI t-- 0.5 
In the Heisenberg limit, the Baker, Rushbrooke and Gilbert tWO-point 
Pade approximation is in fairly good agreement with our results, and other 
approximate methods are in much poorer agreement. 
As in the case of the thermal properties we have attempted to 
extend our estimates right down to T=O with the aid of extrapolation 
techniques and a detailed study of the magnetic energy levels of the 
spectrum. For example, the zero field, zero temperature susceptibility 
for 1 is shown to be finite, in contrast to the predictions of many 
previous theories. However, our estimate for the limiting value, WOP 
disagrees by 10% with the analytic work of Griffiths (1964) subsequently 
confirmed rigorously by Yang and Yang (1966). This discrepancy is 
appreciably larger than our estimated limits of extrapolation uncertainty 
and the reason for this is apparently related to the fact that the limit 
T=O, H=O is a weak non-analytic point for the Heisenberg (i =1) model. 
This weak non-analyticity is not evident from our sequence of rather 
short rings and chains. 
-250- 
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A rather similar disagreement arises in the zero temperature M versus 
H curves near M=O for 041. The exact work of Yang and-Ya. ng (1966) 
indicates that the M versus H curves come into the M=O axis with infinite 
slope, which our extrapolation procedures were not sufficiently sensitive 
to detect. However., it should be pointed out that our extrapolation 
methods are. generally quite accurate for the form of, for example, the 
zero temperature magnetisation curve at 1, and we have been able to 
deduce the correct analytic form of the T=O magnetisation curves near the 
point of, saturation. 
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1. PARALLEL SUSCEPTIBILITY 
1.1) Antiferromagnetic Coup; ing 
In Fig. (5.1) we plot the antiferromagnetic susceptibilities for 
isotmpic Heisenberg coupling (y = 1) in zero field for finite rings of 
N=3,4,5 . ........ 11 spins. The limiting curve is apparently bracketed 
by the curves for odd N, which approach monotonically from above, and those 
for even N, which approach monotonically from below. The convergence is 
clearly very similar to the corresponding case with Ising coupling (as 
discussed in Chapter IV, subsection (1.3)) where all the finite odd N 
curves diverge as T- 
1 
as T 0, although in the limit they converge to 
finite value ( zero) at T 0. The convergence is rather rapid above 
kT/IJI = 0.6, at which temperature the values for N= 10 and 11 differ by 
only 5%, and their mean probably differs from the true limiting curve by 
less than 1%. As in the Ising case, at lower temperatures the convergence 
is more complicated. For N even, the antiferromagnetic ground state for 
Z y=1 and also general y, has S=0, and there is an energy gap to the 
Z first excited state of non-zero S. Consequently, for all finite rings, the 
susceptibility parallel to the z-axis approaches zero exponentially fast as 
T -)- 0, at a rate governed by the energy gap. For finite odd N and y-t 0, 
the ground state is aSz= 1/2 state which is just twofold degenerate. 
The susceptibilities go as -1i1x , -. 
E 
, for all y. [Note that this for- Ng 2a2- 4N 
mula is the same as we derived for the Ising limit in Chapter IV, subsection 
(1.3)]. However, for the isotropic pure Heisenberg case, we expect the be- A 
haviour as T -* 0 to be different from the Ising case. We know that in the 
limit N -* - ., the energy gap vanishes as 11N. This implies that the limit- 
ing susceptibility for y=1 can approach a finite non-zero value X0 at T=0. 
The detailed mechanism by which this behaviour comes about will be discussed 
in detail in subsection ( 3. _t 
) of this chapter. A non-zero XO for iso- 
r 
topic coupling occurs in the limiting case of infinite spin, where its ex- A 
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Lieb, Schultz and Mattis (1961) and Katsura (1962) also shows'this be- 
haviour, 
To estimate roughly the value of the limiting zero-point suscep- 
tibility X 0' 
for S'= 1/2, ' we may. exdmine the trend of. the-weighted means, 
shown on Fig. (5.2), in the range kT/IJI =, 0.4 to 0.8. These curves 
suggest that 
I. JIXO lies between 0.048 and 0.056. 
Ng 2a2 
The parallel susceptibility, quite generally, may be written in the 
form 
where 
')37 97 N /4 WT] 
4/N 
the angular brackets denoting the canonical average. In Fig. (5.3) we show, 
the function ýN (T) for rings of N=2 to 11. We see that this function 
closely resembles Fig. (4.3) for the antiferromagnetic internal energy. 
The curves for odd and even N clearly bracket the limiting result., From 
arguments advanced earlier in this section, we infer that-E(o) for odd N 
will be given by-l/N and ý(o) for even N will always, be zero. Hence the 
limiting E(T) will rise-from zero at T-0, approaching unity as l/T. This- 
may be seen from Fig. (5.3). At high temperatures, the individual spins on 
the ring will become uncoupled, and then S 17-) N 
N X-1/41- These general features of the E-function will hold good for 
all values of y, including the Isi. ng limit., In Chapter VI, section (1 ) 
we will discuss the behaviour of the pair correlation functions, with refer- 
ence to U and In the Heisenberg limitas T -* 0, we expect & to rise 
from zero proportional to T, since we believe that X0 is a positive con- 
stant. In this respect, for y=1, &(T) differs from the internal energy 
2 U(T) -T. We see from Fig. (5.3) that linear behaviour in T appears 
plausible from the general form of the CN (T) near T =, O. Since 
ý(T) - 4TX(T), the limiting slope will give us a value for x0. To improve 
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our. estimates of X, therefore, we adopt a, method analogous to that de- 0 
scribed in Chapýer. IV, subsection (; L. 3 ) for finding_ the low temperature 
behaviour of-the antiferromagnetic, specific heat, and consider t, he slope , 
of tangerls from the origin to a suitable set of weighted mean ý curves. A 
The results are shown in Fig. (5.4) where we display the means 5/4, 
7/6,9/8 and 11/10, weighted as in b) (see Chapter IV, subsection 
We obtain the set of values, for, X of, 0.0598,0.0589,0.0580 and 0.0578 01 
respectively. Extrapolation of these values, and. corresponding values for 
other sets of weighted means, suggests that X0=0.0559 with, an apparent 
uncertainty in the region of 1%. 
1.2) Parallel Susceptibilities of Chains 
In Fig. (5.5) we compare the parallel susceptibilities of rings 
and chains for N =2 to N= 10 spins-(N even). (The plotted values for 
the N= 10 chain actually are extrapolated from the values for 2,4,6 and 
8 spins. They. were obtained, in'a preliminary study on a magnetic substance 
which, appeared to resemble an antiferromagnetic Heisenberg 8 or 10 spin 
free-ended chain). We see at once that the chain convergence is rather 
slow. For example, the apparent locus of, the chain maximadoes'not ap- 
proach'the limiting maximum. in a very regular manner. The 8-ring 
adequately defines the position and height of the limiting maximum given 
by 
I T, 0-0731t6 (5.1.3) 
at 
1-2-92 (5.1.4) 
[These values were actually obtained by careful numerical studies -on the 
weighted means-] The peak for the 8-chain differs by 12.5% in height 
and about 22% in position from this limit. It-was in fact, this large 
discrepancy which motivated the calculation of the chain eigenvalues in* 
the hope'of securing better agreement with. some experimental suscepti- 
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1.3) High-Temperature Series Expansions 
We have already, in Chapter IV, subsections (2.6) and (3.4) dis- 
cussed in some detail the Baker, Rushbrooke and Gilbert (1964) high- 
temperature series expansions for the linear chain. Whereas the series 
for the thermal properties are quite long (- 20 terms) the susceptibility 
series contains only 10 terms. However, it, is interesting to apply Pade 
techniques to this series to compare with our extrapolations. BRG do not 
present a figure for the antiferromagnetic susceptibility in their paper,. 
The author understands (Rushbrooke, private communication) that BRG en-, 
countered difficulties in, this direction which they, attributed to a branch 
cut on the negative real axis. (see previous discussion in, Chapter, IV, sub- 
section (2.6)). The author. adopted the same technique, namely that of the 
"two-point" Pa6e and considered the Pade sequences [N, N], [N, N-1] and 
[N,, N-21. The "two-point Pade", introduced by BRG, feeds the value of the 
series at infinity, if known, into the Pad6 approximants. In this way, 
extra information, about the series is-utilised. Since the high-temperature 
series are in powers of the reciprocal temperatures, the point at infinity- 
corresponds to the point T=0. This point was fixed at the Griffiths 
analytical result of 1/21t 
2=0.050661 
.... . The, resulting Pade evalua- 
tions are shown in Fig. (5.6). We observe at, once that the [5.5] and 
[4.4] and the (5.4] Pades show very poor convergence. However, these 
Pade's' correspond to an asymptotic low-temperature behaviour a) of a con- 
stant and b) proportional to T. Effectively, in the case. of the [N, N] 
Pades, we are losing the value of the second point in the, two-point Pade, 
and would therefore not expect good convergence. In the case of the 
[N, N-1] Pades, we are expecting the function to show asymptotic. behaviour 
hich contradicts the third law of thermodynamics, which-implies that 
0 as T -* 0. [The proof follows from elementary thermodynamics. ] 
H=o 
This non-physical behaviour actually occurs in the case of the infinite 
spin Heisenberg chain (Fisher, 1964), where the low-temperature behaviour 
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is given by 
K 
(T) = 7ý. + ciomst. x-T + 
This system displays other features which contradict the third-law. The 
specific heat'goes in to a-finite constant as T ->. 0 and the entropy diverges 
to as T 0. Since the infinite spin Heisenberg model is, in fact, 'a 
classical system, such features are to be expected in the region of ab- 
solute zero. The quantum-mechanical spin-1/2 Heisenberg model does not, 
show such features in the case of the entropy and specific heat, and we 
do not expect non-physical behaviour in the case of the susceptibility. 
Hence we feel that the poor convergence of the [N, N-1] Pades!, is more 
probably due to their contradiction of the third law than to the effects 
of the branch-cut. Let us now consider the [N, N-2] Pades which vanish' 
2 
asymptotically as T. Their behaviour seems to be quite smooth, and the 
I- - [5,3] Pade is in reasonably close agreement (i. e. to within 3%) with our 
extrapolations in the temperature range kT/IJI < 0.6 and in very good 
agreement (better than 1%) at higher temperatures. An estimation of the 
height and position of the maximum from this Pade evaluation is 
at 
k IT I-i- 2-7 5 
However, these Pades are too short for more than three-figure convergence 
near the maximum. Hence the slight discrepancies between this estimate 
and our previous extrapolation estimate (equations (5.1.3) and (5.1.4)) 
cannot be regarded as significant. The numerator of the Pad6 approximants 
appears to show a regular alternation of signs, while the coefficients in 
the denominator are all positive, at least for these short Pades. Hence 
the [N, N-2] Pad6s, where N is even, are likely to have the wrong sign 
for their asymptotic behaviour. The best-behaved Pade sequence appears to 
be the [N, N-2] sequence, where N is odd. Therefore, the next best Pade 
after the [5,3] will be the [7, S] Pad6, requiring two extra terms in the 
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high-temperature series. Of course, our choice of T2 -type asymptotic be- 
havior has been rather arbitrary. Other power law behavior consistent 
with the third law cannot be ruled out. However, the low-temperature 
susceptibility behaviour given by the X-Y model (Katsura, 1962) and also 
predicted by the Bulaevskii (1963) Hartree-Fock approximation to the 
Heisenberg model goes as 
A t-r) = A. + COVISE T2+ 
(5.1.8) 
which makes our choice seem not unreasonable. 
1.4 Anisotropic Parallel Susceptibilities 
For Y non-zero, but less than unity, we have seen % in Chapter III, 
subsection (3.2) that the anisotropy. gap between the ground state(s) 
and first excited states persists even in the limit N Consequently, 
the limiting behaviour of the antiferromagnetic parallel susceptibility 
should be similar to the Ising case (see Chapter IV, subsection (1.4)) 
where J,, (T) tends to zero exponentially as T-> 0. Fig. (5.7) shows the 
parallel susceptibilities for rings of N=8 spins for 'i = 0.3,0.5 and 
0.7 (solid lines) and the approximate limiting curves, roughly estimated 
on the basis of the limiting anisotropy gap. These curves should be 
accurate to within 5 or 10% down to kT/ JJJ = 0.3 . The height of the 
Ta6 le ( 5. J-) maxima for various values of anisotropy 
PT,., / lul 
0 1.00 
0.3 - 1.03 
0.5 
1-1.07 
0.7 - 1.14- 
1.0 1.28 
are. given in Table (5.1) . Clearly, 
the effect of increasing'Y is to 
shift the susceptibility peak to a 
higher temperature, to reduce its 
height and to increase its width. 
(Note that, for small the 
variation appears to be quadratic inV 
In Fig. (5.8) we study, for comparison, the variation of 
A,, (T) with 
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that the general trend -of the locus of the maxima is very similar to the 
case of the estimated locus for the limiting curves. 
1.5) Ferromagnetic Coupling 
Heisenberg Limit 
The susceptibility, for ferromagnetic chains is conveniently dis- 
cussed in terms of the function C(T) introduced in subsection (5.1) of 
this chapter, As in the case-of antiferromagnets, at high tempera- 
tures ýN (T) approaches unity as 1/T. As the temýerature falls, C N (T) 
rises monotonically in the ferromagnetic limit and, for finite N, levels 
off at avalue determined by the properties-of the ground. state.. For 
anisotropic chains Cy <J) the ferromagnetic ground state is two-fold 
de .6=+ _L generate with 5LIN so that C (o) = N. Since NN (0) 
is already normalised per spin, this result implies divergence as N as 
N In. the isotropic (y= 1) case, on the other hand, we know that the 
ground state has total spin N/2'and is, (N+1)-fold degenerate. For finite 
pure Heisenberg rings, therefore, &N (T) rises to a maximum value 
N /Z 
(0) ý4E 'I v7" N(N+ CZ0 3 (N t 
N(N+I) N (N+I) 3 
Similar results obbin for free-ended chains for all y, since the ferro- 
magnetic ground states have the same properties. The behaviour of 
C8 (T) for various anisotropy values is shown in Fig. (5.9). 
Therefore, in the limit N -* -, we see that, for all'y, ECT) diverges 
as T -* 0. For infinite Ising chains, (y = 0) this divergence is ex- 
ponentially fast since we have. rigorously, 
eyp 13 1 -/kT (5.1.10) 
This rapid divergence finds. its origin in the anisotrop)ý gap which en- 
'z S ýL> (where the sures that all the pair correlation functions 5'L i 
angular products denote canonical average) approach their zero-point 
values exponentially fast. '(The properties of the pair correlation. 
functions will be discussed in detail in Chapter, VI). For this-reason 
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we expect the limiting divergence for other values of y<1 will also 
be of the form exp [aJ/kT] with a depending on the limiting anisotropy 
gap. 
For pure Heisenberg coupling, however, a power law might be ex- 
pected (since, for example, the initial terms in the low-temperature 
expansion are likely to be of the form exp (ai/kT] (see Chapter IV, 
subsection ( 4.1)) which reduce to unity in the Heisenberg limit). 
Indeed, in the limit S=- (y 1) the susceptibility dive. rges as 
1T2 so that &(T) - l/T as T 0. Fig. (S. 10) is a log-log plot of 
1], a quantity which conveniently measures-deviations from 
Curie's law, versus the temperature for finite isotropic rings of 
N=3 to 11 spins. The curves evidently approach the limit from below. 
The convergence is quite rapid, and for kT/J > 0.3 the limiting curve 
is indicated quite accurately. At high temperatures the log-log plot 
becomes linear with slope unity as shown by the broken line in Fig. 
(S. 10). This simply confirms the l/T deviations from Curie's law. 
[From the paper of Bakeq Rushbýrooke and Gilbert (1964), we infer 
that the high-temperature series expansion of (&(T) - 1] starts out 
as 
IS 
CT) - 1] C: 2K - 16 K3/3! 4 ? ojý/4! +- 672 KS/5! + 
O(K6). 
(S. -1.11) 
At lower temperatures in the range kT/J = 0.25 to 1.0, the limiting 
curve is again almost linear but with slope close to 4/5 (see dotted 
line in Fig. (S. 10). If the curves for larger N continued this trend it 
4/5 9/5 would imply a divergence of ý(T) like l/T and of X(T) like l/T as 
T -* 0. It is quite possible, however, that the true asymptotic be- 
haviour ! 5eLs in only below kT/J = 0.2. Nevertheless, the qualitative 
behaviour is clearly rather similar to that for S=-. (The high-tem- 
perature series expansion for the infinite spin linear Heisenberg model, 
ferromagnetic limit, is given by 
ýý 
CT) -1 /'3] 'ý!: K/6 + KZ/24- + 
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The factor 1/3 is the appropriate Curie, law limit factor for-S 
For general spin, the limit factor is. given, by 1/3(1 + 1/S3. We may 
remark that. Baker, Rushbrooke and Gilbert (1964) estimated a rather 
lower. value of 0.67 ± 0.1(n: 2/3) for the index of divergence of E(T), 
and further suggested that 
Tj ( -1 
Z/ 3 
7ý k: r) 
(5.1.13) 
but with an estimated error in the coefficient of about 10%. These re-- 
sults were obtained by a Pad'eO approximant analysis of their high-tem- 
perature susceptibility series-(see sub-section (1.3 ) of this 
chapter). 
2. PERPENDICULARSUSCEPTIBILITY 
2.1) Effect of Anisotropy 
When anisotropy is present in a magnetic system, the measured 
susceptibility depends, on the direction, relative to the anisotropy 
axes, in which the measurement is made., It is convenient to distinguish 
the z-axis as the axis of anisotropy, as we have done by our particular 
choice, of anisotropic Hamiltonian, and talk about a parallel suscepti- 
bility, the response to a field applied in the z-directiOn (see sec- 
tion (1) of this chapter) and a perpendicular susceptibility which is 
the response to a field applied perpendicular to the z-axis. For the 
Ising linear chain, the exact limiting result for the perpendicular sus- 
ceptibility as a function of temperature hasbeen worked out by Fisher 
(1963) and also by Katsura (1962), who obtained an exact solution, for- 
an infinite linear chain in an arbitrary perpendicular field. Katsura 
verified that the thermal properties of an Ising linear chain are in- 
dependent of anisotropy; but-not the magnetic properties. - 
The formula for Xj_(T) is 
III 7ý_L (T) -L 
I I; ank K/2 
N 92 p 2- 4- 
2 
+ K/2 seck K12-1. 
wkere- 
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and the curve is illustrated in Fig; (5.11). Firstly, we observe that 
the -formula is independent - of the transformation J -* -J and ýK -ý- -K, 
and is therefore the same for ferromagnets and antiferromagnets in 
contrast to the parallel susceptibility. We see also that X_L(o) for 
y=0 is non-zero. In the limit. N - this will remain true for all 
y and in fact as y ->- 1; Xj_(o, -y) -* X0 ý(y). For this reason the sus- 
ceptibility in the isotropic, case-is perhaps better regarded as a 
perpendicular. susceptibility. The question of the behaviour of 
x_L(o, y) for finite, N and, the convergence to the limiting curve is an 
interesting one which has formed a topic of private correspondence 
(Fisher and Kasteleijn, 1960). Also, since the curves. -for X (o, y) 
for finite N, as-y -.,.. l, ', are expected to converge to, the limiting X oil 
their calculation provides another independent approach to the estima- 
tion of X 0. 
2.2) Perturbation Calculations of X in Zero Field OIN - 
The quantiun-mechanical problems of calculating XLN (T), since 
the applied perpendicularIield, HA say, results in a term in the Hamil- 
tonian which does not commute with the, field independent terms, are dis- 
cussed in detailln Chapter II, subsection (4.3). 
In a transverse, field, Hx, the partition function may be-written 
Zr-4 X) / kT] (5.2.2) 
where the energy levels E are field-dependent. The perpendicular- 
susceptibility is-given by C 5.2.3) 
-ý F-! /'ý H., z> + (-KLT)( (äEL/' Hx)2»> - (itLT) 
<äF- 
Z -4ki 'Ä jL 
(T) 
In zero-field, the, first and. second derivatives of Ei with respect to 
Hx are given, by-the standard first and second order perturbation, for- 
mulae, respectively. The actual perturbationpatrices contain off- 
diagonal elements involvi, ng, H x in a representation which diagonalises 
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I 
the zero-field Hamiltonian. The transverse Zeeman perturbation is 
such that it a) links only states whose Sz values differ by ± 1, b) 
links only states having the same k wave-vector and c) acting -on 
states which are reflection, inverses produces states which remain the 
reflection inverses of, their counterparts. These properties con- 
siderably simplify the calculation of X, (T). In particular, if there 
is no degeneracy, between states of different Sz, it follows that-the 
first derivatives Ui/alix vanish identically, and only the first 
term of equation (5.2.3) need be retained, This is the case for 
0<y<1. In general, for the Ising and Heisenberg limits, de- 
generacy must be taken into account. However, the antiferromagnetic 
ground state is no, n-dejenerate for y>0 for all finite N and hence the 
zero-temperature zero-field perpendicular susceptibility may be ob- 
I 
tained exactly by application of second order perturbation theory., 
In the Heisenberg limit we already know that XN (o)(= 
N (0)) for 
11 XLL 
N 
even N vanishes for all finite N, whereas Xj(o) for odd N diverges as 
4N (The same as XN (o). ). In the Ising limit perturbation, 
theory shows that for N even 
lul W" 
.L 
(0) all N (5.2.4) 
Cj; 132 
the same valueas in the limit. (See, Fisher (1963), equation (3.7)). 
This result may easily be verified by direct calculation for the sim- 
plest system, N=2. 
The two-spin ring i s,, however, anomalous in that if the Hamil- 
tonian is, written. in terms of isotropic and anisotropic terms, the 
anisotropic terms commute with the isotropic terms, and this system is 
not a realistic model of an anisotropic system. It is a particular. case 
of the general class of close-packed clusters discussed in Chapter II, 
sub-secti6n, (2.4) which all have this property. Hence XI(o) for all 
y>0 is zero. For a realistic model of anisotropy, it is convenient 
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to proceed to the next simplest even N example, a ring of four'spins, 
which is still exactly soluble. Let us calculate the. susceptibility 
at T=0 (a calculation which involves only perturbation of the 
ground state) in a direction at an angle 0 with the axis of aniso, - 
tropy (z-axis. ). The result is 
2 1/2.2 
-LEo+, 3e) 
(4Y-01 SiYL &_(5.2. S) 
(32 Pz 41P Ct + 2, y + (1+, sY2Y'%1E1 +, w"2'+ 
The formula (5.2.5) has a maximum for e= 7/2 corresponding to X. L(o) 
and a minimum for 6= 10 corresponding to X 11 (o). The behaviour as. a 
function of y is shown in Fig. '(5.12) asthe curve-for N=4. 
An equivalent calculation may be performed for the four-spin free- 
ended chain. For general y, the formula is not so simply expressible 
as equation (5.2.5) since-solution. of algebraic cubic, equations is re- 
quired, but it has been numerically evaluated and is also shown in 
Fig. (5.12). The curve is clearly very similar to that of the 4-ring, 
though it lies somewhat lower. This. suggests that, a set of finite N 
curves for chainswill converge more slowly than the set. of corres, 
pondi. ng curves for rings, and hence chain calculations have not been 
pursued further. 
2.3) Convergence to the Limit 
The remainder of the lowest set of solid curves-in, Fig. (5.12) 
shows X_L(o, y) for, ri. ngs of, 6,8 and 10 spinsi, obtained numerically m 
a computer. We see, that as y -* 1, for N even and finite,, X I(o, y) 
approaches zero in accordance with previous arguments. Furthermore, 
for y'> 0.2, the convergence for N increasing is evidently very-slow. ' 
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In an attempt to improve the convergence, we calculated also, the con- 
tribution to X 1(o, y) of the first excited state. These curves are 
the upper solid curves, in Fig. (5.12). Since we have shown that in the 
limit the first excited state for finite N becomes. degenerate with the 
ground state (see Chapter III, sub-sectiQn (3.1)), we expect that in 
the limit N the first-excited state curves. will approach the ground 
state results.. For finite N, the curves for the ground state and first - 
excited state appear to bracket the-limiting curve, 'although the 
bracketing is only. useful for y<0.2. In-the low y range a pertur- 
bation, formula due to Fisher (19604 which for ferromagnets is 
U"K 
-L (0) 1 
N cj 
2p22 
and for antiferromagnets 
(5.2.6) 
17 1 A-L (0) ycý /(Cw) + 0(? 2) (5.2.7) 
N Cj 2 13 
z 
where q is the coordination number of the lattice, may be expected to 
hold. For the linear chain, q=2 and equation (5.2.7) becomes 
I-SI 7ý-L (o) +o 
N (3: z p2 
This result is in accordance with the finite N results shown in Fig. 
(5.12). 
The broken curves in Fig. (5.12) are the geometric-means ofthe 
ground state and excited curves, 'and 
they seem to be converging somewhat 
more rapidly, at least for y<O. S. Near, y = 1, however, the conver- 
gence is very slow, and though a non-zero value for X0 is indicated, the, 
curves-for these small N values cannot be expected to give any re- 
liable estimate of its magnitude. Curves for the arithmetic means, 
marked (A) are also shown, which appear to converge from above, in con. -; 
trast to the geometric means. 
After our extrapolation estimates for X0 had been performed, 
Griffiths (19§4), as-a result of an dccurate numeric; ýl cal, culation 
based on the Bethe-Hulthen formalism, inferred that 
- 277 - 
AO 1 
7- 
=. O. o5o661 (5.2.9) 
:z In 
This result has recently been shown to hold rigorously (Yang and Yang, 
1966). Hence, using the value of XO= 1/27r 
2, 
we estimate the limit- 
ing zero-point, perpendicular-susceptibility, X_L(o, y) as the dotted 
curve marked LIMIT of Fig. (5.12). However, the uncertainty in'the in- 
termediate y range-0.5 <y<0.9 could be as much as, 10%. An-idea of 
the uncertainty is given by the lower dotted curve, which is an alterna- 
tive estimate, assuming that the limiting curve departs from its y=1 
value very slowly as (1 - y) increases,, rather-than linearly, as shown 
by-the upper dotted curve. 
2.4). Analytic Resultsýfor Small Rings and Chains, 
Since the, perturbation of-even the ground state alone becomes 
a rather tricky computational'Problem when N gets as large as 10 
(the 'substandard blocks' discussed in Chapter II, sub-ýsection (5.2) 
complicate the problem) the calculation of the complete X I(T), which 
involves perturbation, of all the e, igenstates, has, not been attempted 
except in a few cases for very small N. The following systems are 
sufficiently trivial for the calculations to be done by hand %- the 
two-, three- and four-spin ri. ngsand the three-spin open-ended chain. 
The results are displayed in Table ( S. 2 ). 
Table ( 5.2 a) applies to. the Ising limit. The formulae. for the 
2-ri. ng, 4-ri. ng and 3-chain are independent of the sign of J and hence 
K, i. e. they apply to both ferromagnets and antiferromagnets, as does 
the limiting result, equation (5.2.1). The 3-ring is an exception: 
formulae are quoted in Table (5.2. a) for both antiferromagnets and 
ferromagnets. 
Land X11will be iden In the Heisenberg limit,, (Table (5. -zb)), X 
tical for both finite, and infinite N. Hence we can check the results 
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formulae for X 11 (T), which can be obtained mote simply and 
directly. 
Ferromagnetic and the correspondi. ng antiferromagneiic formulae are 
distinct in this limit. 
For general y, the corresponding expressions are rather more com- 
plicated. We can, however, write down expressions for the 2-ring, and, 
3-ring as follows: 
General Anisotropy: Antiferromagnets 
CK -A-L =I 
N cja J3 x2 (1 - -y) 
CI+C 4-7-e K :Z2k- 2y 
-3YK - 3's K -IK 
N= '3 -. =I 
(2(1-Y)K +4(1-'i)K-C + 3, p- 3, Q, 
V-11 II 12(1--y) (: Zt. Ng 
It is clear that equaýions (5.2.10) and (5.2.11) pass smoothly into the 
corresponding Ising limits as 0. In-the Heisenberg case we have a, 
similar result, which may. be'verified by expanding the numerator ex- 
ponentials, term by term. 
2.5) ýEstimation of the Limiting X-I(T, -y) 
In the case of the 3-chain and the 4-ring, the corresponding 
expressions cannot be written down in-a very simple form. However, the 
result forýa 4-ri. ng has been evaluated numerically, and is shown in 
Fig. (5.13) for values of y of 0,0.1,0.2, ý ....... 1.0. (the dashed 
curves). The low temperature limits-of these-curves (not shown'in-the 
Figure) are as shown, for the lower 4-ring curve in Fig. (S. -12). We see. 
that. the dashed curves progress fairly smoothly as a function of y from 
the Heisenbe, rg-limit to the Isi. ng limit. The solid curve-for Y=0 
is the N- limiting curve of equation (54.1). The maximum. of-the 
N=4 curve for y=0 is clearly very close to the limiting'maximum in 
Position, though not in height. (The N=2 system is too trivial to con- 
sider in the sense that its maximum occurs at T=0 instead of a finite, 
value of T). At the Heisenberg end, the solid curve marked y=1.0 is 
1- - 
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the estimated N=-, limit. It seems worthwhileto attempt-to esti-ý 
mate the limiting behaviour for intermediate y from the finite N re-, 
sults. The T0 limits'of the extrapolated curves. will, of course, 
be the dotted limiting curve of Fig. (5.12). A smoothýcurve was plot*- 
ted giving the locus of the maxima. of the set of N=4 curves. Then a 
curve closely similar, in shape was'drawn between the known'max, ima, of 
the y=0 and y ='l limiting curves, which, was assumed, to approximatle- 
closely the locus of the maxima of the limiting curves. Then to lo- 
cate the actual position of the limiting maxima on this curve a second 
smooth curve was drawn between points for, y =0 and y= 1 identified as 
follows:, the y =, O point had ordinate equal to X., _(o) 
(limiting) for 
y =-O and abscissa equal to, kTmax/IJI for the y =-O limiting curve: - 
the y =,. I point was located similarly. The intersection of this curve 
with, the values of X_L(o) for intermediate y located the positions of 
the limiting maxima: the vertical distance between points. on this 
curve-and, curve-(b) having the limiting positions of the maxima as., 
abscissae gave the height of the limiting maxima above the correspon- 
ding zero-point values. It was then fairly simple to complete the 
limiting, curve extrapolations, and the results are shown as. the-set 
of solid, cur, ves in Fig_. (5.13), with the N=4 curves (dashed) for-tom-, 
parison. 
2.6) Low and'High Temperature Series Expansions 
Fisher (1963), in addition to obtaining the exact result,. 
equation (5.2.1), for the limiting Ising, perpendicular susceptibility, 
also obtained general expressions'for the finite N susceptibilities which 
he pointed out as having a different form from the infinite, limit. We 
have performed a low-temperature expansion of the equations contained 
in Table (5.2a) to compare with equation (5.16) in, the paper of Fisher 
(1963). The results are, shown in Table ( 5.3 ). 
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The Fisher formula for ferromagnets' both even and-odd N rings, is 




0( N ýQ_ (5.2.12) 
and for odd N antiferromagnets , 
.I 
-S 1 -6.1 (K) = -L 
iI- 
-31 (N+0 
N 9213 z4 
-2K 
+K( N-2. ) 
ýI 
+0 (We72toj (5.2.13) 
6 
Equation (5.2.12) is in accordance with our results-for the-2-ring, 
4-ring and-ferromagnetic. 3-ring. Equation (5.2.13), however, appears to 
be in error in the following respects: a) it predicts the wrong con- 
stant outside the first bracket; b) the second bracket is multiplied by 
' -2k a term in-K rather then Ke and c) the, second term inside the- 
second bracket. appears tobe of O(N- 
1 
e- 
2K ) rather than O(Ne -2K ). Thei 
antiferromagnetic 3-ring has, in fact, radically different behaviour 
at low temperatures from that predicted by equation (5.2.13). Instead 
of approaching the finite value X 
_L 
(o) - 0.25 as T -ý- 0$ the 3-ring per- 
pendicular susceptibility. (per. spin) diverges as K/6. - Ip fact, as we' 
shall-shortly see, the 3-ring continues to'divorge a&K/6 for all 
1 and diverges as K/12, in the limit y=1. We expected similar 
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behaviour to hold for, all finite odd N antiferromagnetic rings and therefore 
did not consider N odd for investigating x (O, y). The limiti. ng answer, 
.L 
equation (5.2.1) has the low-temperature expansion 
2 je 
2-K 
+ '2e (K) 
(5.2.14) 
N9 Zp 2- 
which may be compared with the finite N expansion for rings. The expan- 
sion for the 3-chain appears to have a different value for the constants 
outside the two products, but is otherwise in agreement, at least as far as 
the leading terms are concerned. Here again we observe that small finite 
chains are more characteristic of the infinite N limit than the corres- 
ponding rings. The high-temperature expansion for the limiting curve, 
equation (5.2.1), is 
Jý N cj2p 
2 /4, 
- K3/2, ý 
All the small finite systems agree on the formula, 
U -A L( K) / t\) I" p IL =: K /4 +0(R 
') (5.2.16) 
but the coefficient of K3 varies among the different systems. This for- 
mula may be compared with the high-temperature expansion of the Ising par- 
allel susceptibility, which is 
U 7ý K/4 - 1(7/it +k3/7 - O(K4) (5.2.17) 
N9Z. F- 2- 
2.7) Susceptibility Comparisons With Other Models and Approximations 
Mean Field and Spin-Wave Theory Predictions 
For an anisotropic Hamiltonian of the type considered in this 
thesis, both mean field theory and simple spin-wave theory agree with the 
exact result for the Ising limit 
ITI 7ý 
-L 
(o) CO-r Lke- Lined, -r cl-La-t rx (5.2.18) 
N 92 Pz 
However, they differ significantly in their predictions for X I(T) for 
general lattices. Mean field theory predicts that X_L(T) should remain 
constant, equal to X, 
_(O) 
for T ý- Tc and then decrease for higher T. 
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Spin-wave theory for the linear chain predicts'that X I(T) should decrease 
with T at low temperatures, in contrast to the exact result (see'Fig. (5.11)). 
Forgeneral anisotropy both mean field theory and simple spin-wave theory 
predict that (Kasteleijn, 1960, private communication) 
I A. L (0) 1 
and 
N ci 7. p 3- 2, ov (I - -r) 
for ferromagnets (5-2. i'l) 
U- I -A J- (0) 1 for antiferromagnets 2.20) 
N CA ?- Pl : ZcV (I+Y) 
Equation (5-7--ig) agrees with the expression (5.2.4) derived by perturba, 
tion theory. However, equation (5.2.20), expanded in terms of y, dis- 
agrees with the corresponding perturbation expression-of Fisher, equation 
(5.2.6). The Kasteleijn expression predicts that X_L(O, y) should decrease 
linearly between the Isi. ng and Heisenberg limits, reaching a finite value 
at the Heisenberg limit of half the Isi. ng value. We now know that the 
correct value at y=1 is close to 1/5 of the Ising limit. However, it seems 
plausible that a behaviour of Xj_(O, y) proportional to Cl+y)-l should be 
approximately correct near y=l, and hence our final limiting curve for 
x (0, y) in Fig. (5.12) has been drawn to approach y=l linearly. 
Other Models and Approximations 
In F. ig. (5.11) we compare, on the same graph, the exact result for 
x j(T) for Ising linear chains (curve (b)), and the antiferromagnetic. sus- 
ceptibility for the X-Y model which has,, the form of a perpendicular sus-' 
ceptibility (curve (c)). These two curves, reduced by factors of 3 and 2 
respectively, are compared with the estimated limit (curve (a)) for the 
Heisenberg chain. The reduction factors take account of the fact that the 
first two susceptibilities are anomalously large owing to the absence of 
antiferromagnetic, spin-coupling between a) spins perpendicularto the 
z-axis, and b) spins in the z direction, respectively. 
The Ising X_L(T) curve has a maximum (unreduced) of 
IT 1 -6 max 0-2 Cl CA 11 aLb 
k T,,.,, 
tx !ý0.416-17 
N cjz p 2- 
FS -I 
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The X-Y curve has a maximum (unreduced) of 
-1 7ý ,ax t-- 0- IS IaL 
IzT. 
-ax = 0- 632 
(S. 2.2, Z) 
N cj % pA IT 
We may compare these results with the estimated limiting curve for the 
Heisenberg model, for which 
III -A max = 0- 07346 ab kTv. %ax = -i.: ZS 
(5-2.23) 
.N cj I f3x 
I-SI 
Clearly the effect of increasing the number of independent spin-spin com- 
ponents in the model is to increase the position of the maximum in respect 
of temperature. We also include on Fig. (5.11) the susceptibility for 
the antiferromagnetic Heisenberg linear chain with infinite spin (curve (d)) 
having the normalised Hamiltonian 
N 
(H. 51) (5.2. ZQ 
5 *2 5 
The analytic formula for this curve (Fisher, 1964) is 
(-SI -ACV, ) kU(K 12)) 
Nqzp z 12 ix (KI71) 
where 1-k ( K/2-) cotk K/2 - 2/K 5. ; Z. 2 
a-na j< = rsj 
/ k-r. 
The correspondi. ng ferromagnetic formula is, oF course, 
3- 7ý (K) k+ 1A (K/2)) (S. ; Z. 2L) 










The cuTve has a maximum of 




=I- zo/.. 5 
(5-2.2-8) 
Hence, the effect of increasing the value of spin appears to be to decrease 
the position of the maximum in temperature, (provided, of course, that 
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normalised Hamiltonians are employed). We also show on 
F. ig. (ý. ll) the. 
Heisenberg susceptibility, curve (curve (e)) resulting from, the Bulaevskil 
method (Bulaevskii, 1963). This curve results from the analytic ex- 
pressions 
IA K) wVxere, Jo =2 clk -exp- 
N cl 2z 
46 +TO71) AT 0 





cos k- clk 
. El + 
axp(q cosk)] 
We may determine p self-consistently by repeated numerical'int. egration of 
equation (S - 2. so) and hence find J* and X (T) for successive values of T. 0 
The Bulaevskii formula has the low-temperature expansion (as, corrected by 




92 13 2 (Tr 
(It is! ) 
Tj 
K 
J SI (T) 0- 0100 + const* (-kT )Z+ 
N cj, P, 
171 
and'at high temperatures goes as 
= K/4- 
09 2P2 
The zero-point limit is therefore 
171 -A 01= 0-0-100 
(5-Z. -3-3) 
2 f3 22 (Tr + 4-) 
2 
which differs from the exact value of 1/27r 0.050661 .... by about 20%. 
The maximum of the Bulaevskii curve is given, by 
O-OS16 at lzT --tx 
/ 171 = 1.16'3 . 
(5.2. -34) 
The height of-the maximum differs by about 13% and the position, 
by-about 
9% from our numerical estimates. 
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The X-Y model has the analytic expression 





A (K)) (5-2.35) 
A(K) k'cs k)] 
2ci 
ir 
To obtain the points for this curve for Fig. (5.11), the integral equation 
for A(K) was solved numerically on a computer. The low-temperature ex-ý 
pansion of equation (S. 2.35) is 
IIA (K) I+ lr ý -L 
171 3x 1+ 
Nq 2p22 IT 4'S K 7- f -. 1 -. go 
T4 
- 




Let us compare the low-temperature expansions of the Bulaevskii curve 
(equation and the X-Y model curve (equation (5-2.35)) with the 
low-temperature expansion of the Ising spin-1/2 perpendicular suscepti- 
bility for the linear chain 
-k 2K K(I (K) 0.2 5 (1 -22+0. s Ic e- 2 4E 
N CJ2 PX 
(which is also equation (S. 2.14)), and the low-temperature expansion of 
the antiferromagnetic Heisenberg spin-- linear chain 
III _Adtý C__ I(I+ K_' 4 K-2- tj 
N cj zPIIz 
We see that both the Bulaevskii Heisenberg and the X-Y model susceptibili- 
ties depart from their constant X (0 ) values as T2, whereas the Ising 
curve departs exponentially and the y=l, spin-- curve actually goes as T, 
which contradicts the third law of thermodynamics. (See the discussion 
in sub-section (1.3) of this chapter). Let us also compare the high- 
temperature series expansions of the antiferromagnetic Heisenberg linear 
chain 
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7K (I + 2K K3+ ON 4) 
Cj 2T 
(which is based on equation with the (unreduced) X-Y model ex- 
pansion (equation (5.2.37)) and the unreduced Ising, spin-1/2, expansion 
(T 7ý 
_L 
W K/It - K3/2-, t 
0 cj%. PZ 
For comparison we show the Ising, spin-1/2, parallel susceptibility ex- 
pansion for antiferromagnets 
7ý 11 (K) + 
0/7 
It p 2. 
and the Heisenberg spin-- expansion for antiferromagnets 
-j 1X (K) k (I - K/Z + K'12 
2pz 72 
Comparison of X Values for Various Approximate Methods 
(5-2.4-1) 
(5 - z. 4Z) 
Katsura and Inawashiro have attempted to treat the Heisenberg limit 
by using perturbation methods based on a) the Katsura X-Y model and b) the 
Bulaevskii Hartree-Fock approximation as unperturbed Hamiltonians (Katsura 
and Inawashiro, 1964,1965). The first method shows very poor convergence 
A utko, YeaT 
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0 N 
Katsurm anck 11164. 0.115 Ci 2 
1 Ci 63 0-0,100 /2 (ly+4) 
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Bommer CAK%ck 1 ci 6 41 0.0 55 (s) FZ-. her 
T; &61e. 
and the value for X0 pre- 
dicted by the second meth- 
od is still'50% away from 
the exact answer. Table 
(S. 4) (based on Table I of 
Katsura and Inawashiro 
(196S)), gives a compari- 
son of values of X0 ob- 
tained from various ap- 
proximate methods with 
the exact value of 
-Zqo- 
Fig. 5.14. 
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Griffiths (1964). Although our extrapolated estimate is 10% high, it 
shares with the method of Ginzburg and Fain (1962) the distinction of 
being the best approximate value. We-might remark, however, that the 
curve X(T) of Ginzburg and Fain (1962) does not display a physically 
realistic form (since dX/dT <0 as T -* 0) in the region between T=O 
and the maximum. 
3. MAGNETIC BEHAVIOUR IN AN APPLIED MAGNETIC FIELD 
3.1) Energy Levels in a Magnetic Field 
The quantum-mechanical effect of an applied magnetic field H on 
the Heisenberg linear spin system, described through the Hamiltonian 
C:? (5.3.1) 
"=I Z=1 
is discussed in detail in Chapter II, sub-section (4.3). An examination 
of, the behaviour of the eigenvalues as a function of H shows-us how, in 
the absence of an anisotropy energy gap, the limiting susceptibility for 
Y=l can approach a finite, non-zero value Xo at T=O. In Fig. (S. 14), 
we have sketched the relevant energy levels for a) y<1 and b) y=1 for 
finite systems (for accurate graphs of all the energy levels as a function 
of field, see Chapter IV, sub-section ( 5.: 1)) and for the corresponding 
infinite systems as a function of magnetic field. The susceptibility at 
T=O is essentially the curvature of the. ground state E0 (H) since 
A( 
vi) =)E,, ( H41)) Vi 
2 
(5.3.2) 
(Similarly the m. agnetisation is just the slope of E0 (H)]. For finite N, 
the ground state (marked by a bold curve) consists of a series of straight 
lines and consequently (for N even) the curvature for small H is always 
zero, so that XN(O) : --- 0 for all y. In the limit N -* -, however, - the 
ground-state curve for y=l is smooth, with definite (in general non-zero) 
curvature. When y<1, on the other hand, the limiting curve consists of 








,; ýýIz 6 
Arditýer-romaqrteltc MagnelLsation 
Curves ýor Y=1.0 ,N =10. 
- 293 - 
the anisotropy gap vanishes. The curvature, and hence the magnetisation 
and susceptibility near H=O remain zero. [in the case of odd N, the ground 
z state in the presence of a field H is a-state of S+ 1/2. Hence the 
corresponding energy level on a F. ig. (5.14)-type plot has slope -1/2 and 
corresponding magnetisation per spin,, M. /gaN = 1/2N]. These remarks apply 
to free-ended chains as well as rings. 
3.2) Antiferromagnetic Heisenberg Magnetisation Curves 
An interesting feature of finite rings and chains is therefore the 
magnetisation as a function of field. Fig. (S. lS) shows the magnetisation 
c for a ring of 10 spins for y=1 as a funtion of field for different tempera- A 
tures. For temperatures above kT/IJI =* 0.3 thecurves are smooth, and in- 
vestigation of the convergence with N suggests that the limiting curves 
are well approximated. For lower temperatures the magnetisation displays 
oscillations and approaches a staircase function at T=O, the discontinui- 
ties being AM/M 
max '2 
21N. (For spin-1/2 systems, the magnetisation 




V^ O'A 0-5 
(5.3.3) 
cj f3 N 
The quantity S., is, in fact, evaluated for the component of the 
L 
z ferromagnetic ground state which has maximum S +N/2, since this-is the 
antiferromagnetic. ground state in the presence-of a sufficiently large, 
field. The magnetisation increases discontinuously when two energy levels 
of adjacent Sz 'cross' as in Fig. (5.14). ) 
Despite the discontinuities, we notice that the mid-points of the 
vertical and horizontal parts of the steps lie near a smooth curve which 
presumably approximates the limiting (N=-) zero-temperature magnetisation 
curve. This-is confirmed by Fig. (5.16), where the mid-points for a num- 
ber of the longer rings are plotted. The circles denote points for N even 
U 
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N=10 and 11 are shown dotted. These points bracket and define a limit- 
ing curve (the solid line) rather well. In Fig. (S. 17) we show the con- 
sistency of this process by considering points only for N-10 and N=11, to 
avoid confusion. The white circles marked 10 are the midpoints of the 
vertical parts of the step function for N-10, whereas the dark circles 
marked 10' correspond to the midpoints of the horizontal portions of the 
steps. These two sets of points are found to bracket the limiting curve, 
the dark circles lying to the left. Both sets of points for N=11, on the 
other hand, lie to the left of the limit (dark circles). We have drawn the 
two extreme lines through this set of points, indicating the probable un- 
certainty of the extrapolations, which does not exceed 2-1/2%. We con- 
clude, therefore, that the estimated limiting curve, which lies between 
these two lines, should be accurate to better than 1% over most of the 
range. However, the two regions near H=O and also near saturation (11=4) 
need special consideration. 
Since this work was performed, Griffiths (1964) solved numerically 
the Bethe-Hulth"en coupled integral equations required to find the minimum 
energy (for antiferromagnetic coupling) of states in each Sz block. From 
the resulting curve of n= E/N versus a=Sz IN a curve of magnetisation 
as a function of field was obtained by numerical differentiation. (Energy 
levels from blocks of Sz differing by unity cross at a value of H given 
by H and hence give a point on the magnetisation curve. 
.1 rq dn But AE =E Ert M ao- 6or where Aa = 11N. Hence H --L 
The results, presented in Griffiths' Table I are in excellent agreement 
(i. e. to better than 1%) with our estimated limiting curve. 
Also shown on Fig. (5.17) are the midpoints of the vertical and 
horizontal steps of the zero-temperature magnetisation curve correspond- 
ing to the free-ended 10-spin chain (as far as we have points available). 
The points indicated by dark squares lie very close to a smooth curve 
(shown dashed) which, however, differs appreciably (i. e. by about 8%) 
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from the (limiti. ng) curve obtained from the 10-spin ring. If compari- 
son is made with the 8-spin and 6-spin chains, it is obvious that the 
chains converge to the limit much more slowly than the rings over the 
region shown. 
Magnetisation Curve Near Saturation 
The magnetisation at T=O attains its saturation value in a criti- 
cal field Hs= 41JI. /ga. Below this critical field the magnetisation 
appears to follow a square root law 
M/M Ynax ýI-A 
[I 
- (H /14-5)]'/z (5.3.4) 
The plausibility of this conjecture may-be demonstrated, and an approxi- 
mate value for A obtained, by comparing numerical plottings of the form 
(5.3.4) with the estimated limiting curve near saturation. We obtain 
A z, 1.2 and 1.3. Further investigation,, which we shall discuss in the 
next subsection, - yields the analytic value 
4 /1V = 1. - 27 3Z 
(5.3.5) 
3.3) Energy Gap Extrapolations 
The slope of the limiting magnetisation curve near H=O is the 
zero-point susceptibility X0. It seems likely that the midpoints of the 
finite N magnetisation. steps approach the limiting curve as fast as 11N., 
Consequently, if the limiting magnetisation M(H) has a Taylor series ex- 
pansion in H about H=O, one would expect the gradients 
-L 
IýN 
=z& of the lines from the origin, to the 
midpoints of the first steps (for N even), and similar gradients to other 
steps, to approach the limiting. slope X0 as fast as 11N. Examination of 
the gradients for smallj and N=4 to 11 results in roughly linear gj, N 
plots versus 11N. If extrapolations are made, they suggestýthat 
22 
Xo/(g$ NIIJI) lies in the range 0.0555 ± 0.0010 (5.3.6) 
Let us study these extrapolations more closely. First of all we shall 
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In fig. (5., Ia), applicable to the case of N even, we examine the first three 
gradients g 1N' 92N and g3N to the vertical midpoints of the magnetisation 
steps. Explicitly, 
9ýN : -- IA1 (5.3.7) 
Ti_j Z F, 
ba 
(ignoring units of g, $, J) 
where AE ;0 
is the energy difference between the lowest zero-field eigen- 
value corresponding to the block ISzI =1 and the lowest eigenvalue of the 
Z block S=0. Similarly 




3N 0-4 &E 3.2 
If we make the plausible assumption that for small j (i. e. j less than 
O(N)) we expect the gradients gj X to approach the same limiting value, we 
have the following limiting relations: 
I-N 2.1 3,2. 
Let us now consider fig. (5.1b), applicable to N odd. Again, considering 
vertical midpoints, we have the following limiting relations: 
AE 5/. z j'3/Z 
= 2AE "31. L, tIZ iAE 7IX 1 5/A 
=- 66E -3 12 11 IZ 
(5.3.11) 
Further, if we assume, very plausibly, that gradients for both odd and 
even N must tend to the same limiting value, we have the important 
A E, o 
"H 
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limiting relation: 
Z hLE (5.3.12) 1/2.11112 C, 
We can thus draw up a table (Table (5- 5)) of limiting energy gaps in terms 
of the basic, minimum gap e= AE 110 
Table ( 5.5) 
AE E E -3,2_ AE 7/. 1, 
F- 2 F- 5 F- 6E 
AE AE AE-3,0 AEw, ß 
F- 2. C 46 9c 12- C 
This table may easily be continued to higher order gaps. It may be ob- 
served that this table is consistent with a quadratic limiting relation 
ý2 (ý5-3-13) E-Ec. a (_ýf )' 
NN 
Hence, at least for loager rings and chains, we have a variety of energy 
gaps available for extrapolation. In Table (S. 6) we list a sample of 
energy. gaps, together with a value for X oN predicted 
by each gap for a 
given N. 
Ta 61 e (5.6) 
6 
0.0b25 0.0609 0.05c18 0.05111 
LE2,0 0.1000 0.01Z4 0.0616 0.0650 
E3,0 0.0 Ialz 0.0170 0-0117 
AE -31tiz 0- 0-16 4 0.06181 0.0 6 45 0.0625 
E 9/2.14 o. 09 62 0 -0-Jellz 0.012,1 0.0692. 
0.0931 1 0. O'Biz 
0.0748 
Extrapolations of the X oN with 
1IN are shown in Fig. (5.18) for AE1,0 
AE,,, and AES/2, 
)IIZ . 
These plots are not straight, 
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significantly from the limiting behaviour. If, however, the set of points 
for a given AE are plotted versus 14N+j) where j is a suitably chosen small 
int. eger, these small finite N deviations are 'ironed out' and a straight 
line extrapolation (as shown on the. graph) is obtained, which we hope is 
a good approximation to the limiting behaviour. The 'best straight lines' 
corresponding to the AE values listed above give rise to limiting esti- 
mates for X0 of 0.0556,0.0555,0.0560 and 0.0548 -respectively. Hence 
we have the final estimate (0.055S) quoted above in equation (5.3.6). 
(This value agrees closely with our earlier value of Xo - 0.0559 ob- 
tained from extrapolations on the low-temperature ýN (T) curves). 
3.4 Comparison With Work of Griffiths 
This estimate rests on the assumption that M(H) does not vary 
too rapidly near H=O., However, it does not-agree very closely with the 
2 
subsequent result due to Griffiths of xo = 1/21T = 0.050661 ..... (equation 
5.2. q). Let us show here that Griffiths' value is consistent with a 
plausible though non-rigorous argument based on the spin wave spectrum 
of des Cloizeaux and Pearson (1962) (See Chapter III, sub-section 
(5.2)). By considering the structure of the odd N dispersion spectrum 
as N -* -, we were able to deduce that 
AE 
o(IGI 
/I -J I --*! P 2 IX 
2. / N (5.3.14) 
where AE odd 
is the first magnetic excitation for N odd. The corresponding 
value for X is 
I -S I -A 011 (S. '3. '15) 
N cjz Pz NLE 717. 
The magnetic energy gap AE even 
is not obviously related to the des 
Cloizeaux and Pearson limiting dispersion relation: however, using the 
result (5.3.12) we are able to deduce that 
L 
()jc, =AE evev% (5.3.16) 
We conclude, therefore, that AE 
even 
is, in fact, half the first excita- 
tion of the limiting dispersion spectrum. Hence 
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2NEE as in (5.3.15). 
The apparent disagreement between the value for X0 predicted by 
extrapolation, xo - 0.0555 ± 0.0010 and Griffiths' analytic value of 
1 2Tr 2 (a disagreement well outside cur quite generous estimates of 
extrapolation uncertainty) stimulated Griffiths to examine in detail 
the behaviour of M(H) near H=O. Let us consider again Fig. (5.18), 
in particular the finite N extrapolation points for AE 1,0 - Since 
AM M for small M and H, Xo -Z-H -U, these four points constitute a finite N 
approximation to the limiting values for M/H. If the horizontal axis scale 
is considered to be enlarged by a factor of 2, it is equivalent to an axis 
of magnetisation (normalised per spin). (The point for N=10 at 1IN = 0.1 
corresponds to a magnetisation value of 0.5 (ignoring units)). For the 
AEl'O points only, therefore, we have essentially a finite N plot of M/H 
versus M. Griffiths plotted the corresponding limiting values of M/H 
versus M (Griffiths, 1963, private communication) which are shown as a 
series of crosses on Fig. (5.18). We observe that over the range M=0.3 
to 1.2 (or 1IN = 0.6 to 2.4) Griffiths' points lie very close to a straight 
line, since Griffiths' curve, in fact, has a point of inflection in this 
region. This line lies very close to our 'best straight line' for AE 1,0 
(which intersects the M/H axis at 0.0556) and intersects the M/H axis at 
a value 0.0553. Below M/H = 0.3, Griffiths' points start to bend down- 
wards suddenly, and the M/H curve eventually intersects the M/H axis at 
1/2Tr 2_0.0507 (shown by the arrow). It can be estimated that it would 
be necessary to go out to alring length of about 20 to 30 spins, corres- 
ponding to M-0.0250 to 0.0167, before traces of this asymptotic limit- 
i. ng behaviour became apparent. In fact, Fig. (5.18) well illustrates 
the strengths and weaknesses of our finite cluster extrapolation tech- 
niques. If the M/H curve had continued in to the limit with the same 
trend as is shown in the region above M=0.03, our 'best straight extra- 
polation line' would have predicted a limiting value within 1/2% of the 
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"true" value of 0.0553. This situation is equivalent to the analyti- 
city of M/H as M and H -+ 0. However, Griffiths' results showed con- 
'2 
clusively that M/H was not analytic at H=O. In fact, 
2'M diverges sharply 
.2 
aH 2 
to +- at this point (or 
bm 2 
diverges to This divergence accounts 
for why extrapolation of the gradients gjN linearly with 1IN leads to an 
overestimate of about 10% for X0. X(H) i. e. M/H for small H, of order 
11N, is well approximated by the gjN , but does not itself approximate 
X0 well unless H is exponentially small. We must conclude that our ex- 
trapolation methods appear to lead to excellent agreement with analytic 
results where the properties extrapolated are analytic. At non-analytic 
Yn &J 
points however, the method A run 
into error, in this example of the order of 
10%. 
3.5) Anisotropic Magnetisation Curves 
Magnetisation Curves Near Saturation 
The zero-temperature magnetisation curve for other values of y may 
be studied as for y=1. The critical field Hs is determined by the in- 
z tersection of the energy level for total S= N/2 (a component of the 
zero-field ferromagnetic ground state) with the lowest level for 
z S= N/2-1 (single ferromagnetic spin wave), both of which are known exact- 
ly. Thus 
H t, (-Y) =2 (1 + -Y) IsI/9p 
(S. 3.17) 
In order to study the form of the magnetisation wave near saturation, it 
is necessary to consider the width of the first magnetisation step away 
from saturation (see Fig. (5.16)). The position H=H, of this step is given 
z by the intersection of the lowest level for S= N/2-1 with the'lowest 
z level for S= N/2-2, which in the limiting case, N isýgiven by 
-41JI(l+y). It is seen, however, that use of the limiting curve again, 
yields Hs; it appears, therefore, that the width of this step is directly 
determined by the energy discrepancy, AEl, between the lowest-lying level 
z for S= N/2-2 (finite N) and its limiting value. The situation is shown' 
304 - 
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in the following sketch, f ig. (5.2). Since the matrices corresponding 
z to the blocks S= N/2-2 are only 
+ tcj. (S. 2) of order N(N-1)12, effectively just 
(N-1)/2 when translational sym- 
metry is taken into account. [The 
lowest-lying state for ISzj= N/2-2 
is always a k=O state. Hence the 
full translational symmetry of N 
may be used to reduce the Hamil- 
tonian matrices to obtain this 
state. 
] It was a simple matter, 
therefore, to solve the Hamiltonian block matrices numerically on a com- 
puter for N as high as 100, for various values of y. The results are 
shown in Fig. (S. 19), where we plot 1IN 
2 AE 1 versus l/N. for -y = 1. The 
N values of the various points are listed beside them. We see that the 
extrapolation curve is smooth and very nearly linear, a straight line ex- 
trapolation thro. ugh the points for N=40,70 and 100 yielding a limiting 
value of - 0.0506 to 0.0507. This value looks suggestively like 
0. 050161- - =I/ zIV 
7. 
However, wary of possible non-analytic behaviour, we look for an al. terna- 
tive method of estimating this number. 
Perturbation Studies 
The matrix of +ig. (5.3) is the matrix of order (N-I)/2, belonging, 
for convenience of calculation, to N odd. 
(5-3) (It is a more exact form of the matrix 
in Fig. (3.2) in Chapter III, sub-sec- 
I I'at, I 
-I 
I fl) AN T4- A-C-C--- -C--- C, - r7 'ý'% 
-4. " 
+ 
L. JLUIL kd. . 'tj 41- 16L. LA.. LVA. Z LA. VII& A.. Lr,. kj . 'Q j 
in that the lowest diagonal element is, 
here given as -4 + Oy, appropriate to 
small finite N. In fig. (3.2), appropriate 
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to N large, the factor ey is ignored). 
In ýig. (5.3), 




and I? (14W z 
) 
N-1 
and N-1 N+l 
+ 2 Cos (5.3.19) 
7ý N 22 cos cos (5.3.20) 
Applying second order perturbation theory to the lowest diagonal element 
we have, for the minimum eigenvalue of this matrix 
E+0+ 
IUI . (9 Y 
ý- 4- -1- 2 OV 
=- Ir - cos 7x /M (5; '3 6`21) 
The matrix in fig. (S. 3) corresponds to q=l, N odd. By referring to the 
detailed ferromagnetic spectrum shown in Fig. (3.10) we observe that the 
lowest-lying state for twooverturned spins, q=l, is, in fact, the lowest- 
z lying finite N state, for all q, for S= N/2-2, the state we have been 
seeking. Expanding the curve in equation (5.3.21), we have 
v, 't. n/ III 'ý-- - 4- 
(14 Y) + 2y7j 7' /N 2' rs. 3.22) 
The term -4(1+y) measures the low-energy limit of the two-spin-wave con- 
tinuum for all y, and the second term then represents the energy dis- 
crepancy between the lowest-lying finite N state and the limit that we 
are seeking. 
ý-, e. AEI= 2Yn 
2/ 
Nz all Y -a vJ I arcaeý N. (5.3.23) 
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This r6sult is consistent with equation (5.3.18) fory =1 and also with 
numerical extrapolations for other values of y. This encourages us to 
believe that there is no non-analytical behaviour in this particular case, 
and that equation (5.3.23) is probably the exact limiting analytical re- 
sult. 
It is perhaps-worth noting that linear extrapolations of points 
for N=4 and N=6 are in 10%agreement with the limit ' for 6 and 8 in 4% 
agreement, for 8 and 10 in 2.5% agreement, and for 10 and 12 within 
1.5% agreement with the limit. Corresponding to a magnetisation step of 
&M = 9P or AM 
/N 
v-, Ax 2- /N (5.3.24) 
we thus find a magnetic field step 
HHIAEY 7T2' ITI 
2 C) P9P NX (5.3.25) 
on eliminating N between (5.3.24) and (5.3.25) we have 
Am=2() 
l/Z 
Myn4A IT ry Url (5.3.26) 
or 




7TZ YI( HS) 
which suggests that when N- we may write more generally as Ij -* Hs 
M/M 
V"ax =I AN) 
[I- (H/fis )] 
112- 
Wx It, AM = (4. '/Tv) (1*, -Y, )/: Zy (5.3.28) 
in agreement with equations (5.3.4) and (5.3.5) for y=1. Alternatively, 
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and, of course 2) H0 (5.3.30) 
Fig. (5.20) shows the complete, estimated limiting magnetisation curve 
for the Isi. ng limit y=0, where it is a simple step function, and for 
intermediate values of y. 
3.6) Rigorous Zero-Temperature Results 
Very recently Yang and Yang (1967) have produced a completely 
rigorous analytic solution for the infinite Heisenberg and anisotropic. 
chains, for the magnetisation curve as a function of field in the limit of 
zero temperature. Their results confirm rigorously a) Griffiths' limit- 
ing value of 1/27 
2 for the zero-point zero-field antiferromagnetic sus- 
ceptibility b) Griffiths' form for the y=1 magnetisation curve as a. 
whole (which, of course, agrees with our extrapolations) c) the con- 
clusion inherent in Griffiths' work that M(H) is a non-analytic function 
2 
of H near H=O, in particular that 
IM tends I; o +-CK: l 
ýH 2 
as H -ý- 0 and d) that the form of the magnetisation curve near satura- 
tion (see, for example, our equation (5.3.28)) predicted by our numerical 
approach is the correct answer. 
Magnetisation Curves Near M=O 
However, the Yang and Yang rigorous solution differs from our numeri- 
cal work in-one important respect, namely the form of the. 0 <y<1 
magnetisation curves near M=O. Let us consider the extrapolated curve for 
y=O. 2 in Fig. (S. 20) for M 
/9 pN '< 0- 13. Our information for pre- 
dicting the limiting form of the curve in this region comes from the set 
of four points for N=4,6,8 and 10 shown in Fig. (5.20) (the points for 
N odd are less informative). The plot for the magnetisation curve in, this 
region is essentially our extrapolation plot described in Chapter III, 
sub-section (3.2) for determining the limiting anisotropy gap for, y = 0.2) 
turned on its side (the field axis is essentially the same as an energy 
axis and the magnetisation axis as a 1IN axis). Our assumption in 
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extrapolating the limiting anisotropy gap was that this set of points 
(which is clearly approximately linear) could be continued, as a smooth 
linear plot into the axis IIN (i. e. ti) = 0. The "best straight line" ob- 
tained by plotting these four points versus ll(N+J), where j is a small 
integer suitable for straightening the plot, is shown on Fig. (5.20) as 
the M -* 0 extrapolated limit of the y=0.2 m, agnetisation curve (solid 
curve). The point at which the limiting magnetisation curve cuts the H 
axis (H-1.20) is essentially our estimate for the limiting anisotropy gap. 
In the case of y=l the corresponding plot gives rise to a smooth ex- 
trapolation which cuts the H axis at the correct point, namely 11-0. If, 
however, at y=l, we plot not AE versus 1IN or, equivalently, 11 versus M 
but the derivative H/M versus M, we know from sub-section (3.4) of this 
chapter that the points do not show a linear trend right into MCO, but for 
very small M suddenly turn up and go into the HAI axis with infinite slope. 
As we have said, this feature is a consequence of the non-analyticity of 
M(H) at M=O. At the time these magnetisation extrapolations for 
1>>0 were performed, we did not know whether there were corresponding 
si. ngularities of M(H) as M -)- 0 for the case of anisotropy, or any peculiar 
behaviour of M(H) in the region M -)- 0 which would presage the singularity 
at y=l. It was hoped that any such peculiar behaviour would not "show up" 
in the H versus M curves, but only in the higher derivatives, as in the 
case of y=l. This assumption is, of course, the assumption on which our 
confidence in the reliability of the anisotropy energy gap calculations is 
based. However, Yang and Yang have shown rigorously that in the small M 
region the y>0 magnetisation curve "turns down at the last minute" and 
goes into the H axis with vertical slope, i. e. "ýM/IH -30 110 and 
very large curvature. The results of Yang and Yang converted into our 
notation tell us that for /z where X is a small posi- 
tive number, the curvature 
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I 1* 3 -a H4y TT ex P (5.3.31) 
Ib M X2 ýLx 
(where H* and M* represent the reduced variables H* ý-- ci pH /1-4 and 
M /cj p ). For the Isi. ng limit, y=O, the Yang and Yang results pre- 
dict that 





The function on the R. H. S. of equation (5.3.32) is such that when multi- 
plied by y and the limit taken, we regain the familar step function at 
Ci pH/ I-j I= 2-0 .. (5.3.33) 
The analytic structure shown on the R. H. S. of equation (5.3.32) is there- 
fore not revealed by our particular choice of Hamiltonian. 
Rings and Chains 
Let us compare the zero-temperature magnetisation curves for finite 
rings and chains. In the Ising limit the ring curve is the same function 
for both finite and infinite N. The chain curve, however, is rather 
anomalous in that the magnetic energy gap AE = IJI, which determines the 
z 
crossing of the two magnetic levels for S=0 and Sz = 1, is only half 
all the other gaps (and all the ring gaps) which are given by AE = 21JI. 
A similar effect occurs for other values of y, and distorts the finite N 
magnetisation curves for chains near M=0 so that the curves vanish at 
a magnetic field value which is roughly half the corresponding value for 
rings. Since only a single magnetic gap is affected, it is obvious in the 
Isi. ng limit that this is a 'small number effect' which will disappear in 
the limit. Presumably a similar result also holds for y>0. It is in- 
teresting that the limiting thermal properties appear to be determined by 
the chain energy gaps whereas the limiting magnetic properties are de- 
termined by the ring gaps. 
Fil. 
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The points at which the magnetisation curves (M versus H) go to zero 
are non-analytic points, and it is interesting that small finite rings 
and chains naively might be said to predict different limiting, magnetic 
behaviour. For the thermal properties, in zero field, T=O is a non- 
analytic point, and again we might naively suppose that small finite 
rings and chains predict different low-temperature limiting behaviour. 
(But see, for example, the discussion in Chapter III, sub-section (2.6). ) 
It is tempting to speculate generally whether apparent differences in 
the behaviour of rings and chains indicate a region near a non-analytic 
point, i. e. that in some cases the finite N thermodynamic properties in 
such a region are very sensitive to a change of boundary conditions. 
3.7) Comparison with Other Models and Approximations 
Let us now compare our zero-temperature magnetisation curve for 
y-1 with the zero-temperature antiferromagnetic magnetisation curve for 
the X-Y model obtained by Katsura. (1962), and the corresponding curve of 
Bulaevskii (Iqo). The Katsura curve has the analytic form 
k4 jl. = 2. s ým (n M., ) (5.3.34) 
The curve is shown as curve (b) on Fig. (5.21) and has a similar form to 
the Heisenberg curve, (curve (a)). However, the critical field is given 
by 14 5 7- 2 1711/9 p instead of 417111p for the Heisenberg model. In the 
region near saturation, the curve has the asymptotic form 
MM V"Qx = I- A (H/Hsýj 
where A2 J-2 IT o. q 00; 5 (S. 3.3S) 
(c. f. the Heisenberg case, where A= 4/v = 1.2732). Near M=0, the 
curve is approximately linear, and gives a finite value for x0 of 1/2w; 
i. e. H- 2nNI as M -o- 0. The curvature near M=0 is given by 
I" H/Im *z =: -2 IT 
3m 
(5.3.36) 
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and vanishes at M=O: this point is an analytic point for the X-Y model. 
The Bulaevskii curve has the analytic form 
4 M* +2 Tr rl, * +. 2 'S 2 IT rl (5.3.37) 
7r 
The curve is shown on Fig. (5.21) as curve (c) and has a closely similar 
form to the Heisenberg curve: both curves have the same critical field 
CJ PH / I'll = 4. Near M=O, the curve is approximately linear, and gives 
a finite value for 
7ý o'=I 
*= 0-0700 (5.3.38) 
:Z (It. + IT) 
The curvature near M=0 is given by 
-ý "HC: - -2 TV 
3m-I& T1 M (S. 3.39) 
'ý M2- 
and vanishes at M=O. In Bulaevskii's treatment, in fact, M(H) is analy- 
tic at H=O and this is the only feature in which the Bulaevskii approxi- 
mation differs significantly from the exact result. For example, in the 
region near saturation, the curve has the asymptotic form 
M/M VV%QX =I-A[I-( ti /N s)]'/z 
where (5.3.40) 
AV-1.2732. 
just as for the exact result. Katsura and Inawashiro (1965) have cal- 
culated a first order correction to the Bulaevskii curve (regarded as 
zero 
th 
order), which represents a slight improvement over the range of 
the magnetisation curve away from saturation. The curve appears as 
curve (d) in Fig. (5.21), taken from the paper of Katsura and Inawashiro 
(1965). This treatment gives a magnetisation slope near H-0 of 
( 1711 ) 
N 9'pz 
= 0.064-15 i 
(5.3.41) 
which is 28% in error as compared with 40% in the case of the Bulaevskii 
first order result. However, as has already been discussed in Chapter IV, 
sub-section (3.5), this approach of Katsura and Inawashiro predicts a 
mean-field-type phase transition for the ferromagnetic linear chain, 
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which is well-known to be incorrect. 
Finally, for interest, on Fig. (5.21) we show a magnetisation 
curve (curve (e)) for the Ising model in a perpendicular field. This 
curve is the same for both ferro- and antiferromagnets. The magnetisa- 
tion curves for this model have the form Katsura (1962) 
m (C- K cosk) lar%k Lie+ c- 2wc cosk] ak 
'r 
z 1/2 
IPN 21T [Kz + C; '- 2 Kc cos k] '12- (5.3.42) 
where -J/akT arick 913H/alzT. 
When the temperature tends to zero, the magnetisation is expressed by com- 
plete elliptic integrals of the first and second kinds. 
This curve is quite different in form from the curve for the anti- 
ferromagnetic Ising mcdel in a parallel field (a simple step function at 
qpH/1-SI ýý 2.0 ) and also from the curve for the ferromagnetic 
Ising model in-a parallel field which is a simple step function like the 
antiferromagnet, except that the step is located at H=O. The same step 
function describes also the Heisenberg and general anisotropic linear 
chains for all N, finite and infinite. As soon as a magnetic field is 
applied, the (N+1)-fold degeneracy of the ferromagnetic ground state is 
broken, and the ferromagnetic ground state in a field is the component 
z with maximum S= N/2 and corresponding magnetisation 
0.5 . 
NN (5.3.43) 
The encircled pointslying very close to our extrapolated curve 
(a) on Fig. (5.21) are a selection of points from the numerical calcula- 
tions of Griffiths (1964) of the exact limiting curve. 
The behaviour as a, function of temperature of the X-Y model magne- 
tisation curve, the Ising model in a perpendicular field, and the ferro- 
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are shown as Figs. (4a), (4b), (4c) and (4d) respectively in the paper 
of Katsura (1962). 
3.8) Antiferromagnetic and Ferromagnetic Susceptibilities 
ZS 
In Fig. (5.22) the antiferromagnetic parallel susceptibility for Y= I 
shown for a variety of fields below, at and above the critical field. In 
A 
general, the improved convergence in the presence of a field is shown by 
From e&Ck otlNer 
the fact that the curves for N-9 and N=10 do not start to deviateAuntil 
the temperature is decreased to the region of kT/IJI = 0.5 . Th6t'beinperatorc, 
at which the two curves are distinguishable decreases with Ftel& 
until, at gOH/jJj = 5, convergence is complete down to'about kT/IJI = 0.2. 
The manner in which the curves finally separate is rather erratic, de- 
pending on accidental energy level confluences and is not important. 
We see that as the field increases from zero (for which the limiting 
curve is shown for comparison) the height of the maximum rises and moves 
to lower temperatures. In the special case of the critical field, 
g$H/IJI 4, the behaviour is paramagnetic, at leasi-down to temperatures 
kT/IJI 0.1, owing to the large confluence of low-lying levels. Above 
the critical field the height of the maximum starts to fall below that 
of the zero-field curve and the position of the maximum increases in 
temperature steadily with field. A finite eneigy gap exists for all 
fields greater than the critical field, between the lowest-and first ex- 
cited states, and the susceptibility curves rise from zero exponentially, 
at a rate determined by the energy gap. At high temperatures, represented 
on Fig. (5.22) by kT/IJI = 2.5, the curves for all field values decrease 
steadily as H increases. The intermediate behaviour is rather complicated, 
with curves crossing. The behaviour is very similar for all anisotropy 
values, and we do not show any further figures. 
In Fig. (5.23) we show the ferromagnetic parallel susceptibility for 
the ring of 8 spins in the Heisenberg limit, for various magnetic fields. 
















FeT-romagneUr- SUSCejtL6LLiL3 - 
ýor 
Va-r L ou5 F'LeL, ---, = J-. 0 
- 319 - 
H=O, and the 8=ri. ng results should be very close to the limiting results. 
We observe that for finite fields, the paramagnetic curve-for zero-field 
becomes a curve with a maximum and which vanishes as T -* 0. The height 




PAIR CORRELATION FUNCTIONS 
Introduction 
The thermodynamic properties of greatest interest for physical 
systems, e. g. magnetic systems, ferro- and antiferroelectric systems, 
fluids and superfluids, can all be related to pair correlation functions. 
The pair correlations essentially essentially express the influence of 
one spin (or its analogue) in a lattice upon a seconispin an arbitrary 
number of lattice sites away. They are thus of fundamental importance in 
the study of cooperative phenomena. In this chapter our greatest interest 
will lie in the evaluation of zero-temperature, antiferromagnetic, spin- 
pair correlation functions, which are related to the degree of order of the 
antiferromagnetic gruund state. 
In particular we are interested in the behaviour of the long-range 
order parameter as a function of anisotropy Y. (The long-range order as 
a function of Y is intimately related to the spontaneous staggered polar- 
isation of the antiferroelectric F-model as a function of temperature 
(Nagle, private communication)). Earlier work has suggested that the long- 
range order vanishes for ý greater than some critical value Vc., and an 
estimate for ý C, as 
low as 0.483 has been given (Kasteleijn, 1952). In the 
abs ence of an exact solution this point cannot be settled with a high 
degree of certainty. However, by combining the series of Walker (1959) as 
extended by Nagle., with our own extrapolations we are able to present a 
plausible conclusion that the long-range order vanishes only in the limit 
V=1 for the spin-1/2 infinite linear chain. 
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1. DEFINITION AND CALCULATION OF ORDER PARAMETERS 
r; p 1.1 Ising;. Xc1s'ci1bqT, Correlations. 
For the Ising model, the pair correlation functions are convenL- 
ently defined as I 
W (N) < 52 5-71> 
where the angular brackets denote thermodynamic average. If we adopt 
periodic boundary conditions, then all sites on the ring are equivalent 
and hence 
N 
N- S. z<2z L S'L4 so -Sý) (6.1.2) 
Tkus W (N) 07- 52> (6.1.3) 
A Y- 
In this chapter our primary interest will be in zero-temperature pair 
correlation functions, and the thermal average will reduce to the expect- 
ation value of the appropriate correlation operator S. 5t7-for the ground 
'z 
state. 
Let us illustrate the properties of the correlation functions 
(6.1.3) by means of some simple examples. Let us consider the ordering 
properties of the ferromagnetic ground state of a four-spin Ising ring, 
the ground state (actually two-fold degenerate) may be taken as 10000> 
Then wz=1 for all Z (and all N), which, of course indicates maximum 
ordering. 
Let us consider also the N=4 antiferromagnetic ground state (also 
actually two-fold degerate) which we may take as 11010> . We see that 
W1= -1; W2= +1, etc. We have the general result that 1w, j =1 for all 
Z (and all N), which again shows complete ordering. However we see 
that an important feature of antiferromagnetic. correlation functions 
is an alternating sign effect, i. e., wI= -1 for Z= 2n +1 andi = +1 
for I= 2n. We shall see that this alternating effect persists in the 
case of partial ordering when we consider a general anisotropic or Heis- 
enberg model. 
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Heisenberg Model 
In the case of the Heisenberg limit, where spin coupling exists 
in three dimensions, x, y and z, the most convenient choice of correla- 
tion function is not immediately apparent. We may consider either 
the same correlation function as in the Ising case or the full correla- 
function < ýý- - 
5_e> 
. However, the isotropy of the Heisenberg 
model implies that the two definitions are identical provided we choose 
suitable normalization. In fact, 
'Doz Sz-2> z- 4/3 ý --b-. 1.4) 
the factor 4/3 arises from the fact that if S0 and S. show full anti- 
parallel coupling, the corresponding eigenvalue of S 0. ý. is -3/4. 
If, on the other hand, S. and are coupled so as to be fully 
parallel, the eigenvalue of is +1/4. Hence the corresponding 
order parameter for ferromagnets will be 
(-o, e := (6.1. s) 
Let us investigate the ordering properties of the ferromagnetic ground 
state. It is convenient to introduce the permutation operator (see 
Chapter II, subsection (1.2)) defined as 
P.. =I(I+5. (6.1.6) 
then 
2 P, ý (6.1.7) 
Ferro 
The (N+l) fold degenerate ferromagnetic ground state is completely 
symmetric with respect to the interchange of any two spins. Hence 
< F. CT. S. I Pot I F. q-. S> -ý i (or all ý dnJ Nj and WP =. 1 (6.1.8) 
f er ro 
Hence, with this definition of order parameter, all (N+l) components 
of the ferromagnetic ground state are seen to be fully ordered for all 
finite N and hence also for infinite N. If, instead, we consider the 
-Z - Ising order parameter, /+ 
<S 5ý>, only the ground state 0e 
components having maximum and minimum total Sz=S. z are fully ordered. 
ý'4 
1 
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Anisotropic Order Parameters 
For the order parameter definitions in the case of general ani- 
sotropy we have a variety of choices. We may choose the Ising order 
-4x parameter CAJ, ý which is our primary interest in this 
chapter. We may also consider the off-diagonal order parameter defin- 
ed as 
X+j >=/ --ý , X> . 
(6.1.9) 
I- 
ýS 2 3: 'S S. y 0 C., 52 Zýk 
A convenient combination which reduces to the Ising parameter for i=O 
and both the equivalent Heisenberg antiferromagnetic parameters for 
'I =1 is 
CO (1d) =- 
<5 z5z 
(6.1.10) A( 14 2_'d) 0e00 
1.2 Short-Range Order Parameters 
When the two spins, o andl, are nearest-neighbours, the correspond- 
ing order parameter, W,, is called the short-range order (conveniently 
abbreviated to S. R. O. ) and is very closely related to the energy. If 
N 
the Hamiltonian is 1_4 4 theiithe energy 





In the limit N =-e?, 6()is known exactly (Hultheivt, 1938) to be 
S0 (00) ::: - 0.8862"l ... (6.1.13) 
Hence 
W, (oc) --ý: ý0-59 O'B 6-- -- 
0 
The diagonal and off-diagonal short-range order parameters can be 
simply related to each other. If the Hamiltonian is 
z Z. -ý (S ý, S-, ', iS-, ", SIý, ) 14 =21jI 
IL =II 
CZ) E5 -j, +I -ý t1 (6.1.15) 




5 IK + 5. V HL L't 1 . (6.1.16) 
By Feynman! s theorem, (1939) the expectation value of (6.1.16) at T=Q is 




Orbach (1958) calculated the'antiferromagnetic. ground state for linear 
chains numerically as a -function of Y for the limit- N -tc"ý By numer- 
X+y ical differentiation of these values we may, obtain W, (oo) numerically., 
Since wealsobave, by considering the. expectation value of the'Hamil- 
tonian (6.1.15) 
Eo ý2 1-51 N <50' '5, '> 4- 2-t 1-1114 (So' S 'I + 50"S. '> 
1E 
- 
J- 2 it -tj 
or 0-2 Cut + 'i UJ I , 
x +1 
0 
(e) /, Z Hence. cot X, -W, /2y (6.1.20) 
which relates the Isi. ng and off-diagonal. order parameters for finite 
and infinite N. Also- 
Wt 2=29. - 2-1 -ý 
6. /-ý2 (6.121) 
and hence W, 
z (oo) may also be found numerically, as, a. function, of 
(Orbach, 1958). 
1.3 Longer-Range Order Parameters, 
There are two main methods for-calculating the order parameters 
for I >1 . The, Isi. ng order parameters are diagonal in any representa- 
tion involving linear combinations-of basiq. Ising wave functions. They. 
may therefore be calculated directly from the ground state (finite N) 
eigenfunction of-(6.1.15) expanded in-this manner. The o"ff-diagonal 
X '*'j order parameters CO e (N) are quantum-mechanical operators with proper- 
ties analogous to the properties of, the operator, O X+y of Chapter-II, . 
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subsection (1.1)., Again, 
'however, 
they may-be calculated directly. -from 
the expansion-of the ground state-eigenfunction in terms of basic Ising, 
wavefunctions (since the operators' W 
Xtj 
'L 
are diagonal in. the-represent- 
I 
ation which-completely diagonalises the Hamiltonian (6-. 1.15)). 
This method is, the simplest when, zero-temperature results only are 
required, and has been used to obtain-the-majorityýof-the results, describ- 
ed in. this,. chapter'., If,. however; we require the full temperature depend, - 
ence-of the correlation functiQns,,, we have to compute the sum-of the- 
contributions to the. particular order parameter from all the e, ige4unc- 
tions of the Hamiltonian. This. process -is rather. tedious, and is not., 
applicable in cases, where only the eigenval. ues of the-Hamiltonian can 
be obtained (for example, because of the large. size of the Hamiltonian- 
matrix. ) Alternatively, we may set up a representation of the, particular- 
order parameter, considered as-a-quantum-mechanical operator, and then 
diagonalise. it directly. This*approach-is'-particularly'simple if we 
express the order parameters in terms, of the-permutation operator ? tj 
described earlier in this section. 
1.4 Numerical Results for, Rings 
z 
Numerical results for the antiferromagnetic correlations -W (N) 4 0'5j L 
for N=4,6,8 and 10, and values of ? from"? =O, by intervals of 0.1,, 
through Y =, 1.0 are given in Table (6-. 1). The antiferromagnetic-: sign 
alternation effect mentioned in sub-section (1.1) of this--chapter, is 
evident. 
The accuracy of the-results was checked from the firiite'N relation 
N-I 
0 
. (6.1ý22) I= 0 
For fixed I the co. nvergence-for the case. of N, even is not-regular:. 
for 'Y 4 0.3 it is-monotone increasing-and-for V; P 0.8 monot, bnedecreas- 
ing, the Curves for different N crossing 'in the intermediate- region. ' This - 
behaviour is-illustTated, in Fig. (6.1),, which shows the. short-range 
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T a, 61e- (6.1) 
ArLtt ýecromc, 4net to Qrvond state- Cor, e-loboon 
FuncLýov, 5 i op Qj, v) L 
N2 'Y =0 -e=o. -i ? =o. z Y=o. -5 e=o. 4 
10 1 -1- 00000 -0., 19001 -0- '15954 -0-, 110,791 -0-'? 41'31 
2 1-ooooo 0. qgo05 O. c1194.9 0.,? t-Icto o. 63996 0.5t533 
1' 00000 1-0.111-1C19 8 -0.9 192-6 -0., 31203 -0. b15191 -0. '54-'351 
1- 00000 0.91118,8 C) -"16 64- O. 'o04-, Iti 0-656195 O. 'Blißl 
51 -1-00000 -0.9,7931 -0.91662 -0.90475 -0.651323 -0.5%Sto 
12 -1.00000 -0-9,3972 -O. c15&'7,3 -0.1110131 -0.93547 -0.11,391 
2 1-00000 0-9714.2 O. c113'? 9 0- '% 049-9 0. (>77 03 0.5,5941 
3 -0.54.344. 
4, 1-00000 0-91121 0. '1(DZ'3 0.79102 0.64773 0.51519 
61 -0.1391oz -0.13,119-11 
2 t-00000 O. ct-7&45 0-79154, 0-"'2410 0.66251 0.55b40 
3 -1- 00000 -O-R-164'3 -0. '(0001 -0.7'9&16 -0.667(>Z -0.56561 
1 
-t- 0o000 -O. cti? 113 -0A-5511 -0. Igß125 -0.1331V3 
1- 00 000 0. '%67-25 0. V70311 C). -762-41 0.662117 0.57735 
N1 Y '= 0- 6 Y 17- 0-7 Y= 0-3 Y=0.11 Y =I. 0 
10 1 -0.67'911ý -O-647'31 -0.612. ZI -0.60206 
2 0.4t00 0-33124, 0.22772- 0.154,07 
3 -0. it-375i -0-35953 -0-'503,2-0 -0-26t99 -0.23111 
4- 0.39546 0.31041 0.21t996 0.20553 0.11307 
5 -0,401U9 -0.7-60'10 -0-2-l'339 -0-113191 
12 j -o. -71319 - 0.69-3551 -0.65263 -o. 62. qlg -0.60852 
2 0.464111 0., 3ct250 0.3Y1,30 c>. 2.11464 0.16104 
«3 -o-4-4740 -o. *37551 -0.32332 -0.218Z313 -0-2-SIctLý. 
L 0.41136 0.33311 0. '275 20 0.2 31 13 6 23 0.19% «1 
61 - 0. -1 -19 6s - o. 6,112 111 - 0. (, to 4-" -0-6 4- 15 5 - 0.6 7-2ý194. 
2 0.4.71 t4- 0-4-01+40 0-35217- o-31068 0-2-, 1-135 
3 -0-4902 -0.42-29? -0.375'37- -0.33124 -0. -60902 
4'1 - 0.153194 -0. -12542 - 0. -102 11 - 0.6.32-82. - o. 66W1 
L 24 0., 31170 0- 4-5 D'94 0,4 O't, '13 o-Z6 -5 
6ý 0-3,3,3 33 
-32s- 
Table (6.2-) 
correI0A i. Ort 5 
W1 ,w2, Co 3 w+ woo 
xac ex 1 ra p. ex ex tre (7 xLr er roy, 
j. 0 -0.591 0.250 0.192 0.150 0-000 f 0-01 
0.9 - 0.617- 0.278 0.221 0.1'? o 0.03£ 1 0.01 
0.13 -0- 641 0-327 -0.2.67 0- 125 0.112 ± 0. ot 
0.6, BZ 0,394- - 0. '3«3(> (). 2- cl 7 0.22-7 -k o-o1 
o. 6 - 0. -135 0.4713 - 0.432 0.405 0.372 + 0.07 
0.5 -0.796 0.5vit. - 0.556 0.545 0.537 
+ 0.01 
0. oz 
0.4 - 0.1359 0. -710 -0. -100 0.6q5 0- 691f 
+ 0. al 
0.3 - 0. q(6 0.931 0. '325 0. '324 ±O. 005 
0-Z - 0. c161 0. q 21 -0., q21 0.9111 0.92) 0.001 
0. -1 -0.990 0.9130 -0-q,? o c). (130 0. q 20 0.0001 


















.r 330 - 
short-range order for N=4,6,8-and 10 andýalso the limiting curve 
(curve (a)), obtained numerically from the work of Orbach. (19s8). 
We observe, however, that the-convergence-is quite rapid for y<0.3 
for Z-1, and, in fact., this is true-for-all Z., For y >0.8, the-con- 
vergence is also rapid for Z <,, N/4-. --In-the case-of N odd, the conver- 
gence for Z <N/2. -is monotone increasing for all y , 
but rather slow. 
The convergence, properties for Z< N/2-are gener4lly, improved by'con-' 
sidering sets of means of odd and even-correlation functicns. 'The set 
10/9; 8/7; 6/S; for W, and W2. are shown in Fig., (6.2). The- complicated 
convergence of the even N curves has, disappeared and the curves appear 
to converge smoothly and monotonically from below. The1imiting', result 
for WI(dashed curve) is, shown for comparison. I The conve. rgence 'remains, 
quite rapid for y >0.8 but is rather slow near the Isi. ng limit. Howeyer, 
the sets of means appear, to extrapolate quite smoothly with 11N, And 
the extrapolated points are shown as dark circles; forul in, Fig,. (6.2). 
Clearly the agreement is very-good (to within 1%) and. gives-us-encourage- 
ment to, attempt to extrapolate, the limiting, curve*sý'fdrl-the cases ItO2(Y)II 
and (See Fig. (6.3)). We see that-. there is a differ- c03 (Y) 11 t04 (Y) I* 
e4ce between the limiti. pg short-range-order and the other. ord6r paramet, 
ers, all of which have-almost the same, values for y-0.5 and only for 
V> 0.5 tend to deviate from the limiting curve for lirge. 2 labelled 
The curves for 1(4)3 (*I)l and IW4(y)l cannot be expected to-have the-Isame 
accuracy. as'the other-three-curves, since-there, are fewer. available 
points to extrapolate on account of-the small size of the, ring-systems. 
An appreciation of-the decay, of, the correlations with distance 
(as, well as of the convergenceýin N)-can be. gained from Fig. (6.4) which' 
shows, the finite Ti. ng correlations'for Y= 0.3., 0.5 and'l. 0'. An--alter- 
nati. ng effect (to be distinguished from"the, antiferromagnetic sign alter- 
nation) is evident., the values of]W&Ifor even e being lower-Telative 
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of course, start increasing as the points 0 and -ý approach one another 
around the closed ring. Nevertheless, it is clear for 0.3, 'and 
reasonably so for 0.5, that the correlations for are decay- 2 
ing to a constant level of about-0.8 and 0.5, respectively. These 





(r4, Y)l (6.1.23) 
jQ -. 0 00 W --ý' OC 
To estimate, (O (W) we have formed the minimum means for N even 
CO 
1 
Z, J - 
(2, N) '- ZW LU (Y, N (6.1.24) 
and attempted to extrapolate to the limit N -oo. These means are taken 
to reduce the alternation effects, 
In this case we felt it was not advisable to use the results for 
odd Nin forming the estimate because, with the above definition of-long- 
range order, interference effects around the chain occur near the Ising 
limit. ýNote that for N odd and Y= Op 
wt2 -Q 
/N)0ý, t "ý -! I N (6.1.25) 
For this reason we do not expect the-limiting result for to have 
accuracy comparable with our estimate for u),. (An estimate for W, using 
results for even N only gives a result accurate to about 2.5%). Fig. 
(6.5) shows a plot of W (N) versus 11N. The points for N> 4 min 
appear reasonably collinear, but care must be taken in extrapolation 
since curvature is to be expected for Y4 0.7. (A similar, though 
less marked, effect occurs in the case of the short-range order. ) For 
Y-4- 0.3, the over-all range of variation is slight and an estimate can 
be made with some confidence: the'limiting values here must, in fact,, 
lie very close to the values for N= 10. Fori> 0.7 a linear extrapola- 
tion would seem to be reliable. 'For intermediate I some attempt has been 
made to allow for curvature effects but we would not claim very high 
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however, that-the-lo. ng, ra. nge-order'vanishes-. only at*the Heisenbe, rg 
limit, Y=1. It -is well-known that the condition-for the presence 
of long-range order in a system is-that-the dominant eigenvalue-of the 
corresponding matrix*should'be'degenerate. The long-range order-is 
determined by. the largest eigenvectors. In the case. of the infinite 
Ising chain, we know that the antiferromagnetic ground state is-two-fold 
degenerate, and we expect longý-range order, to-occur at-T- 0. In Chap- 
ter III, sub-section (3.1) we have-. diýcussed our, reasons-for expecting 
that in the limit N the antiferromagnetic ground state remains two- 
fold degenerate. fgr W-11- 1.0.. Hence-again we expect. long-range order 
at T=0. In the Heisenberg limit; although the. energy gap-to-the-first, 
excited state vanishes., as 11N, we-haVe-decided that the antiferromagnetic 
ground state should still be regarded. as-non-degenerate. Hence the 
vanishing of the long-4ange. order in the Heisenberg limit is quite 
plausible. 
2. COMPARISON WITH OTHER MODELS-AND-APPROXIMATIONS 
2.1 Short Range-Ord6r Comparisons 
In Fig. (6.6) we make a-comparison. of-curve (a))the exact value of 
W, (i)(Orbach,. 1958) with (b) our, present extrapolations. Also shown 
C0 Walker's pert%xrbcLVLovt 5eries to y4) Curve 6 
are, curveýOL) Wal*Ws -perturbation series -truncated to'Y (Walker, 1959) 
and, (e) Davisl, s perturbation series-(Davis, " 1960). Walker's perturba- 
tion series is given, by 
GJI +_; ý'g OW)y 0112-1)P+0312)i (6.2.1) 
To obtain'this series, Walker solved-the. int. egral equation of (Orbach, 
1958) anAlyti6ally to obtain the antiferromagnetic ground state'energy. 
as', a function of, Y (See Chapter III, -sub-section (1.2)). He expanded 
this, solution in powers of 'Y and obtained the short-range order from. 
the relation (6.1.21),. The form of-the expansion was. thtit... of-a-perturb- 
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the Hamiltonian as the perturbation. If the series up to, 
14 is 
considered (curve (c)), the error is detectable only forl>0.85 
and reaches a maximum of only 6% at 'd =1. The truncated series 
(curve (d)) corresponds in number of-terms to an anal. ogous per- 
turbation series obtained by Walker for the-long-range order. We see 
that for the shorter series, deviations from the limiting curve are 
significant for Y ýý 0.7. An alternative perturbation procedure was 
presented by Davis (1960) in which an expansion for the, ground-state 
energy of an antiferromagnetic spin-system was obtained in terms of a 
linked-spin-cluster expansion for an interacting bose-type system. The 
results (curve (e)) which are based on the series expansion 
I-V 2+ 1- 3,770 Y 4- 0.9765Y6---- (6.2.2) 
c. f. the Walker series 
W, =I-yz0.75y4 -o ods) (6.2.3) 
2.2 Long-Range Order Comparisons 
To compare our estimate of the lo. ng-ra. nge order with other approx- 
imations, we must recognize that most-authors have used as an order 
parameter the so-called "sub-lattice magnetisation" (Walker, 19S9; 
Kastekijn, 1952; Davis, 1960; and Marshall, 1955) 
C' :=4/N(. Z 'S t'ý =2ýS oz> 
(6.2.4) 
'e "' e r, 
where angular brackets denote the canonical average. If this formula 
is interpreted literally, it is easily shown (on the grounds of spin- 
inversion symmetry) that cr always vanishes identically. This has given 
rise to considerable confusion in the literature (Pratt, Jr., -1961; 
and Karayianis, Morrison and Wortman, 1962)ý The situation really parallels 
that in the ferromagnetic case, which is quite well understood (Newell 
and Montroll, 1953). If the (reduced) spontaneous magnetisation of a 
<ý 
.5 Z7-> ferromagnet is defined simply by MO= (2/N) it also 
L 
vanishes identically. The correct definition is made with the aid of 
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M <5z >2N(S. z>N L 
LrI 
For an antiferromagnet one must introduce a staggered magnetic field H* 
by adding to the Hamiltonian a term 
N-I 
)4- H* (6.2.7) 
t =0 
With the aid of the corresponding "staggered magnetisation", the sub- 
lattice magnetisation may-be defined properly by 
Cr = &, X (1 IN) M(H "') 
H -K --a;, o +- N --: o , )o 0z < (6.2.8) 
An important relation exists between the spontaneous magnetisation (or 
the sublattice magnetisation) and the long-range order. We have 




J-" 4, < Is 7- > LO (6.2.9) 
,E -1. co N -*> a0 
Hence the long-range order is just equal to the square of the spontaneous 
magnetisation. In a similar way one concludes for antiferromagnets that 
the long-range order parameter is related to the sublattice m. agnetisa- 





The two order parameters are thus equivalent. The long-range order may 
be computed directly from its correlation function definition or, as 
is sometimes easier, from 0' or M,, . 
Let us compare our numerical results with other treatments which 
discuss the long-range order as a function of anisotropy. In Fig. (6.7) 
we display our extrapolation estimate of CO ft)(curve (a)) with Walker's 00 
exact perturbation expansion (curve (b)) (Walker, 1959). with Kasteleijn, s j 
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variational formula (curve (c) (Kasteleijn, 1952), with Davis's perturb- 
ation formula (curve (d)) (Davis, 1960). It may also be noted that 
(Nagle, 1968) (private communication) has derived an extra term in 
Walker's series; Pade approximants to the series have been formed with 
results much like curve(b). Also shown in Fig. (6.7) are the values 
to 
min 
(10), (curve (e)). The Walker expansion for the sublattice magnet- 
isation is ý- _L 6 Y 16 y+ 
0-25Y4 _ 0.06. ZSW6.,... 
(6.2.11) 
Z J- 4-- -L 
6 J- 2 
(The series of Nagle is tr ts) I- 4-Y 16 -9 + Cý. i (6.2.12) 
The series due to Davis is 
(ýr ('eý =I-2Z+1.1260,, 
4 
- 0.6L ,4 r-, - :, y.. - (6.2.13) 
The squares of these two series are plotted on Fig. (6.7). 
Up toY = 0.3, all approximation (except that of Kasteleijn). agree 
well with the exact series but at this point Davis's approximation (d) 
starts deviating seriously, and predicts a relatively -large non-zero 
value for W (1). Kasteleijnls approximation (c) falls away sharply 00 
to zero at Y. = 0.493, which is svrely incorrect. Kasteleijnls formula 
also predicts a value for the coefficient 0: 6 y2 which is half that of 
Walker and Davis. ', Our estimated curve falls some 10% below the series 
value in the region Y=0.45 to 0.65, although the trend is still very 
similar. In-this region the series, is probably still-converging rapid- 
ly, as suggested both by the numerical magnitude of the terms, and by 
the agreement of the exact short-range order with the corresponding 
series-up to 16 (see Fig. (6.6)). Above Y=0.7 we must expect the 
Walker series to deviate from the true value and indeed the series for 
CJ (1) (rather than. for [4T(l)] 
2) then yields lower values, and has 
its zero at Y=0.817 rather than at Y=0.897. Our extrapolated 
CKý. M, on the other hand, does not vanish until'i = 1.0. On this 
evidence it seems fair to conclude that the exact series expansion pro- 
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order is unlikely to vanish for O. Mand probably vanishes at 
. 1.0 ? In Fig (6. -3) , therefore,. - we have plotted t. ogether -with CV, (e) 
(exact) and - our results for, (A)21 s1(, J31 and I Lj4.1 , what - we think- is - the 
best estimate so far for This curve- follows'the series ex- 
pansion up-tol = 0.6, ' and-, thereafter-has-the same-form'as. our-extra, 
polation curve-(a) in Figý (§. 7), approaching, the latter from above, 
and in-close. agreement'for 0.8. 
Recently an attempt has been made, -(Edelstein,. 1966) to-describe 
the general. orderi. ng of antiferromagnetic. anisotropic and-Heisenberg 
linear-chains-in terms of --.!, 'ý. some assumptions concerning' the infinite 
Nj finite temperature pair correlation-functions. ' This approach-involves 
the zero-temperature long-range order-parameter W. (V)in a fundamental, 
way and was apparently,. inspired (Edelstein,, 1965, private communication) 
by a study of, our extrapolationxesults for I WjL(I)i where-e = 1,2, 
3,4 and 00 . Edelstein. s. uggests Ithat., 
the following ordering relation 
should hold'in the limit: 
<0<e 514- /- 452, 
V1 - 
where W (Y) tZW (6.2.14) 
00 J_ 
Plots of the behaviour of the Sn (V) using our estimated. results ýshow 
fairly smooth curvesbracketi. ng the result zero. This. gives us some 
confidence in the., general consistency-and plausibility of our extrapola- 
tions. Table, (6.2) containsýour limiting values. for 1W a 
(Y)Ifor-values 
of ? between'O and 1ý0,, together-with estimates of the-probable-error 
in compiling these values. 
2.3 Survey of Approximate Results for 
In Table, -, 
(6.3 4 which, is based on Tables due to Katsura and Inawash- 
iro (1964) and Rui, jgrok and. Rodriguez- (1960), we have assembled a list, 
of the important'approximate, methods which have been used'over-the past. 
thirty or so years to-treat the antiferromagnetic ground state. For 
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each approach we, list-the. grotinds-state-energy, 'and also the, short;. range 
order and long-range order, where these, quantities are available. An. 
examination of the Table reveals the-fact that an approximate, wave 
functionwhich. gives a valuefor the. ground-state energy in, goodagree- 
ment with the Bethe-Hulthen exact result-does not: necessarily give a, 
good, predictiQn for the short-rangeýand-particularly for the long-range 
order. We-come to the conclusion that one-, shot. approximations are, 
not-reliable when it-comes, to predicting a quantity which-depends very 
sensitively on the-structure of the ground-state eigenfunction, such 
as the longrange order. 
2.4) X-Y Model Correlations 
The, X-Y model, has the Hamiltonian, 
+ 
The, short. -range order was found exactly by Katsura. (1962) and Lieb, 
Schultz and Mattis (1961) to be 
N 
Sit, ) 4/TV1 0-40 SS .. (6.2.16) L 
L 
In, addition, Lieb, Schultz and Mattis investigated the x and y-order 
parameters and obtained-the exact result 
N 
W, 4/N E<L ý51, +%) I /TV =-0.63 66. (6.2.17) , 
?. = I 
By taking expectation values we have 
X+ -5 Y. 5 Y>= (A) 
X 
"st 01> =4N 
<S ý(51 2N < so 0 
Hence, Eo/ IZ-1 2 /1T wix = LU 
Lieb, Schultz and Mattis also-investigated the intermediate range order. 
and the results are shown in. Table (6.4). - Lieb, Schultz and Mattis. -were 
able to prove that for the X*Y. model, lim W 
.C 00 CIO OC20 S_ -* 00 
i. e. that the long-range order in any, direction is-zero. The-values of 
in, Table (6.4) are seen-'to decay monotonically and rather slowly,, 
eventually, to, zero. The values for'l W_Zxj 1,2,3, and 4 are 
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Table (6.4) 
1 2 3 4 5 6 
J- 
4 wp -0.1592 0.1013 -0.0860 0.0730 -0.0661 0.0597 
shown on Fig. (6.3) by the labelled arrows for comparison with-our 
X extrapolated values forl WI-1 (orl 1) for the Heisenberg model. Wi 
It is seen that in every case, thek- Yvalue for the magnitude of a 
particular correlation function is-larger than its Heisenberg counter-, 
part by an amount lying well outside the estimated errors on the extra- 
pola tions. This is persuasive evidence for believing that if the X-Y 
order parameters converge to zero as'k -! 1, oO . then so do the Heisenberg 
order parameters. Further, Lieb, Schultz and Mattis have considered 
a modified X-, Ymodel with unequal contributions of x and y terms. In 
the limit of maximum anisotropy, this model becomes the Ising model and 
the modified X-Y model is then seen to be the'two-7dimensional",, analogue 
of our anisotropic Hamiltonian. Lieb, Schultz, and Mattis have been 
able to show that the long-range order is no longer zero for non-zero 
anisotropy, (eventually rising to the Isi. ng value). 
2.5 Order Parameters for Chains 
We shall here investigate the effect of the loss of periodic 
boundary conditions.. First of all, this-implies that the expectation 
value of the correlation parameter depends on the position in 
the system of, the site i. In particular, this result will apply to free- 
ended chains, for finite systems., (In-the limit N--> w, of course, we 
expect-the values, of the same correlation parameter at all sites along 
the chain to become equivalent. ) However, if we consider correlations 
between all the other spins on-the chain and a spin at one end, it would 
seem that we would obtain more S, values, i. e. more distinct correla- 
tions for a. given, number of spins than if we considered a ring of spins. 
Let us investigate this point further using the examples of the 4-spin 
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and 6-spin, free-ended chainsi -For-the-4-spin chain we have the,, follow- 
i. ng available. ground-state'expectation values, say 
4( -z ); / <-5'Sz> ; t' 
<5 X5 7-> 
33 4- 
< 40ý' 5: > 
4 









The ground state eigenvalue for this system is E0= -1 - 
43 
-4.732 
and the ground-state eigenvector is, 
I 1100> + (I t 1-3)l Oil Oý + 10011> t (14 J-3)110()I> - (1-+ 1-3)11010> (6.2.20) 
Henc, e 
(2 +,. r3--)l 010 1ý 
4<Sk SL (I +, F3) 0. cill 
'> =- 1/3 0- 33 3 4 
ý52' '53 
4 <s, z 535, L) --- 1/3(1-3-1) = 0-2-44 
4ý 517- szý = -113 =-0-333 (6.2.21) 
We see that for the short-range-. order. w6-have-two distinct-contribu- 
tions,. -O. 911 and -0.333. It seemsreasonable to choose'the average 
value 3 
-4- F<z7. W3., Sj G; tlý = 
'3 (Zx-O. 
cjjj -0;, 333) (6.2.22) 
and hence we have for N=4 (chain) the values 
WI=-0 -7 17 3W2. =0- 'Z 4-4ý 'a "Cl 
C43 3( t4oo) ý- 0' 3*53 - 
Lieb, Schultz and Mattis have performed-exaft calculations -for-the 6-spin. 
chain, and from their results we present the following Table (6.5) v 
2 3 4 5 (00) 
W 
., 
Heis. (6-spin) -0.664 0.256 -0.308 0.128 -0.188 
Wt x-y (6-spin), -0.698 0.424 -0.420 0.260 -0.300 
W, Heis (Extrap, Llmý -0.591 0.250 -0.192 0.150 - 
Wt x-y(Limit) -0.637 0.405 -0.344 0.292 -0.264 
Ta6le (6.5) 
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Table (6.5) contains values of W, to W. (inclusive) for the 6-spin 
Heisenberg chain and also, for comparison, corresponding estimates for 
the 6-spin X-Y chain. We also include in Table (6.5) our extrapolated 
limiting values for the Heisenberg model, and the exact limiting values 
for the X-Y model (taken from Tables (6.2) and (6.4) for ease of com- 
parison). 
From a careful study of this table we may draw some interesting, 
albeit somewhat tentative conclusions. First of all we observe that 
the short-range order for the Heisenberg model appears to be converging 
rather slowly from above to the limiting value COI(oo) = -0.591. For 
this case the chain values for N=4 and N=6 are, respectively, about 
8% and 6-1/2% above the corresponding values for rings (see Table (6.1)). 
The long-range order, on the other hand, converges much faster than in 
the case of rings, the value for the-6-chain being 40% lower than the 
corresponding value for the 6-ri. ng. In fact we see from Table (6.5) 
and Table (6.1) that the long-range order for the 6-chain, W,, = -0.188 
is actually equal to the long-range order for a ring of 10 spins, 
to 5 
((jw) = -0.188. In. general, therefore, we can say roughly, that 
as far as the long-range order is concerned, a chain of N-spins is 
equivalent to a ring of about 2N-spins (more exactly (2N-2) spins). 
It is unfortunate that lack, of time has prevented the calculation of the 
ground, state eigenvector for a chain-of-8 spins, in addition-to theýeigen- 
values. However-the author understands (Richards, 1967, private commun- 
ication) that such work is now in progress as part of a more general 
investigation of time-dependent correlation functions. 
For LO, . we see that the value given 
by N=4, W2 = 0.244 is 
actually slightly lower than our limiting extrapolation estimate of 0.250 
(though within our quoted errors - see Table (6.2)) and also lower than 
the value of W4. = 0.256 for N=6. In the corresponding entry in Table 
(6.5) for the X-Y 6-spin and infinite chains we see that the 6-spin value 
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is both an upper bound on, and very- close to the limiting value- for LO; L. 
If, in Table (6.5), we observe the' order parameter. (in this%case-WO 
which occurs immediately prior to-the long-range order, we see that 
the X-Y, 6-sp. ifi value-lies below the limiting value for this special, 
case. This case corresponds to L02 for: N= -4, and we- therefore tentative- 
ly conclude that W2 (6) = 0.256 and-W (4) :-0.244 are-upper-, and-lower. 
bounds, respectively,, for the Heisenberg-WýCa*). This result-,, if correct, 
is in excellentagreement with our ring extrapolations. Further-in- 
vestigations on chains of 6 and 8 (or more) spins are really needed to 
verify this point.. Again, we observe -1that, the value of to, for- the 
6-spin chain agrees with the corresponding value for the 10-spin ring. 
It-seems that the chainsi which appear to display a much-more mark- 
ed alternation , effect of - the 
I Wt I than do rings, do not. give a very. good 
value for LO . The result for the 6-chain is 50% (in m 3 ., 
ýgnitude) above 
our extrapolation estimate. The value of w3 for chains in. general 
could, however, probably be-improved by taking other contributions along 
the chain (instead of just < 5, z 54 into account. This-value of, co, 
for the 6-chain, in fact, is equal to the value, for, to 3 for the-6-ring. 
We, observe again- that the 6-chain value- for C04, is likely to lie below 
the limiting value, as does the corresponding value for the)(ý-Y. m6del.. 
This is consistent with our higher limiting extrapolation value of 0.150. 
2.6 Off-Diagonal Order. 
The off-diagonal order, particularly the off-diagonal long-range 
order, is a parameter, of interest in connection with the quantum lattice 
gas model of, a superfluid. The quantum lattice gas andl. ogy with an 
anisotropic. antiferromagnet has been reviewed in. sub-section (1.2) 
of Chapter I. 
X +3 
In Fig. (6.1) we show the O. D. S. R. O. W, for-a ring of 
four spins-as-a function of anisotropy (curve (f)) which may be compared 
with the S. R. O. (curve (d)) for N=4. We-also show (dashed curves, (c) 
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and (a)) the corresponding curves-for N- 00. For the case of--the L. R. O. 
wo. we show the finite N LRO curve for N=4 (curve (e))-together, 
x i-Y 
with theýO. D. L. R. 0 cu ,, for-N-4, (curve. (g)). The, corresponding 
L. R. O. curve for N is shown dashed., The O. D. L. R. O. - 
X+j 
curve WOO 
for N=4 rises, from-zero at the Ising limit very slowly as '2 increases. 
Since the limiting O. D. L; R. 0, must-be-zero at the Heisenberg-limit 
as well as, at the Ising limitj it is plausible from Fig. (6. -l) that 
the-O. D. L. R. O. As zero. for all'd in the limit. 
2.7 'Higher Spin and Higher-Dimensions 
The, excellent, convergence, of Walkerv, s perturbation series-in 
suggests that this approach should be developed farther. for two- and 
three-Zimensional lattices. Unpublished calculations to: this effect 
have been supplied by Walker (Walker,,, 1964,. private communication). 
The results are in, the form of series in powers of ý? as far-as -g 
6 
for the. ground-state antiferrom. agnet, ic. ene. rgy, E0, and sublattice mag- 
netisation Cr' The series are 
o, 2 (6.2.23) 
and 
JJI N q, _ 15 
(y -z 4- 
'3135 (6.2.24) 
where q is the coordination number of the lattice. The coefficients 
Ci and 6i are displayed in the following Table (6.6) for the linear 
chain (L. C), simple quadratic (S. Q), simple cubic (S. C) and body- 
centered cubic (B. C. C. ) lattices for three spin values, S= 1/2,3/2 
and 5/2. We have compared the work of Walker with series of Boon (1961) 
for the ground-state energy only, and series of Davis (1960) for the 
ground-state energy and sublattice magnetisation. All methods agree 
on e 2' the coefficient of y2 in the series for E From Boon's work 
we obtain the general result 
E2 (6-., 2.25) 





C) -0.250 o 0.213 0.0625 
0.03 0.010 11, 0. Z 0.0 6,9 67 0.0 2- 2, ý 
5/ 
2 0.1111 (). oirds 
0.0617 0.03442 0.0169 
4 VZ 
1 
0.3333 -0-00195 -000q41 0-2-7-7. 
i 0.035S5 -0-007 
3/2 
c). Oqý oý . 002. v08 0.0496 0. C)1<71-£ c. 0024 
5/ 
,2 
0.052.63 -0064,56 . 001c1713 0.02-17 0-01013 
0. OC), 5ý, 
c. 6 0.2 -O. oc>oi -001429 0-12 0-002 - 0026ý 
0 5,9, iz -004521 Ootc)r11 0.0,311 
10.03,1,413 
. 003055 . 000773 0.0178 0.00496 0.00-ZIE; 
ß. C. C. 's lk 0.11t2136 -0041373 oot24-3 0, o, 3163 0. ot: zýýb 0.00.169 
0- 01t342 -003732 - 000931 0.02.11V9 0- 0062 
- 
0. Co 26 
15/2 0.0256ý -Oc>2412 . 0o0626 0.0t319 0. oo3%3 0.00t4 
where S is the spin, and q is the coordination number of the lattice. 
Boon's work is only carried as far as c4 and a. general expression of 
very complicated form is quoted. This coefficient is to be regarded 
as suspect, since values quoted by Boon for the munbers of spin clus- 
ters of the types C--] ýC2[ 
1=1] a. r-t(L [eAWO] for 
the various lattices, required in the calculation of e2, appear to be 
incorrect. Further, even when these errors are corrected, Boon's pre- 
diction for e4 for the spin-1/2 linear chain, which is known exactly 
from the work of Walker (19S9) is wrong (too large). Hence Boon's 
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conclusion that his method gives lower values for E0 than other current 
methods is likely to be invalid. 
The comparison with Davis's results is interesting. Davis calcu- 
2' lates the same coefficients as Walker, and to the same order in y, but 
includes spin 1 and spin 2 as well. The coefficients 62 are the same 
forýboth methods(except that there appears to be a slight numerical 
error in Walker's value for 62 for the spin 5/2 BCC lattice, which 
has been corrected. ) The general expression for all spin values and 
lattices may be obtained from the work of Davis as 
Cl, S (6.2.26) (245-02- 
If, however, we compare the higher coefficients e4 and e6 and 64 and 
66 for the linear chain, we see that in the case of spin-1/2 there 
is considerable disagreement. However, as we move to progressively 
higher spin values, the agreement between the two sets of values im- 
proves, considerably. In general, the agreement improves both as the 
I spin value 
increases and as the coordination number of the lattice in- 
creases. For the three-dimensional lattices, S. C. and B. C. C., for 
spin > 1/2, the agreement is virtually complete. We expect the Davis 
results to be more reliable in the high S and high q limits. The 
agreement with Walker in these cases supports the general reliabili- 
ty of the Walker values for lower spin and lower q cases, where the 
Walker method is expected to be more reliable than the Davis method. N 
Results in agreement with the work of Walker have recently been 
published by Arai and Goodman (1967) which include values for spin-1 
and spin-2, but are carried out to lower order, i. e. the coefficients , 
c6 and 66 have not been obtained. 
Pade' approximant evaluations using the Walker long-range order 
series are shown on Fig. (6.8) for the linear chain with spin-1/2, 
spin-3/2 and spin-5/2, the simple quadratic lattice for spin-1/2 and 
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cubic lattice for spin-1/2. It is-hard to conclude from these results that 
the linear chain series for higher spin definitely indicate that the long- 
range order vanishes at/ = 1.0 in these cases also, although the series 
do display, signs of turning down near. 1 = 1.0. Indications of vanishing 
long-range order for two-dimensional lattices are even less marked. 
Clearly, longer series are required to give information on this point. 
On the other hand, the higher spin linear chain Pad6 evaluations do appear 
to support the conclusion that if the long-range order vanishes at all, it 
vanishes only at Y 1.0 and not for Y-'-1.0 
Recently Nagle (private communication, 1968) has obtained the 
coefficient (+1/64) of for the Walker expansion by a suitable trans- 
formation of the spontaneous staggered polarization series for the two- 
dimensional antiferroelectric F-model (Lieb, 1967; Nagle, 1966). The 
evaluated result is shown dashed for the region > 0.6 and is encourag- 
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REPRESENTATIONS OF THE SYMIETRIC GROUP --- THE HEISENBERG MODEL 
A. 1.1) INTRODUCTION 
In Chapter Il we have been primarily concerned with representing 
the Heisenberg and anisotropic spin Hamiltonians in terms of a complete 
z set of basis functions which are eigenfunctions of the operator S 
However we have seen (sub-section (1.2) of Chapter II) that, in the 
Heisenberg limit only, the Heisenberg spin operator may be expressed 
in terms of operators which permute spins on the various atomic sites, 
and the problem of representing the Hamiltonian is therefore equiva- 
lent to finding representations of various sub-groups of the complete 
symmetric group (the permutation group on N spins). The Hamiltonian 
representation in terms of Ising eigenfunctions is, in the Heisenberg 
limit, a particular representation of the symmetric group. It is not, 
however, an irreducible representation. We have seen in sub-section 
(3.2) of Chapter II that a representation is possible in terms of 
z basis functions which are simultaneous eigenstates of both S, and 
S2, the operator standing for the square of the total spin, and, further, 
that the matrices obtained in this representation are of lower order 
than those obtained from the Ising representation. This representation 
is, in fact, an irreducible representation of the symmetric group for 
a spin cluster with no geometric symmetry axes, and further matrix 
reduction is not possible for this case. 
Since, throughout the bulk of this thesis, our interest lies 
primarily in the anisotropic linear chain, we have not significantly 
exploited the methocfof irreducible representations of the symmetric 
group. However, its importance is such as to justify the inclusion of 
an account of this method in this appendix. Historically, the first to 
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employ an approach essentially equivalent was Hulthen (1938). Hulý 
then, who did not have access to electronic digital computers at that- 
time, devised a method for finding the antiferromagnetic ground state of 
clusters (rings) of 4-10 spins which involved the solution of a matrix 
no larger than 6x6 for the case of N= 10. Hulthen was able to write 
down a set of, spin functions, linear combinations of Ising eigenfunctions, 
of rather simple form, which hewas able to show were eigenfunctions-of 
S2 (and also, of course, Sz). He then evaluated the Hamiltonian-matrix- 
representatives in this basis, adopted a simplification applicable-to 
the special case of this particular eigenvalue, the largest eigenvalue 
of the final Hamiltonian, and finally solved by hand the resultant low 
order matrix. Later workers (Ledinegg and Urban, 1952) pointed out the- 
group theoretical foundation of Hulthe'n's approach and extended the method 
to the case of N= 12. 
Our interest in the Hulthen method lies in the total spin eigen- 
functions, for we have not, previously, discussed the nature of the eigen- 
functions of the spin problem in any detail. It is convenient to cal- 
culate eigenfunctions in order to obtain pair correlation functions. The 
structure of these functions throws some additional light on the basic 
quantum-mechanics of the problem, discussed in Chapter II, - 
In addition to presenting a rather brief account of the main features 
of the Hulthýen approach in section 2 of this appendix, we shall consider-, 
in section 3, a straight group thqoretical-approach due to Corson (1952)ý 
For completeness. it should be mentioned that Corson (ibid) gives a second 
method which is suitable for treating the Heisenberg spin cluster problem-. 
This method has been extensively exploited to obtain high temperature 
cluster expansions (Domb. -and-Wood, 1965) and a. detailed account is present- 
ed in Wood's. thesis. (1965). The essence. of the method is a matrix repre, 
sentation of the permutation operators comprising the Hamiltonian for a 
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given total spin S. The method has been extended to include all spin 
clusters with 11 or fewer spins. 
AA. 2) THE HULTHEN APPROACH: EIGENFUNCTIONS OF THE TOTAL SPIN S 
Basic Quantum-Mechanical Operators 
14 
The Hamiltonian operator -P+ 2 3T 
is written by Hulthen as 
- I. 2.1) (A. 
7- 
CIjulth-en uses a ferromagnetic choice of J, i. e. the lowest states of 
the problem are ferromagnetic and the highest are antiferromagnetic. ) 
For the nearest-neighbour coupled linear chain with periodic, boundary - 





Consider the single particle wavefunctions-d-Ispin-up', and 
'spin-down'. Consider also the operator 
(We have 0" A- 1-2-3) 0j, has the follow- 
ing effect on the single particle spin functions: 
10 
ij 01 ; -, j = Oti pipj =0 
(AA. 2.4) 
PS = -, Zpj - P1 d, j 
For the purpose of simplification, let us introduce, following Hulthen, 
the following notations: 
ý. I. 2.5) j ij I= .1ý P3 i- Pi ai The-expression 513 signifies a set of products 
symmetric in tt and over all indices 5. Q. Pi +P P 
"i 
Ij - 
it ij ii - 
0, i"z 
Explicitly, for N=3, PI Pi 
UI1 -411 411 ct z c4 3 
P1 -41 dk-3 + 01 % PZ -' 3 _V -t 1 -4 2 J3 3 (A. 1.2.6) 
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Products of terms like (A. 3.2.5) are, in general, not independent 
of one another. The following dependency relations hold: 
lij][IRI] 2.7) 
Ejjj I lzkj jQj CýqQ j jýý ERQ jj lzi E0. (A. 1.2.8) 
From equations (A. i. 2.3) one may easily obtain the effect of the- - 
operator 0 13 on 
the different products of [i, j], ý kvý etc. 
2.9) 
oLi (A. 2.10) 
OLi Dil ýslj . 
(A. 1.2.11) 
Let us define the operator O= 0jC2.12) 1: * L4J M) 
It is easy to show that this-operator is related to the square of the 
total spin by the eigenvalue-expression 
(s + 2.13) 
FerromagneticýGround. State Functibns, (S=N/2) 
CR . 1.2. io) 
From-equations (A. 1.2i3), - A 
(A. L. 2.12) it follows that the symmetric 
expression 
Jý 1 2,3 --N 
11 
1 for an N-spin system, must be an eigen- 
function of 0H corresponding to eigenvalue zero and spin quantum 
number N/2. In fact, we recognise this expression as the (N+1)-fold 
degenerate ferromagnetic ground state, the only state with spin quantum 
number N/2. 
Antiferromagnetic Ground State Function (S=O) 
Now-consider a function T=[ IR, le'][ IQ, k 
Ck Ne vv) 
It is easy to show Cýee-equations (A.: 1.2.9) that is transformed 
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by the, operator OH into a linear combination of functions of the same 
kind with suitably permuted k1s. By applying the identitiýsC A. 1.2.8), 
one can, easily show that all functions of the type !? are eigenfunctions- 
of S2 belonging to the same eigenvalue zero. As an example of the general 
result, we give a proof for N=6. 
TABLE 
01-1 01 ILT+ 
013 1 : 1-3 C2 41 CS 63 113IC24-1 
014. (Y Ci4; ]CvS]JS6j 
0 CISIC263C341 fN [151 C34-1 1163 
0- [16][2 SID 41 EIGIL343 J253 < Z, 
023 - Cl 4,3 C'2731 C5 61 [143 CZ31 t543 <-, ý 
024. IP = 113112 41 CS 61 ki [1-3][141 J561 
d1 
0 -25 1=- [16][2151C341 L2 51 [5411161 Ike 
0 26T f El 53[2t] D 41 LXCIC3431153 
0 *54q =2 (y 2 94- --- 
0 35T = [1'23 (3 51 C4 61 [121[-35IJ4-1-1 
0-361 =- [12] [3 L]C453 
0 4-5 [12IL451t36] 
0 46 C11IL463 053 
-0 
St. 2 0 
Total 0 cy 6 1? + 6T 4 1? 1+ "4- 6 q4 = 10 T4- 
In the left-hand column of Table CA. 1) we show the constituents 
Oij of the operator 0 operating on the function T= [121 ( '3 A-] [5 63 t 
appropriate to the case N-6. From equationsC ýA. 2.7) we may derive the 
following, dependency relations: 
E 121 [34.1[1561 E13][24][56] [14][233[56] 
CAA. 2.14) 
ý-- Ct '5 1 C2 61 D 41 - [161 L2 5] [3 4] 
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Ta6le- 
4 s 6 
5 Type Ei\j(x. Eigenveclo-r Ex pi tic I. L Form s Z. 
0 5 Al 0 12 -3 4 C)OC)O> +2 
11000> + joioo> + 10010), 4- +I 
lilc)c> + 10110> + looll) + 11001> + 11010> + 10101> C) 
10111> 4 110%1> -f III 01> +- 11110> I 
IIII 1> z 
"3 E -2-S Elil W3411 II 000> -I 0010> +I 
[2 33 ýý4 11,00> - 10", > - 10011> -t 11001> 0 
'3 E 
Icoo, > 
[3 41 ýJI'7 11 
11100> 10"0> 00,1> -I C)o 1ý 0 
313 
-43' Cl 21 
ýj 3 411 11 000> C)100> +10010> - cool>. 
2 2 0 
+ 
0 -2j illoo> 10110) + jootjý> 0 
1 
A, -11 ["211343+12331413 11")0>410,10 tloolk>+ llool>-211010>-21010) 0 
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We observe that the operators may be combined in pairs, in accordance 
with( ý. 1.2.16), as indicated by the joining lines in Table (A. 1). Hence 
for example, (01-3 + 014A) and hence O(y Qýj 
Similarly, all functions of the type T are also eigenfunctions of 0 with 
the same eigenvalue. From equation (A. i. 2.13) we have 
5 (5 + 1) ý 3.4, - 12 =0-. 5=0- 
Hence a set of independent functions of the type ly comprise the 
singlet states of the problem. We expect that the largest eigenvalue-of 
OHC ihe antiferromagnetic ground state) will be a linear combination of 
these singlet functions. 
Intermediate Functions (S=N/2-L/2, L=2,4...., N-2) 
Now consider a function TL which contains L/2 antisymmetric 




I k' kZIUR3 kL] 
J1 ýL. 
41 
It is easy to show that functions of the type 'YL are transformed 
by 0H into linear combinations of functions of the same kind, i. e. with 
the same number of antisymmetric elements, and that all ýL are eigenfunc- 
tions of S2 with spin quantum numberC N/2-L/2). As an example we consider 
the function T 
4- 
ý C1 2]L34311 5611 . In the right-hand 
column of Table (A. 1) we see the effect of operating on (? 4 with 
0. In 
this case the dependence relations analogous to (A. 1.2.14) are somewhat 
more complicated: 
C1 2][34] 561 : -- 2 [i33ý241 15 61 -2 [143[2 3] ý561 
[12] C -3 15] 463+ [12.1 C3 63 j 4- 53- [12.3 L4.6] J'3 51- [123 [4 5] J3 &I 
115]['34. ]ý261 t [16][34] 1,251 - C263[343ý1 51 - [253041 
ý 161 -C ýA. 2.15) 
Linkingýoperators as shown in Table (A. 1), we observe that 
and further that S(S+l) = 3.4-10. ' Hence S=l. We can generalise this 
result to conclude that all such functions Tit are states of spin 1, i. e. 
triplet states. 
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Relation to Sz 
It is easy to show that all functions of the type N12 IL 
z are eigenfunctions of S. All antisymmetric factors [ij] make a zero 
zz 
contribution to S. Hence the S quantum number of a given state 9t_ 
arises from the symmetric component Cif any). For example, for N=6, the 
triplet-functions T4- ' with total spin 1, can be classified as follows: 
(, 







W*JL, 15 =0 
L 
S -I. 
Representation of the Hamiltonian 
We see that the Hulthen approach enables us to write down easily 
functions which have a specified value of S and Sz (Sz = S, S-1 . ...... S). 
The next problem is to generate a complete set of such functions as a 
basis for representing the Hamiltonian. The number of independent func'ý 
tions belonging to a given S is, of course, given by the branching rule 
of Fig. -(A. 1) or see ýhapter II, sub-section (3.2)). The linear 
dependence relation s for S=O, (AA. 2.14), and for general S, C A. i. 2.15), 
complicate the process of writing down a complete set of basis functions-. 
In the case S=O,. CLedinegg and Urban, 1952) have described a. simple 
graphical approach which-produces, systematically, a set of independent 
functions. For S>O, the problem is more complicated. 
Matrix Reduction 
,2 Since the square-of the total spin S commutes with the transla- 
tion-operatorýT and-the reflection operator R. C'-see sub-section 
C3.2) of Chapter II), as does the z-component of the total spin, 
zz S, the Hulthie'n matrices may be reduced in the same way as the S 
block matrices of sub--sectionC $. 2) of Chapter II; except that we 
cannot further reduce. theS=O block by additional use of spin inversion 
z symmetry-as we can the S=0 block. 
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, 
Complete Set of Eigenfunctions for N=4 
To illustrate our co=ents on the nature of the HulthieOn eigenfunc-- 
tions of the total spin operator we show, in Table( A. 2) the complete set 
of orthogonal (but not normalised) eigenvectors of the-N=4 problem, 
expressed in. column 4 as linear combinations of the Hulthen-eigenfunction: s. 
z of S and in column 5 in terms of the eigenfunctions of S. Each eigenz 
vector is shown with its associated eigenvalue of the HamiltonianA the 
total spin S and the z-component of total spin, Sz. In addition, in 
column 2, its basic. molecular type A, B, or E is given. The significance 
of this will be discussed in the following section on the Corson group 
theory method. 
, 
Spin Inversion Symmetry 
By reference to Fig. (z. z) it is now possible to see why the singlet 
states of N-6 occur in the spin inversion I--l sub-block. Each factor [ij] 
in. the Hulthien S=O functions is an eigenfunction of I with eigenvalue -1. 
Each Hulthen spin function is a product of three such brackets and is thus 
also an eigenfunction of I with eigenvalue -1. The eigenvectors of the 
Hamiltonian are linear combinations of the Hulthin functions and thus have 
the same property. The pair brackets [ij] are symmetric with respect-to I 
and therefore we have the more general result that the states of spin S=O 
and S=2 (in the Sz0 block) have inversion eigenvalues -1, since. they contain 
an odd number of [ ]-bracket factors and an even number. of LI-brackets. It 
follows directly that the states of spin S=l and S=3 in the same block, which 
have. an even number of [ ]-brackets will have inversion eigenvalues +1. 
Hence we can explain the result quoted in sub-section (3.2) of Chapter II. 
AA. 3. ) THE CORSON GROUP. CHARACTER METHODý 
This method is not a matrix method, i. e. it. does not depend on- 
particular matrix representations of the symmetric group. The method 
- 364 - 
requires only a knowledge of the primitive group characters of the re- 
presentations of the symmetric group Ir and such sub-groups as are N 
appropriate to the symmetry of the spin clusters under consideration; 
together with the group character orthogonality relations. 
Corson (1952) illustrates his account by detailed calculation on- 
the ring of six spins-with first, second and third neighbour inter- 
actions (also on an 8-spin cube with face and body diagonals). Our 
intention is to highlight portions of the Corson account and show how 
this group theory method relates to the matrix techniques described in 
Chapter II. We will then proceed. to extend the group theory approach 
to toroidal clusters in two-dimensions and estimate how much progress on. 
the analogous two-dimensional problem we could reasonably hope to make. 
Group Character Tables 
The first step is-to draw up the character table of the group of 
interest.. For example, for rings of spins it is easily verified that 
the appropriate group is the, dihedral group D N' which is, of course, a 
subgroup of the-symmetric group 9N. In Table (A. 3) we present the- 
character table for a ring of eight spins. The dihedral group on 8 
spins, D8. contains seven symmetry classes C1 -+ C7 which can be repre- 
sented in the standard-manner in terms of products of permutation cycles-, 
as listed beside Table (A. 3). The classes C 2' C 3' C4 and CS represent, 
respectively, one-step, two-step, etc., translations around the ring. 
The reflection axes appropriate-to the operators RA and RB discussed 
in sub-section (2.5) of Chapter II give rise to the reflection classes 
C6 and C7 respectively. Table (A. 3) contains the group characters--of 
the irreducible-. representations of-D. corresponding to these seven . 
classes which comprise-. 16ý(in. general 2N) permutation operations. For 
N even there will be, in general, three types of representation called, 
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following customary usage in molecular chemistry, A, B and E. In the 
case of N odd, the group character table differs in two important 
respects: a) there are no B representations and b) there is only one 
reflection symmetry axisC Qf order N) corresponding to the single 
reflection operator R. of sub-section (2.5) of Chapter II. 
CI ct -'. 5 
0 rcke -C 
of A, A7 13 132 E IE E Ia ss , , z 3 
U-) + -7 
1 
0 W3 t !; W 1W 
C3 1 01 -2 
10 
c t, 3+ 1 5 0 + W 
cs I II I III I -Z 1 
Z 
C6 0 
C7 0 0 
Total 16 
Ta6le. (A-3) 








Cl 3 7) 
The presence of reflection symmetry implies that we have always two 
A-type representations, and also two B-type representations for N even, 
with symmetric and antisymmetric reflection properties. All other re- 
presentations must be E-type. A- and B- type representations are always 
one-dimensional, E-type always two-dimensional. The total number of re- 
presentations is determined by the fact that the sum of the dimensions 
squared must equal the order of the group, 2N. Hence f6r N=8, we will 
have 4 one-dimensional representations A,., A 2' B1 and B2 and 3 two- 
dimensional representations El, E2 and E 3' since 4(l 
2)+ 3(2 2)= 16. 
Relationship of Corson Method to Chapter II Matrix Hethod 
We may now proceed further to identify the A, B and E states with 
known eigenfunctions of the corresponding matrix problem as discussed 
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in Chapter, II. We realise that the nomenclature A, B or E relates to 
the symmetry properties of the state under the translation operators-of 
the-group. First of all we surmise that the E-type states are related 
in k pi-I W-I 
to the ZN= W) W2-, LO , LO states. 
'. (excluding the- 
w 
M/Z 
state. for N even) of the matrix problem. The fact that the- 
two-dimensional E-states are doubly degenerate indicates that the-E 
representation contains both the W and complex conjugate ., r 
statesC -z- j 0, N/2), which we know from previous theory are always 
degenerate. ' It is then very tempting to infer that the A-type states- 
are k=0 states and the B-type states are k=N/2 states. However, 
Corson's account implies that under the general requirement of anti- 
symmetry-it would-be-necessary to replace the permutations P 12345678 
characteristic of class C 2; P14725836 of C4; and P28P37P46 of 
C7 by 
the signed permutations P where Sp is a signature function which 
depends on the parity of the class. These three classes all have 
SP =-1C ýhereas the remainder all have 
SP= +1 and would remain 
unchanged). This procedure effectively changes the sign of the group 
characters, of-these classes. Under this prescription our character 
tables will look the, same as Corson's, but we must bear in mind that his 
A states are now our B states and vice-versa, 
We have now completed our analysis of-the eigenstates and shown 
explicitly how the group character method and the reduced matrix method' 
are equivalent. There are two further comments we would like to make 
before passing on-to outline briefly how eigenvalues are finally extracted; 
Firstly we notice how reflection symmetry is effective in splitting the 
k=O.,, -A classes-and the-k=N/2, B classes into groups 1 and 2, but does not- 
affect-the-ýE states. _ Secondly, we observe that-since it is no more 
difficultýto. find, a-E state eigenvalue than say an A state eigenvalue, 
we-have-effectively-circumvented the difficulty of complex matrices 
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discussed in sub-sectionC ý. 2) of Chapter II. The group theory method 
therefore gives us an overall reduction factor of N rather than N/2 
(assuming the initial S breakdown). The approximate size of the largest 
ring which may conveniently be handled by this method would be 16 spins 
with present day computers. 
Obtaining Eigenvalues 
Since the dihedral group D is a subgroup of the symmetric group T'ý, NN 
the irreducible representations of 7T. for the allowed total spin values 
S=O, S=l, S=2 and S=3 will be reducible representations of D8. (The di- 
hedral and symmetric group representations of the state of highest total 
spin, in this case S=4, are identical and therefore irreducible. ) The 
number of times each irreducible representation of D8 occurs in the 
14th order (S=O) ; 28th order (S=l) ; etc; represen tation of V. may 
be found by standard techniques involving group charcter orthogonality 
relations, described in Corson. The results are set out in Table. C ý. 4) 
which will shortly be discussed. The states may be explicitly evaluated 
by an elimination technique described in Corson involving traces of 
powen of permutation operators. The trace of a particular class of 
permutation operatorsfor a representation of TýN corresponding to 
Tctblc (A-4) 
5 INCrLETS 5=0 TRIPLETS 15 1 
STA7E 'A, El Ez I E3 3 As 3 A2 
_3 
62 3 E, 
3G 31 
Ea 
No. oF irreJoe. 
rCpreGertln. s. 3 3 2 1 3 4 34 
I QUINTETS s=z SEPTETS co=3 5=4 
S-T AT Fý '5 A, 5 B, 5 131 D El 5 Ez 5E6 
762 -7 
E, -1 Ez 1 G, 3 
" A, 
No. cý irfecluc. 3 2 1 2 3 2 1 re preset, t vis. - 
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a given total spin S is given by formula 13.15a of C Wigner, 1959). This 
formula states that the trace of the class of permutations of f cycles 




+t X'2) +XC3.1) 
For example, consider the permutation (28)(37)(46) representative of C7 
in Table (A. 3). In full, this operator appears as( 1) (28) (37)-(46)-(S) 
i. e. a product of two unary cycles and three binary cycles. Hence the 
trace of this permutation in the S=1 representation of IT? is given-by 
the coefficient of x3 in the algebraic product (-l) 
5 (l-x)(l+x)(l+x)(l+xý 
(I+x 2 )Cl+x 2 ), which is -2. In this way a set of traces for the given 
symmetry classes C1 -+ C 
.7 
of D8 in Tý 9 
for all allowed values of total 
spin S is shown in Table (A. 5). 
Table (A. 5) 
I as-5 Per mul CLI'L Ort 5`0 5ý1 5=2 5ý3 Sý4 
C, 14 218 20 1 1 
C2 
1 
2 34,5 6 -1 ?) 0 0 0 
C3 35 -1)(2 4,613) 2 0 0 
C4. 47 Z 513 3 6) 0 0 0 1 -1 
C5 
c 16 10 
2)( 3? X4 7)('5ý 6) 6- -4 -I I 
6)( 5) 
10. -2 -2 -1 -1 
Traces of Powers of the Hamiltonian 
It is worth remarking that Wigner's formula, in conjunction with 
the fact that the Hamiltonian itself is expressible in terms of permuta- 
tion, operators, can be used as the basis of a very simple and direct 
high temperature cluster-series expansion. The type of expansion described 
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in section (2.1) of Chapter IL depends on computing traces of powers 





Where ZN is the N-spin partition function as a function of kT 
and applied magnetic field H. 
Let us consider the simple example of a cluster of 4 (spin 1/2) 
spins on a ring The Heisenberg Hamiltonian for this cluster 
is essentially given by 
+PtP +- P (A. 1.3.3) 
12 23 34 41 
These four permutation operators are equivalent and therefore have the 
same trace. Thus Tr V=4 Tr P 12 . By direct multiplication we have also 
Vz=4E+2PP+2PP -+ PtI+P±I+P 
±1 
+P :rI 
12 34 23 ý 123 ý'z 4 %31+ ? lit (AA. 3.4) 
and 
V7P7P -f -7 P7P+ '3 P t'8 P+4P +3P -t 3P 12 23 3 13 23 114 I'S 2. Lt 
C ý. i. 3.5) 
symmetry result that all permutation operators having the same number 
of binary, ternary etc. cycles will have the same trace. Hence 
Tr V4 12-3 
T, v4 10 -ý- 4-E221 +'9131 (A. 1.3.6) 
Tr V3 /+ 4 [23 + '2 0 [4] 
The numbers in the brackets list the order of cycles in the permuta- 
tion and the corresponding indices give the number of occurrences of 
each type of cycle. Hence by successively obtaining higher powers of the 
Hamiltonian and taking the appropriate traces at each stage by Wigner's 
formula (Ai. 3.1), a high temperature expansion may be developed. 
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From Table (A. 4) we may observe that-the problem of finding the 
eigenvalues reduces essentially to separating say the 3 
1A, 
states, 
the 3 1B, states, the 4- 
3 El states, etc. (In the corresponding matrix- 
I 
approach, the-matrices to be diagonalised are of order 3 for the- A, 
and 'B, states and of order 4 for the 
3E1 
states, etc.. ) States-of 
different molecular types A, B or E are relatively easy to separate. The- 
2 
Corson approach we are describing requires the computation of-V--V PP 
V3 and V4 to evaluate'the 
3EI 
states., (In general, to separate-N 
states. of the same molecular type we require to compute all 0 ers of V PIW 
up to, and including VN. ) 
Unfortunately for the Corson method, the computation of higher 
powers of the Hamiltonian in terms of permutation operators becomes 
very complicated (as we might suspect from inspection of equations 
C ýA. 3.4) and, (A. i. 3.5) -- for example, these operators do not gener- 
ally commute. ý It would thus seem-that a matrix approach would be-more 
profitable. The same comment would apply to the high temperature 
series expansion we have just described. 
Group Theory Applied to Two-Dimensional Clusters 
The final sub-sections of this appendix concern the possibility-of 
extending the method of -solving small. finite clusters in the hope of 
extrapolation to the entire lattice limit to higher dimensions. We 
shall employ the powerful group theory approach to-discover how-far-we 
could reasonably-hope-to go-in'solving small two-dimensional toroidal 
spin-1/2 clusters. There is a significant increase in complexity, in 
addition to the increased. sizes of clusters required for an extrapolation- 
set,, in two-dimensions.. This-additional complexity will be reflected. 
in the, structure-of the group character tables-for toroidally bounded - 
clusters of 9 and 25 spins. First of all let us consider the 3x3 cluster 
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of fig. ( ý. l) whose character is 






Table (A. 6) :I 
I ass Ty PC Orcler -XI -All K3 
1 -? ý4 
cs E I i I I 1 2 4- 4 4 4 
cz Ti 2- 1 1 -2 -Z 
C3 -r , Tm 4 1 1 1 1 2 -2 -2 
C IR, R; L cl I I I 1 -2 0 0 
C 6 1 0 -2 2 0 
C T IR 12 
C -p 6 a C) 2- 
C T2. R 12 1 0 0 0 1 
C F, -p R Is 1 0 0 0 0 0 
We see there are 9 symmetry classes, CI C9. and corresponding irreduc- 
ible representations 11 ->-Kg , We choose the five basic symmetry 
'4 
R where T, R2 operators T,,, T 21 R 1.9 R 21 D' R -D 
and RI refer, respectively, to trans- 
IJ4, 
lation and reflection about a vertical 
axis, as shown in fig. (A. 2), and T and 2 
R2 to translation and reflection about aL (A 
horizontal axis. R.,, is a cluster-diagonal reflection operator, a new 
type of operator not encountered in linear systems. The principal 
commutation properties of these operators will be briefly summarised: 
[TI) T-1] 0 Ri, R,, ] 0; ETIT2, 
E3 R-D] 0 aila R, R., T, Tz. ý (TIT2)-l RI R2 (Asi. 3.7j 
The symmetry elements of the group are combinations of these basic opera- 
tors and the order of the corresponding subgroup is shown beside the 
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particular element. ( The permutation operator representation of the 
symmetry elements which has been used Is not convenient here. ) S*ac of 
the symmetry elements have a particularly sirple rhysic3l Interprota- 
tion: for example, C4 a 9R IR2 represents a centrosy=ttric 
Inversion 
and C9a 18R DR2 represents a rotation ofIT/2 about a r3rticular 
spin. 
The order of the complete group equals 
T2 x (1 
30 (jk. 1.3.8) 
ý3 it 3x22v2 '7 2 
where T, is the order of the translation subgroup T,, etc.. Let us 
now consider the physical significance of the states -At to 
-Aq 
- The 
four non-degenerate states It, . are a"lojous to the A states 
of the linear problem; they are Invariant under translation and centro- 
symmetric inversion but vary In their reflection properties. Note 
that since we have two principal axes to consider. horizontal and verti- 
cal, there are now four A type states, not tuo. Also the an2losous C, 
states of the problem are the four-fold degenerate states 
'X&O-Alo 'A% $A, %& 
However we observe the appearance of a new type of state, two-fold degen- 
erate, A5* This state is antisy=etric under RIR2 and has ano analogue I 
in the case of a linear ring. If we go on to larger clusters. yet 
another type of state appears which is eight-fold degenerate and again 
has no analogue in the linear case. This Is the state -A,, of Table 
(A. 7), which is the group character table for a SxS toroid. 
Estimate of Current UpperLimit on Cluster Size 
We are now in a position to make an estizate of staximal, soluble. 
two-dimensional cluster size by two different methods. The first Is a 
very rough order-of-magnitude calculation based on the group character 
table. We shall illustrate it by referring to the 3x3 cluster. The 
first reduction which occurs is reduction by total spin S. A rapid 
calculation based on Fig. C AA) suggests that spin degeneracy yields a 
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T; tble (A. 7) 
C los'i Ora cr Al 
-ni. -K3 W4 A Ir 
11 X. 
0 
E 4 4 4 4 4 
T, 4 24w- 2+-w 2+w2 24c, 2Z ;z -W 
4 7 2 +LAl) 2 -t M 24 2 
'T, T. 4- 2 CS 2 'w 22 22f 2*-w 7 
&L T, Tj 4 1 1 1 Z -1 2w -T 2, j 2 W- 2 zi, 243 2*cu 
T, It T, 8 1 11 11 
z -1 -1 -1 -1 -1 -1 
R, RI., 25 11 -2 0 0 0 0 0 0 
P. L Io 0 2 -2 1 2 -2. 0 
T3.9L 70 1 -1 1 -1 
oI w - -w 
J, 
-a o o 
T, IR, 1 20 1 
I 
0 ID . 
-- 




10 0 0 0 0 0 2 -2 
T, R, 1 20 1 o o o o o 
T, 20 1 0 c 
Rv Rl 
I 
so o c) L L-L 











reduction factor which goes as N. However, consideration of the exact 
formula (equation (J. '5.5 ) of Chapter II) for the size of a matrix 




indicates that A(S) is a maximum for S 00), when A (s) N 
3/2 Hence the spin degeneracy reduction factor is more accurately N 
It is interesting to note that in this factor N 
3/2, Nl/2 arises from 
conservation of Sz, whereas additional total spin conservation ytelds 
a further factor N. Each set of states of a given total spin is then 
divided into the irreducible representations 'K j shown in the group 
character table. It is a standard group theory result that the number 
of irreducible representations is equal to the number of symmetry 
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classes. There are nine sy=ctry classes for the U3 cluster, 14 for the 
SxS cluster( see Tables (A. 6) and (A. 7) and there are 20 sy=etry 
classes for the 7x7 cluster. These are 
E -, T, i 712; T, 
31T, 
TZ ý 'I jjT It i T, 
ýTj 
; 7.2 T, 
IjT. To IL , 
T. T, -Z 
9, vi) ýQZ; P. 
D ; 
111 i T, 91 ; Te 
3 
QZ * T, tz,; ý 1: IR9 ; T. #T. » 
(A, 1.3.10) 
j10 
The 20 _AJ have the following degeneracies I. I. I. I. 2,4.4p4p4#4#48. 
4,4,4,4,4,4,8,8,8. We must also divide by the average degeneracy of 
4 It 12 each representation, which is easily found to be 
46 for 3x 3; a for SxS and 
L8 for 7x7. For the case of 3x3 we there- 20 
fore obtain as an estimate for the size of the largest r-atrix to be 
solved 
512 !:. 2.5 (A. t. 3.11) 
XqA 22/tj 
Let us compare this figure with an ex act calculation. the results 
of which are set out in Table (A. 8). We see that the largest matrix 
has, in fact, order 3, in agreement with our order-of-tugnitude result 
(A. 1.3.11). For SxS we similarly estimate -3x 10 
4 
and for W 
we have -2x 10 
10 (A, i. 3.12) 
Ta6le (A. 2) 
5=%/. Z 1 1 0 
54 
We must therefore conclude that this method is not capable of 
extension to even the simplest sequence of two-dimension3l clusters, 
namely U3, SxS, and 7x7. In fact, SxS seems coapletely out of the 
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question. We could have expected this result by observing that, whereas 
the total number of states increases as 2N (N- nxn), the number of 
symmetry classes and hence the number of irreducible representations 
ice Tables., (A. 6 and (A. 7) Increases only as N, and the mean spin 
3/2 degeneracy as N Hence the maximum matrix size increases asymptot 
N 5/2 ically as 2 IN This is the same as for linear systems, in which 
case N is the number of spins on the ring. We have already observed in 
this appendix that the largest linear system we could hope to solve at 
present consists of a ring of 16 spins. We infer that the largest two- 
dimensional square cluster would be the 4x4 spin array with periodic bound- 
ary conditions. 
These results are supported by an alternative approach which considers 
matrix reduction in terms of the operators TlT2' RD and R1R 2* Conserva- 
tion of T1 T2 gives a reduction factor of N- nxn, and conserfation of RD 
an additional reduction factor of 2, since [T 1T2 'R D ]NO. R1R2 commutes 
with R D' and also with TJ2 
in certain special cases, analogous to the 
cases where T and R commute in one-dimension (see sub-section (3.2) of 
Chapter U). Hence RIR2 does not, in general, give any further 
reduction for toroids. We have, therefore, an overall reduction factor 
of 2N for square clusters. (If we consider rectangular clusters we lose 
the reduction factor of 2 corresponding to R D). Let us now refer to 
the 16-spin cluster of Fig. ( A. 1) . The largest matrix occurs 
for total 
spin Se2, and has order 3640. A reduction factor of 2x 16 reduces the 
matrix order to approximately 114, comfortably soluble on a reasonably 
large computer. An inspection of Fig. (A A) allows a rough order-of 
magnitude estimate of the size of the largest matrix for N=2S to be 
6 ý-1.6 x 10 .A reduction factor of 50 yields an 
irreducible matrix size 
of 3x 10 
4, in agreement with our earlier result. 
A&,,, 
I 
-, --, ý . 1, 





















- -44 fl - 







U, 0 4v 
- -0 0 CY, - U7 t3 / V \ 
0 - a, I tbi 
p 
d - - 
-43 'W v 
OF. 
W I 
S co C) 
Li 0 
0, - --r- - - %A 
-rl 
?4 0 to p - t4 
o A 
01% Ln - 
t4 L. 3 0 - ýv 
. - co I - 0 - - ca -41 
Ln 




ut 0 i le Ul 
oll fl, (A W 
0ý 'Ln to 
tn 
00 p. 






I al & 
., -. IIPEI, TDIX 2 
.,!, IGEITVALUES OF RINGS AND CHAINS 
T ., ABLE 
I Rin! ý Eifýcnvalues: 
N= 2 3606809, 
1.00 
-30000000i, --0 
i. 0 -ý Z .0 
. -20000000i 0 
0,0000001 0 0 
0 
1.5=0.0 
0 0 000000001 0 i- 
, , '0> 
- --ZOOOOOO0i 0: 
-4,. 0000001 0 3.6 180341, 0 *, 
-Z*000000§ '0 
3-618034-, C> Z-s6'SS3 0 -1.381966, 
' 






0 73,9 0 0,0 0 0,0 
2=1 0 1803 4-9, 0)1 
30000000i 
6 68 - 
0, 
00 N= 3 -1 -7(D 39 3 2 o- 
0 i 40 23 0 
Z ý -3.618034 0.1 -c6000000i 0 0 Cj = 1.15 2,0000000i 01 
0 
0 i -i ý -11 » 000000 0. 0 2 0000000 5 -30000000, 0 -, 20000000i 0, 
-3-0000000. 0. ;. 0- - 
P, 1 C, oý 




2-C"00000, 0 ' ' 




0 ir 20000000j* 0. , -290000001, 0 0- I -- .--. -- 
ýere00000c.... 0 2.000o00, 0 
0 
0 
- 377 -- 
T--. DLE I (Cont. ). 
-- 378 - 
' -Te 5 30 20 ýý- -' l N =G y= 1.00 
. 00 7 1249192921 -- 0 1- 






0 b ý-3 3 t 
1 '5= 756723812i 





0 7 3 5 0 
Me5302049 --T - -7 ge Z- ý2S5Y 0 2000000or 0 
-, 2-445(>42i *0, .- 0 
_M. 
80z218ý 0 
'», 'b 0 
- . - -1.1633: 33i '. 0 -260000000 
0 
7- 53 0 210 41 1 
--0 9ý2. bo 
0 
0- 
00, ý - 0 
-2-44504'-Ii. 0 
'0 ý,. 000000,. 
0 
, 20000 . 
--6.00000ýi 0. 736838559i 0 
-ýc93959, - 0 
-7115302'04i -5-144646i 0 -3-603Ö759 0 
-30 -So. T44646i - 0 
0 
0 




c- 4 ID 




0 266 16 0 
7020 
0 
. 49901956i 0 
0 0 
-4 074 112 6 0 90 19 57 0 
73 080 19 58 0 57i C, 3-05 13 74 
-10901956i -0 -30801938i 3-051374, 0 
260000009 1 .0 
0 -4*741"47i - 
lIz - 
0 
0 * 1,6 3 33 3 0 t73 4'b74 i -S-: 73040 , -i 
'-S 44 64 3 0 7-0383631 0 
-71m038363§ 0 -^-53-ý070* 0 
-30936364i 0 -2-534070, 0 
:: 7*11255 5e o 
. ý 0 
2.28 8-- 4.6 , 0 
-8-74103209 -, 
-29000000i -C I, 
-s900000 0 i. 0 
-50000000i 0- 20000000, 0 
-'60000000i .0 1-053671-, -0 
-1 - 38 7 779 -, -17 
- 379 - 
T. IBLE I (cont. ) 
NZ ý ), =I- C) -, .39, 0 '. 
3-05137/rx 0 
Cc oy, 2.391452, 0 ^) -0 ') 13) 74, 0 
-. -SSn46, 0 Z*000000, 0 
300 "0 f' 100 a. nUn46, 0 20000000, 0 
-7 1 n, ý6o6C 0 
40000000, 0 5*85786S., -1 :. 2-6o6 C) C, ;2, 
2-4939592 0 , 5-309055, -1 9003- 
^ZT9, -1 
I, 0,6 26 dt 5, -3 5-309055P -1 goosc: 19, -1 
r -9 Q071ro3not -1 73 04 0 s, -3 - 9008 3ý v -1 -8-71'rO3nO., . -I -501730, ýZp -: ^0000000, 0' -'-71'7847s 0 ý -Z*193937, 0 
-3.6o387S. - , 0- 1-717347s 0 0 
-4-ZI00297o 0 --^* 534070, 0 
r*-'902971s 0 . S340702 0 3*Z,. llez Ilk v 0: -S. -36o6vS, 0 
3-414214 ol C) 
1-785387: oi 2.66o,.: 7, 0 -3-709275, 0 
I-785307a 0-1 2600000op 0 -^)-709275* 0 
8*74-03211 -1., 7-823110, -8 
3-74032's -1 
. 9-794719, -9 "39: 45--, 0 66, 0 -4-842877s L 0 
-1-02536ý, o 40. ) ^Z79s 0 -6 ^-28824 0 
. zS6757* 0 6 -8, )63 ý o 
-i-. ^56757s 0 . . .z 1-. - 5-357865, -1 -z . --, 88 z 1,6 , o 4-0 C) f0 --0 S-857864t -L -2. --88z46, 0' 
-4-917477# 0 40000000, 0 5-309054P -L 
. -4-917477., 0 
^-493959V 0 -3-7403ZOP -1 ': [7-544057# -1 -03-7403^: v -1 2-77o685, -8 -1-7178217Y 0 
3-0 513 74v 0 1.968435, -3 -. -1-71*7847, 0 SoOS1374, 0 -0 t-, * 900837s -1 1 ý o 
^00000000 0 C-x O'ers-2219, 0 3- 4141: 4, 0 
Z0.000000, 0 -2*0.00000, 0 -4-^90297, 0 
g. ozzino, -1 -3-603875, 0 -40290297, 0 
900`119, -I C-7-302137m. 0 
-5. 73 04 0 It C20921010, 0 
-5-173041, -1' 3.414214P 0 2.66oi: &, 0 
-i. xq3qZ6, 1 0 3-1, r 14 2 14 , .0, ý0000000, I 0 -1-193937s 0 1-7853872 0 "97I774-s -8 
-534079s 0 1-7-)5387# 0 0.000000, ---ý128 
-2-534070, 0 8-740321P -1 -4-590934, .8 3-709275s 0 3-7'0320s -1 --10521? 53r 0 
ý-3-709275, 0 -5-85780648 -1 0 
. -5*357364$ -1 5-3992s6) 0 
-1-025-366, 0 -6.256 838* 0 
zoo-5366, 0 . ---, 
, -1*'56757, -0 1*2., 
.)67S? 0 -2oý36, 0 
o 
-4*917477, 0 
4-9 174 77a 0 
320 




n- 0 er C, 
0 
So9i 36, 0 
-1-509,1-6i 0 0 00 IS 
ý, Oooooooi 
0 
J6000000, 0 70i 
-4.6C6620ý o 0 
%S 6no 0 0 
0 
0 1 0 
-6 -n Io o 
-6.397-33oi 0 
6 1 -6. ý97330, * 0 79 o So 6i o 




















-30000000i 0 3-000000i 0 
-6-70 5522 -8 
-3*000000: 0 
), . -30000000i o 




0 -, c. 6--7? jqj 0 i 
- 
0 o ý-*Ooooooi 0 -4. ()e66t: i 0 o 2-. o o 
'151 17 A,, 62n3 
o lceoor-ýto, 0 
0 ) 
4- 27 o -5-, o 






- 6791 12 T-7- 
-., -20796, Ia 0 
-0 o 
-20 l2o, 96j o 




0 * 10 002 7t 0 
9 96 4y. 0 
0 , i o 
-30.069014i 0 
. 470414-i- 0 o69o 14 0 ')7 77 '1 .0 o "1'3 Ii ýl I o 
r 
-o--65, 
- ' .dj 3- 0"f of,, 6 1, i ý 0 0 
'10 0 146 o 1 
0 0 0 
ý'67 0 
AC 11 C) 1. 





-6 362ogi 0 
7 0 
-6.1 -6n io 0 n 19 0 -7qnsq5lnj- 0 
-9-0.0,473i 0 
- 381 - 
TA-BLE 1 (cont. ) 
10 3n, " 9, -1 
-7-3 
-1 06 70. ý. 0 Z. - 0 0 
o -J, nq! 940ý 0 
1 '? To 74" 0 63 0 
0 
-n. s, )nonli 0 0 
0 0 
0 0 0 
o 25o5673 0 0 
0 -2 i 0 7 9"' ; 0 0 0 
-'*0000002 0 36ý *7 o 0 -4 
o -6 Zo .7 Sc 3 0 0 
0 0 6, A, o 
1 Z. 10 63 0 
0 
o a 0 -5-671e35"-, C, 
.0 0 14 0 
-r0 
j. 67.1 -J, 5". 
o 
t,. 102 o -6. i,,, 6ýioý 0 -6-2397-91ri 0 
-6, i36sioi 0 -6-12-97^942 0 
397 '_1 '4 0i 0 
do 0 0 
.6 705I-, Iln, 0 0 
I f', '7 -2 0 1n11n 0 1 0 
1! 2 n 0 -8.4366ý13j 0 
no6 0 -8.67'on6i v o -8 .t 3661, C8 0 




0 10 0 9- SO 73 17 3i 
46x^Co682ý 0 -T. 5ogi36, 0 
A 
,. iGo632j 0 -105091,17i 0 
-4-57771'i 0 -2.61go53, 0 
4--177711i 0 ---. 61qoS3j P 
"-'-170 i 0 -^000000oi 0 
11 0 -10000000i 0 
0 30000000, 0 
n, 0n ' 0 -30000000i -0 3 -4, ý- 0 -, i,. 62ý, 7zqj - .0 0 -4.627719ý 0 
00 0 -4-. 6--66nii 0 
00 0 r66--ij -4.6 0 
. 
-7-47041,4ri 0 . - A,. . 68 5 sso j 0 7-ý-704,4i 0 -4.. 635snoi 0 
7-792nl9i 0 0 
-7 a7 9ý212 19 , 0 -5 - 
0" 3 ý- n4A. i 
0 
-10020000i i 6. -qqilý4, 0 





-7-, "j7, r6,;, 0 
-7-_,, o r, 7 4.6 .! ) , 0 '10,10500i 0 
9a 10 
. 
1,0 0 o 
, on 
- 382 - 
T, OLE I (cont. ) 
N=10 
0 
Lan 1.1 t, 0 () 
^Rý ,* -%,, -n :ýI-10,, nITIi0,1 -6 o7 15 '1 ý', -', i tP07 
00C)" -4 919'"10; 
,Ii1 
-qqnqlqooi 0: 0 -- ,B 7 "' 7 9.5 r) 0 
4,0 
4 55,1.3 
5 67 4i0 
ý 
0, -t iI, -X. *, o 11 FýR 10 
-T 
o- 








r, 18-0 ý,, :; 
' 577i 0 o 
t 977,0 067 
0370 rl rý 7 
0 %J rV aI"I- 0- -t707 -') i 0. 4o 1)977 90i 04- 




t ýo iI -q 
--'ýO"'172%i , 0: 
'-.? . (-, I 'Clo'l :1j, ; -4-OOOOOOs- 0" 'I I r .ojr: 1; , -40000000- 0 -r- 7)6 i 0, 
0 0, 
4e0QO-n')O, 0 6,46 0 0; 
- -ý .05=n. o -5579Vý7i 0, 
. If IiI-. 11* -936"- ol 
C3 q- 8 -S ,j: -j jJ- s -7 - 03 ""4 )i -2 .(U,, Ii0 -11,1'' '30 ý -903; 811: 13i 1 .0is-7) Z4 '5%j j (), o -7 '41 -1 -3 - Z! 0 S4 0 'Ac 
0 0 
i-75 P-7 7ri (') ,,, 
1: ý -- 4- !ý3-, -h ') 18- 0, -4. pl,, ý flex. o 
j 
4 0000 0 
-I)ef)000ro- o 41 -- 6 -1 
'o Ir. 
-7 9 ld 
-7 -"2,9 91"i0ý, 4 ý. . 06 5"n -1 i0ýi .0 
0' 
i 
-" " -7 ý8"-xi 0i0:, 0, 4 id 
0 
C) 8o r'j, ' 75 
-2 - ") ý' 37, '* 9 
I "7500i 0, -1 -11 7ý21ri ý 0., 
-() .e-,, ,IJ,, 
-,,; ol; '- o, -S - 887 9-^-; i 0, 
.. 0 J ,o -I, ý 1ý .-# 
.0a1, 
-"! .-9109;, 0 
-50f*ýý--Iz. -, II-0 
r-',, 'lu' 27i0:, -"9 J J'r'r S-I. i! -- oreO-l I 
-I. ; q, 1 -ý6 r, i 0' 
7i ,0i, , -Zi. 191900; 0ý 37 3 107 0 9J72; ,0i, 0 -3 3 10 7 o "o 
., - 'g, 
e -- P, 
-t 7 c) 7oIý; 
ý4-. '046j 
079357; C 
'o -. j*767956; i" o 'J* -. 5-767956i 0 50 r .# OR ,0 - q; 0 
4: 2 4 9; i -4' 
.0ý 
- 383 - 
T. NBLE I (cont. ) 
N=10 'i=1-0 0 
C cov%t. ) T 
e) 
0 0 _ 7 I 7* 11 0 7 --r 9 
1, i, r )7 0 
-70,1 2% 1 cl 
0 
0 
o 0 tyr Ar10 0 
4-7 07 5 0 
7- 26 0 
-7 *77 7'i 'j , --. 6ez6e5 0 -n ., 1, )3 -,., "i 0 m -011 'i 7i 0 1 
j 4 .0 
- , 4*097790i 
- 0 0 
0 
04,; 0 4- 977 9 0 
0 
.61 103 0 0 
1 1 7 4 
sip 
--i-'Ooossf 0 7 2, O'l 0 0; f) 7' -" 0 
-05'*0^7i 4 0 
0 - 0 1 Ij '17i 0 
-n. 8LI061i 0 -'-LýL796i 0 
8-j I Orl 1 0 
A0 0 
-5. 'ES, q6qj 0 L r07 0 60j 0 
-6.8OT283, C, 
6-, SoT281 -L -4 ') 937 0 
qj r"i 0 
-7.862,953; 0 0 -r )-7' jný-ýi 0 
-7-852953i 
C' 70 0 
k I - 9.64-c, 55 9; - 
I 
-,? # -9,0s5 "0 i 0 1 , 
w) 5405'S9ý -4 (14 'A D')4 ; 
0 
i 
-r' , ý; -0 
0 749 
1 -7 -% (134 9i 0 
.0 86 8OR - 0 -7 - 79341") 00n 0 
; -070')77; 0 
-'O's"O 7 0 
97 0"' i 0 
-8.8; 9"06; 0 
-9- 0.5 7 '1 
9.0 






-i 70 41, 0 
il -9- r"'J' ý' ;",, i r) 
-6 '50 2 7- 6- , 
-8 38 7; 77 
-. T-. oq5T86j I 7 




-r-34lrO:,, -7 0 -n ion 'k 0 7 . 
j- 0 7 --, 0 .0*ii 0 
ý-, 963851T; 0, 1 





- 0. * ') 0 
I fýr 0 -- -t i 0 




16 ý, Iý 
'0 
1i % 94ýj 11 
0 
- 384 - 
TABLE, I- (a ont *) 
-N 
tO Yz 1- 0 
06rn 
49n. ý190oi 0 p 
2 91 )00, 0 1 T7r-,, 
*. o7'jlO7i 0 10 7i 
r. j r) i )") 7Z0 'o 0 




4 o 0 7)i 0 




0)6,15ai 0 7 
%096158i 0 ý, -I- "i .# "t'O 
57 0- 0 
-%304ISOi , 1) 0 
oi 3 02ý 1ý 0 1 
_0 435307a 0 97 2; 1 
-I 'o 
43SLO'li 0 /i*00000')i 0 
0000 iý 
6o gi 0 -"4, qpoooono; 0 
'7 224 7i -7,9000000i 
-1 07 0-2 47 3 0 
Pi 1 o(l 0 
-)r, i 0 
-6. joý! 7? 6; 0 
-1 0,0")-, 1 9i 0 0 00 -7 
t, . -' -1 . 'Soýnfý Ii 7- () I 
P; O, ' -, ', ; 0. 
I -, ý T 0 ý17 i I 0 
937 'R r 
9372 
0040 
34 0 -7 
-L. P, 68,6 46 i 0 , 
-3-868566 ' 
-0 . Tooqý ; - o ýI 
I 
7,5, ý LX; o , 
A. kj kj 10 
7i 0 67 1 0 7 
-- .nRn06,1 ;, 0- '' ý;, I. 




-7 -j) 0 P) 
7-7587171; 
-9- 517 7 3# 1 
-1 6 2,54 1-^0; 1 
3 84 
j- ,. ft 19 f" (i I, -z 
; -2 'OP, 27 
:-2J 'i R, I q-- ; 0 
1-'-ý7 (I ý, 9 -, i 0 , -, o 0, Rj o(-)2 
Ar 9 9L T3 i 0 
Tr 9)3 7ni 0 
0 
6L r)'! 40i 0 
()'. I oi 
z 0 
(Skp qfl, ý 0 
I i-7-,. 268o 011- ei 0 "1 
5 
"7097 0 
'ý7 Oý7 0 
3, ", '35 0 
Ira 
0 0 
(1 5 Pý 7 0 
Fý 70, ', Zr; .0 
'k 7 0' 
77 r- 0 
7 17 3 
)09, n-t n 
9092-24i 0 
-7 34 'ý ýi 0 
: -7 4 '; 4 
7-4%0.55; 0 
783 05,5 0 
-8 ar - 
e 
789 '456 .5 . 
7ý 
( 
- 385 - 
TABLE T. (cont. ) 
10 'y 2t -O 
.0Jk - 66- -I -P 
,, 
I--I- 11 -, 17 0 -# # 0 III 1. 
. 'i 9, Lq 
-66- O -1 1, -ýg -4 
'; 4T 'R 
. ý, 0'-, -, . I 0. 1 0 . ý , 1* I'lZ IIIi 0 . -'77 r- ýi1 0 
1-r-0772 57; 1 7 ). o ý-1-077 '7i I 
I 77i 1 1.1492ýý j. j I , , 
7 
.-z -OO O. 0 1 , _'. 
--, . (41 ; 0 1 
. &. -i - iI. I; - r-r,. .. ýý 4L -1 Ii iII ,f 
L 9j o I -2.: 003rýqi 0 .; 11 
_1 -, 1f! rjL- 0 , Jj j It r 
I, OL 'i i. % () I 1 
J 
r 




7 4. -i i 0 7 .0 .0 4 t 
gr! 0Ja 0 n4 j It J . 4 9" 7 0 FX, . 7T 
0 
ýn. 14 ' 97 7i 0 , 
-4 In .0, ý 
o 
-n .9n:! o () x; 0 (% n- In, 0 1-1 A C. "9-, - I o 7 04 n'j i 0 J. 
Ij 
-6ý1 Ila" r'.. 
tj) It 0 -it 
0 i I .Zo1900 I 0 1 11 _r.. 1. ý- P' ;i j o L, f 707S 0 . j", 
L 7. j '; .) 
0 0 JJ p 
o 0 
ý-6.061-; qj 0 o 0 0 
72 077 
ý72 0 '0 i -1 ,, 
0 
6.801pcj, ý o 
.-4L, -7C72"5i ,I,,, ! I-S, 7679,7; 0 .1 
i 
-0 1nS . 0 1 
r o 
I -) 77 7 0 
i ' 
97 Z 7ý 0 0 
0 0 0 
0 
0 0 7 ')r)r i 0 
1 77- N- 0 1., 10 . -7- 86a 0, 
e If 0 
o 7 ,, 4 o66; 07 0 7 
'6 0 oc 
m II, 7- , 35 i o I 75 7i C, z6%- 0 -477"' '. j 
t o V) 




P! - P19. ) 97 
ýI eo)., I, I _ý 1, - 
06 11 "o; vL o" 0 . 
6,06-mi 1-9 It I 0 j 





0 f, , ,i9i II . 1, i, f4 -J.. o 
!0 'I _r) ""5'. r, 0 I 
I, _ý-. - 
6 
77 o ýi', i Oý a 0 
37 
-1'- 01 7L -7- it i 1, @ 0 2,7 1- "0 57 0 
J , 97 0 . c0 .0 
I' 1078 24 7 -30000000; 0 
0 72 7r 7 o 
0 )7 
I., i 0, ., ý, ,0 
-/. 000000; 0 
, ,ý , 
-"-'0 04 19 
ý _-, 9000000i I It 0 1 I 
-1 20 07f. 1 9 - jo 0000000; 
0 
: , . 0000008, 0 
0 60 0 0 
Ad 
- 386 - 
TABLE I (cont. ) 
Nclo 'Y=l, o 
(COVIt. ) 





-1-70 131227i '-7-3I324Ii 
7.6i8o34i 
; --. 61803 5, i 




R IN Gr 





'S = 4-5 

















-7 6i-Ü-49i 0 
"-7-450581# -9 
39174930# :1 
"t', -30174930i I 
'-i. z69170s- 0 
, -1*169170i 0 





, 2*b829z6i 0 
*-4-999188; 0 
4.999I8E4 0 








4. S36714iý 0 
-4,, S36714i 0 




-2-188575; 0 I 
-2-763932i 0, 










-3 , 174929v - 
-30174932i -1 
-1-135293;, 0 
-1- 135293; 0 
107 187 1ýi0 
-1*ý58401* 0' .: -I -1971873ýi "0 
-10IS8401; 0 1 2-9S4334i 0 
-2-28463oi 0 -2-954334i 0 
2-284630; 0 -3-386t)S2j 0 
-3-887736i 0 -3.386953; 0 
-39887736i ''0 
ý-3-984069i 0 5-4: 93235F -0 ; -3-984o6g; 0' ý 
-5-49323Si 0 -4-832293; ' ý 0 
69485719i 4*831294; 0 
-6*4857I9i 0 5- 1'3946-1 i 0 
-5-139461; 0- 
S. '7784'12i 0 -j lb jj 97 a A, 0 -1.654358, 0 -.... - 5-778472i 0t 
1,73-309721i 
0 -x. 6543S8; 0 -5.889532; ý 0 
-2-473937i 
"' ' 
0 -5-889532; 0 
'0 9 90 86 ý,. -2-473937i " , 
0 -6-24934-Ii 0 
-- ------- 
.3 -ý ý18 2ý8 I, 
-30309721i 
- 0 22 
0 
0 
-6-249341; . -0 3-3 97 i -7-1093307i 0 
-4-4X46SO; 0 -7-093308; 0 
-4941465oi 0 -7.649349; 0 
,II ýF 
5 -3 16504i, , 0- - -7*649349; 0 ý- ý- 504; 
ýý -. 
0' -7-842725# 0 ' . 7- 842 725 0 
3L, 2 o 
9,339368F 0 
387 
T. IýBLE I (cont. ) 
. -6 -485 TIN' ' 0 -4 * 5,.,. 
67 11, i 0 
N= ti 'Y = Lo 6-7185720; 0 -4-53671; i , 
-7*5o_, o6,, i 0 -. Cp a 02 `ý# 
545 ; 0 
-7-503070i 0 --c , 02,7 
e; l 4 j. 
.0 44 '.. 
0 
-5-550347s 
8-1465' 97 ; 
-8*o 1,, 65 975' 
0 
0 




-5.5508rr8i - x T -9.. 6, )8767; 0 -6-185713; 0 
-I * 16 917 0i 0 -9&698768; 0 -6 IS 57 18 
--,,, 3: 69T70; 0 03589i -70 5 0 
-:, 81CA3ýj 0 . 
0 
-7- 50' SaW 0 
9i , 0 -Too96697 , 0 -8 * 750 93 
66 i 0 
, 
-x,. o966975 0 e. " 759366; 
-i, 6S43S8i 0 -ra0079, 'r 0i 1 0 -1-6543S8; 0 -1&007940; 1 
-4 3 ýý4 
0 
0 -"-4739'17F 
0 4.0 74's 
-3 0,7 IV j 0 




-;; " 'e, 8 8-1 O'n ; 01 
o -- 
6 :41 9-. ro 0 3z: i -Z -7o6,, Og 
-;., )99: 886 o 
-3*309722f 0 0 
;. qqqzeRj 0 
-3-3097229 0 0 
0 0 
0 -3e969657; 
0 ý -2-7639321 0 









S71 P'"'! 9i .0 
0 -;. 4z4: 65o; o -3-7946o4i 0 -6,, 7TIr-_Sj 
. 12 , 1, -U, - 5; 
0 
0 -4.; x; 
65oi 0 -4, i9679'xi 0 
i . 
-ý-725767; 0 
-4-502452; 0 -4-i96792i 0 
0- &7^5767W 0 
-4-soa4sz; 0 -5. z34646; 0 
6*9017967 -5*316504; 0 0 
c , 6; -() c '017 
-5.316SOK-6 o -s. zz6o63i o 
, - , 1 







39,97-1i ") -6.8076789 0 -S-726648i 0 _9003 10 3 ;. 9; 0 -6-a07678'i 0 -Se7a66.1a; 0 
-7-396774'r'i 0 -6.6 3 4 027S 0 
-7ei67693., -1 -7-396774; 0 
. -6*74S235, i 0 
-7,,: 6769's -1 
8*812735; 0 -6*74523Si 0 
-101C, 840z; 0 -a-aIZ736; 0 -6.8-i6468i 0 
B-Z, 01 0 -, ro a () 1,0 zT i-- ,I - 6,, 
8,3 6 z, 6 8- i 0 
--. Zszi630; 0 -i! -O 
ý. fl 0: 
_11 iL. 
I -7-z36o68j o 
-^. -&; 6.3oj 0 -8*14'7Sz; 0 
-2*343700; 0 -7. -3o6rol, 0 -752i 
72 -3 00; 0 -x. 3o6xox; 0 -8-8-84-3i 6PJ76--i .1 0 -r*063936i I 
-3,. -68.76zg 0 ,:, ; 9's 9 zIr 9 ýj 0 
77 1) 7; 0 
0 
3-887737; 0. -2-3704-27; 0 
0. -L. 551300; 0 -3*174930s -1 
n 33 211. 0 
-4-7655o6i 0 -3-57^-566i 0 "10,35293; 0 
21-765Soa; 0 -3-S72566; 0 -1013SZ93i 0 
-5. o6Sqi2j 0 -3_6., ý450ni 0 -I-7i3735i 0 
-5-0659! 3i 0 -3.6-?, -, 5oaj 0 -ýo7'3735i 0 
-A, 93 2,15 i 0 -3*9z8986i 0 -2*332497; 0 
b 7,, 93^36i 0 3.9i8986i 0 -. 18-49si 0 
-". 609453; o -4oz96-871i 0 -31*55583783i 0 
:. S,!. 6o 94 -S3 i o -4 i. 2 96 87 1 0 837a Ir i 0 
TABLE I (cont. ) 
N=11 'ýý=t-o 
-2 
1) 5 "'7 
3 67-z, 2 67 
40 9j 
3 "24 64 ý 







75 a 94 67i 
. Z3 97. ý 61 
-5-345187F 
.5a 




-6. --, A, -93 /ý xj 
-6 . -;, K, 93; 1; 
-6. *638839; 
-6*638'840i .j 
-6 SS115 a7 -' 4 60723511F 
ýi -70 C1933 0" 
7* 093308g 
7-64 9330; 
1 -7483 31. i 
7o"4 a3 3': r 
-70ý4: '-7z6; 
7oý,:! 2 Tz 6i 
--8-a5-7x6j 802'-"^717g 
9- z7 9z 99i 
-902,79300i 
go 3- 9,7 68 Jj 
-9,3,3 3 93 68-i 
-1002-2780i 
Ia 02 2-7 2*09' 
10 2 9381 
-10 2 g'? 8*T 
- 388 - 
-10 169170i 0 
16 16 9Z7-, j 0 
10 0 
1 9i 0 
3 gi 0 
0 
0 0 
0 -. - . s. 9 s- 6c3j .f 0 
0 -3 o : -0 96 -- 1i 0 
-3 3 9-11 S 0 
`3 96 471 0 
0 -3 9967e7 '- 0 
-4-348403i 0 
348-, ro3 i 0 
0 
0 - -x co 95 195 7i 0 
0 -4 - 95 195 7 0 
0 0 
-4 - 99 918 gi 0 
0 -5*4718I9i 0 
0> -5-4-718Z9i 0 
0, -5 - ß7 8 l'I 8i 0 
-5g878118; 0 
-s"98s096i 0 
0 -5., 985096ý7 0 
0 -60711125i 0 
0 -607111261 0 
0 -60725767i 0 
0 -6o725767i 0 
0 -6-884071i 0 
0 -6*a84072i 0 
0 -6 o 91217 96 ; 0 
0 -6-901797; 0 
0 -Bozz--639i 0 
0 -ael22639i 0 
0 -8'91423911 0 
0 -So 14 2 s' 9Z1 0 
0 -30248988i 0 
0 -80 -- : n, &98ai 0 
1 -80394973i 0 
I -8'b 3 9e 97 0 
1 
-91b08-33 10i 0 





-Z0-. 1, " 4 
-1,0 0 




ei3 #7 000 
-t00 6ý), 37ý -ý ý 0, 
o 6, ) 
68 760 
63,0 
"A 19 P, 0 
43,8477- -' 0 
"A 887" 
') / 
.) 't :;; a 70 A, -I -ý 0 
0 
G,; 60 




*0 659 x; 0 
SOO 7'50. ', 'ý*' o 
0 -. 5 00 
---) 0 J 
I'D 3 53 ý'7 0 6,09 n4. ýl ;0 
60", 0 




o (" Ir 
ý, ýJ 
-6* ý8Sý; -o 0 




1 ,0 -co? 0 7ý F0 Ij4 
,, - %I 1ý 6,0* 
I e, 6 .0 opx 0 
-8 o ýp i 6t i 5ý 0' 
10 
6 68 
1ý CDC 6, S 0 
0 
jo F,, A. 67 y 
-1 to 1T 
389 
TADLE (cont. 
'31 ' z' 
cc 
."C, r, 'et 
'o en, ý I 
o Z0031, ý 0 1 
"O. T goo t7el-, ý. 0 ý oC 0 
1 
1 
0 , , , 






el -9 ID 
808 63 ý, 
; -1 -1 . 08 ý e, 09 ; 11 
- -P ý, -8 - .0 .d -. 
0 --T 9-16- 6-' 49 1 "T .ýo6: E o7 o 6", 6 3: 
0 -9 fq 
0 q ý J.; o 
5410 06 
7 
ý ; e, / 
0-8 n (> o fj() ý, -6 a -, ý -, -- 7a 0 .0 -. 0 
C) '(1 ý% --' - 0 W -t 0 7: SP- 5 - -7 2 , - J. 0 r. -ý 1. ý 0; 
I 
0 0 
O'ý 14 :2 0 If 0 
"ý0 4-7 "s 'Q 27'; 0 16 0 ý "ý -Cý #7 , 6t,; 0 -: 6 8 5.2 -jo 0ý 0 . , ", "w ;g$ .j ri 4 11 0 r- 4, 
-A 00,4rý 7'; ' 45 60 0 






1 )A , -1 
LA6-- 'Y o 0 
60 -7 0 6o 68, ý ." ; r 'I .j, u e *, 1 -4, ot-q 68 - 17 0 
"U 
,o8 6o 6-8 






I o :' 
-r- 0 r. 
:40., -. ," -r -'r. Ir dIj jo 
0 13 66041ý 
El 'n o 6- ,7ýW 0 
60 6a 
t, Ll 
.^: <ý, - "' '4- 7 0 
- ; A* 63 o zý3, z ; 1 0i 





! C. -ý , - 
611, 'ý't4,3 7 0 
, , a 
: 
7'r? o 60 ? 0 
60 . -C 
6 e, -n 0 
vs n 6 ji 
66 Ct 0 
e% - r, ýý 0 - 6. TSCI 7 0 - 60 8,, z 62ý60 ; 0 ; 
-Ion-66687 o 
1ý7ýý 0 
6.8 o F 0 
T 







-3 .S-, Pl Z., A , 
ýýu Sý 0 w *5 ýo ., 
2 
C4 xI 
. C-3 ýy 0 
S 
-1-sa ; .0 14 
7 
ý 




C, 6, 6- 
OA, .1 0 .5 
67 0 10 6-ý 
()() 0 -(, - q 1.5-2. I. -A: 0 1 .1 Or, 1 1ý-; 11 
C, 
10 q77 
76 1 171 15 5 
? 0, ý 
"3 8 70 3 . 4-k"f 0 
390 
TABLE :[ (con-U. 
r: 3, --ý; e5 0 '0 ;A erv C) 
. Sý 16 
0 
- ilý - 






I I . ý' '0 a" '0 Q'3ý 7 0 
'7 0ý -h 0 tv V 
CZ0 
e f7 ý 'eý 
0 
j 
' r7 -r- 
-: ý 'ý -'n ýý) '; 
0 - F" ýI 






0ý est. ) 
On. 65 0 -1 6ýa -6 0- - tý * -5 831,4 -'ý ý; g 0. r4ýj ' ýl Ir, F , i 
is 6 On e j4 7! 1 
J 
" o -; 5 Ol 0: 
: 
1--) 
Ij ý) ý), 
i 
- -t' ) ;n '& '% t:. "A 0 6! -e6 - 0 IN 07 69 0 , 
8 6, ý 
671.2 '-6-6 0 z 66v 0 -: r e) - "s ý; ll 1 0 e, OiA 7 0 0ý ; 5 * 
698 
11 




t"6 17 Ai 
;ý' 
0. 79 i01-F' 




r, 6 1:. 6C 0 
-ý-0030o6 c 
.A 





'ý- 'ý ,A* -R Y 0 f) n, 2 '4 -f- 
't, 
-V 41 -r '. ' "3' 01 ýe 
3 0,2 '; 0 
rý886ý en - 0 
al 
7A- 'ý Q 
c"c- 0 







'7 7& P, 6 : 
i eýn 0 
00 
6,, on ý-7'; 0ý 01 or, - .' .1' 0 z', - e -0 , ) ). Or 
r, "ri , Cý T^ 'ý ý; 0 
, C' t -: - 7:: ý 2- ý 0 
1) C-5 
0 
I Ou- 80 31 0 :, - -7 , Ian 
4- -,.. 1 ,7 
391 
T. IBLE I (corit. 












" 0t 0 
- 1- 9 7: " "" -lio 2: - 5--0 a C, ji 'j " 
0 
- 1,, * 
0, 




" F; 0 0 
ýi " - 0 :7 0 0 
II -v r 0 
A, 6.17 
ý. A 




-a'R ?.. I)^ C) 
a 
a 3: -t 0 
1 0 o -ox 6A4 Z' 8 S G; 
0 
00 6- -'-ý "- 0 , F .1 -1 
0 
a c, -,,, -1-: 6' 
do 339 i 0 -8 ' 
On a --- -:: 0 '- W o 0 
' -A ý-O"(5 : z-- 0 
-6 
: 0 0 0o 0 
63 -6ý 
0 
I rl ID 
O'l : 'n 
8o 0 
-3,8 Cýn- f; rk 0 ý .0 "; 3 j 11 2 '7 '- ý'. t -?, r ; 0 
"I -0 XA!; I , - I 0 




1 ("- *7 7 0 
m. -rx, ýC 6ý5 RR 
"A0 Cl f rv 44 a, Zý'ý ,e 'Pl. -17 0 
-7 61 06 'i ' 0 0 O'D -6 () 77 --0 1dI "A'7 e-mo 7 . i. Qj iý 0 -T 'bo r,, 6 (-, ) ": ; 0 




c- 6 Sn -i 
o T 41 - e. IL J-a, 
0 




Ir 6 'C' J 
Z 
-S 
v0 7`0 "ýI 
: 
ý- 09 6 ý7 '0 Cý a -"i c'-" 1, ý- 0 - . 5,0 0P-,! ' 03 ý"T jj 
0 -Tn On (I ' - 0,3 ' -1 -4, 0 
: 
"U 0" 
"e . -10 
'6,; 0 
3.1 0 ' :S. Sx-'. ) 6T 
kl '. ;ýr . .ý0 
týo t 1 I . 'ý -4 '0 
6 -4 
- 0, ! Ia ý3- -3 
'0 1"ý 001E. 17 ý- - 
0 
-5''016011 , ' 44 
1 rj 
.j -- f- "6 a- ý. -T 9ý w .0 5 -8 - 16(" ý '- 0 .I 1- ý7! 0 66; 0 
o A'x 357 . lL 
0 
-3a -_'q 0 0 ri 6: -1ý Zý! 5 so 7 0 r"4 4, -0., ) -'l iiý - -S 0 1 0ý ýý IýZ; 7 0 -6 56 - 0 ý ýp . 11 - 63 
6y3 On. 
-6 ý3- 
-6v7 --o -; 0 ýA 096)6ýjsý 0 Ir eon -eo: ý. " 7 .- 
ottT 0 
I, ' 1003ý07 1 
, 22ý Bc On L-1 .) 
11 1 
( co., ý-- ) 
-Q; n-So6ýý4. - -1 
e -A rl 
0 
" ý, 0 1), 5 -x : 00 0 
300 0 
ýo4 -x 6,1', 4,8, g 0 , r6 0 
'7 








.ai 6, z --y 0 
"I ,, 9 
-!; t2. 0 
-07 
eiý o 
8 4. -ý .6 
"'61, ý ý. - F7 p, " 0 
n 0 
6,:,, o 
6 .6 xt. o 








-8 0-9 PYZ, ýIon T 0 




- 393 - 
TABLE R Rina EiCenvalues: Y =0.2. 
n Ci 0 
7- 3,30508P -1 
CT 
0.000()00,0 













1 15 Z: 'I 
20(-, 00000, G 
I. sooooo, 0 
500000001 -1 
000000009 0 
S. 000000, -I 




I I%j %T 
5 sc 0.5 
00000000t 
I IN= 3 "Y= 0-5 q6 , -3.561553t 0 
1* 3 32227ý1 , 
0 -1& 3 -2870 p 0 
-I 77 1: 1,009 
3 
-I 
0000000of 0 1* 1-3 177 It 1 0 
0.000000, 0: I 1-7539. ')1, 0 IL 1*000000, 0 
t 10 00000of 0 
-190000009 .0 
-19771210op -1 
-1*000000 9 0 -1-o60,09P, 3. v ' ý0 
1* 13 177 1 .0 
-n 'G 5 000000, 0 -2.30') , 017r, , 0. 11 32nf! 76 1 ' 0 -IOZ500000, 0 -2 090 17 , . * InP, 176 , 0 6') or) k"I'l , 
Ivi CT 




0 -2.000000, 0 I- 44'1490v 0 











-1 0 010 0000f, 0 "'Z -3-74568, j, 'o 1-1.8 () 77 ý' P, 
i 
"'. 10 





1.000000P., 4 0 1-11 '" . - 
1 4 p tj 686 
0 
0.0000009", 65 e) -1-78 o 




6 P, 01 
0.000000b 0Q 
3 31 16,3 7p 
177410, 0 
7*3.855773* 0 
- 394 - 
TABLE (cont, ) 
P, IN Q 
l\J Gr 
3-0-5 0-5 ' 8 Y-0-50 
7 
-16622797a 4) 6-0 4-0 
0 '3 -2 - 7261 o? -4-500cý00i 4) 










0 -254305i -3 0 
"Z93765-xo; 'o ) ''' --3 0: 2 S. 6, -7 0Si, 0 .:; 
-. 900969i., 0' 0 
3-000000, 0 
-*900969; . 01 , 
50 -4-90" 0 
() - Oj ý-4. qo63S 0 2 -707107, 0 




SlIes, i 20000000) 0 
764077, 4ý 
-1-764o? e, * 0 2*292893v 0 
-"2-6S2704# 0 ne2S7695* (> 1.292893P 0 
-: 94.679iij - 0, -3-`-S76qSj 
0 
79 38 5; 0. 79 4z, 2 6i , ,0-! 
3-75 4S 6o j () 7944 
265. 0. -.!. L60000001 0 
z. 6: 946Sj 0 -4--700034*' O, iý 1 
-S-52694Sj 0 '74 - ! -700034 -; - -- 
0., 
nec)74517i 
. 8coso Ii 
. C, 
0 




. 88 1229 j. 0 
'-97S277i 0 
36 60 z. 4i Cý "'r*798689# O' 2. Sx658o, 0 0 
ý -1-7986-09i 
i 
0 leSS2409, 0 i- -'Z-97S2? 7i 0 2; - -2-97043 0; -2.87335a, , 
-1 
, '-97043-4 -1,781653, p 
0 
-700745: 7; .1 -. 800391i 
0 
oI -4o26610oi 0.1 I -4--z66loA-S 




ý, I 0 
2-4 142 14, 
1 21 2 
0 
0 
-ý; -6Z946si, (). 1 , 
-4a 3-T 775'ý' 
-6wO2 5 8 , 
1 
0, !ý 
4 4-t -4 6.589,86, " -x - 
.fI -S-5,26945i 1 o1 3 3 ; 1 -60023538ý ' 9 
6.589186, -1' 
-, . -I. o73132- o 
-1-073132-1, 0 
TABLE Ir (conte) 
N=9 Y-o. 15 












-4- 14 1 13 () , 
-4.142136, 













1-0157, )6, 0 
025 79 6 0 
1-- 4-, )75 2p -1 
4- 97 5 
Ar - 51), )07 os -1 
-4-56rio7o, ' -I 
-7-676647s 
7 Ac 7 
-1 911007P 0 




1097 0 - ( ( n-n-61097, 0 
1-3 '000 l, 0 
540 
6. oa e)6n, ), -I 
0 2, cr 63 1 0 17 39 07 : 1 
















. 1.2 17 09 0 , 
2 '- 17 9,99 0 
i o, 16758* 
1 03 675 
' 
0 
-2-3127o6s, * o OnI77, 39 I -1 1-346496, ' 0 3*10-31779 1 
J-554980 
5o415075Y-25 
69 --' : 17 55 3) 
, 227554s 
- 
-1 1- 07 11 06 0 
- 17 (ýý' , ýl 7- -0 -i -POOOOOOOP 0 21-176,987s 0 -3-074223t 0 
32 167 " ,0i -5-03942np 0 
12 1676 9 01 
2-5937') 3 9, ' 
0 i. 2ý)ons7 c) 
-2-593783 v 0 2- 0'2 57p 
I*0 At 2"1 -7 A, j, 2.243037. - 0 1-04287,1P 
^- 43 () 37p 0 lie 14ý13"'* 
073 133, 0 4- 14211 5 
I- 07 3 13 : -' v 0 et rp 3- 45-26101 -1 -3-4108141 
3-45 26 10, - 
-1-433521, - -7-30842-or 
03P, 0 
5 8, ) 1 71-3r2032v 
- () . r. 0 j, jc)i86, 
i 
-I. 1 07 3 13 2 0 
-P, 9073132t 0 
4 14 0 -3-290757# 0 
-^-414: 314. 0 
2.243037. -' 0 
"-^43037t, o 
1- 073 133,0 







1.345: POI" 0 
4 14 : 11 It p'0 
4 14: 3 14 v'0 
-3. oqol85, ' p 
-3.09DI85,1 0 
2.237757j, ' 0 
1-193743,0 





-1,, 842-443p' 0 
%-0 2A. A '7 'n, 1 
n, (S) 10 n6 
A. 677 *10ý" v 1.677 no(l), 
7- 2 17 76 
7- 2 17 7 
3"53 "5 17 
-4-N1404p 
4- 34 '14 () 4 
0 
-r", -, -kl 0 "1 ý) UUW f&I ýý I 
-ý: 78o665,: 0 i- -6-27,1006, -1 
(cont. ) 
r, I ri C-ý 














-z., ), )q6qý,, ' o 

















3.0 "I. 5 
6, --0 
-s. ý". ý r), 4, z, 
z 62"'. 












0 () 5 
0, -)., ) 
-6.0-nn2, n, 
-6 6 79 2: 1,2 
731 
-1-723720f 































































7 ", 6 117 
n 





-7- S1 7ý- 24 ,0 
4.0 S 0.5 





- 397 - 
TABLE (cont. ) , 
0 9 
c ov, b. ) -4 62 1-13 0 0 
-r-744194t, 0, 4.64413ý -1, '- ,o 
-744194s- 0 441.3 (1, *0 6.0e)II06, o 
1 2.886851, _ 0 1 500ý5664# ': '-Oý'ý 01, ." -6- 59 01 -z. 88685 1: v 0 ý1 ýII ("I ' 
0 
-: "ý '' ", -, -5-7 08 
(", I A, o"ý ý 
01 
' 
'73-273795t 0, ' 0-* 6.61507-lo , ,:., 7-+39212# 
I 0 
-3-273795.. o oo6 1 16p -7 7-4393 o' f 
-3.663759t 0 --7*oo6--17,0 "A 9.686919.1 0. -3.663759 0 034317s 0 -9i. 686919, " 0 
7"3- 94 103 2 
3-9; 103.. 0 -71503 po 
-39340.. 4 0 0 -1-71S036 
-4-398402: 0 21, S's 0570p 0 - ,, I zl -4-67-265, 0 - 82-10570P 0 -2 ' 
*, ý1 .' : - 
-672-265, --4 o 3-3 36 17 7ý 8 80 04 1ý o' ", 0 ., 
"I 3-336177 
-4-- 88904-It 0 -3075e)n6o e):, * 
--3 77e9:,, 
6,0 
-5.8363831 Cw 3 -7 N cr 
-4-P, 94803# 0 0 7 
894801ýv o I-o ': -4-4497731 0 tj JO Y-0 0 -6.11872 3 0 0 4-449773p 
. -6.118723t 0 o 4-76ao6l, 
98, -6.5953 o 0 -4 -762o6z . -6-595398s 0 o 
-7.645168, 0 0 4- 105v, ' 1, 
-7.6+5%68' i. 0 -5.614631, '-, 0 - 4, 
' 
. -, ; 
d -II 
-8.939689:. ). ol - , - '. -, - -5.614681'r o 
939689, 0 "-S 3 44 *19 
-5-934419, "' 
0*000000 
1-751988 0 6.3 -' 5795 
-1 - 75 19 88, 0 -6.32579 0-- 
-2.805242#' 0 -6-770 49 k) '0 1-0 
'-2.8oS2, '- 42p 0 '' ýo '. 
6-77ý49 
," 7s, 3-4-0790 0 ý, . ' ' II' :' ''ý 0 7-053 323 3 
-4-07907f 0 
- 05 33'1 3 ý '.. o 
-3.523443., 
' - 
0 ' . ""0 7 6 0000001 0 3 -523443# o 079 -8- 514 
3*762142, 
1 6 - 
0 
r - 7 3 142P 0 )7 0 -1-7,103 :' 190983 -4 - 497 37 3, '1 73o36 0 7 . 1-19 098 31'' 0 -4-497373t 0 -3 -0 -03435st . 
-4 -5 48 10 5 o 0 3- 0' S43 
4-5 48 105 o 3? 035 14 50 -1.690983 " ' 0 - . 4-797179s , 
0 ' -3-035145# 0 , . , -i-690983vý 
. 0 
-797179p 0 ' -3 00 -44430 
-5-5675 91 0, 3-444300 0. 
'" :" -5-567592t I 309017 0 -5-8582791 0 
as sp -5 0 79 
P, 190287s, `. 0 
:0 n ' 




t, Oso 4 
0 nI : , 
-6 5 5C)s 
Os o 
. 




"' 809'017 - o, , 'i -6.946508p '" 11,1ý ,-' o 2763 J6 
, 
1 -7.167770, " 0 7 






-80040S76: ` -O ;" A 
(cont. 
N 




-3-+'17, ý 3 4. ' 
-4 - 92 2 
5-869935, 
-1-5509-6, 0 
1., 550926, 0 
-2.828381, (7) 
0 
-Z-. 2COU09, 0 
-.,. 200809, o 
-5 -4 T-9381", 0 
5-4195843, ' 
,. 671', 47, * 0, 
0 





Q0 27 Ar 7 0 
-1-2273. )ý-7., 0 
0 
36:,, o i., 
P 147 , -4 0 
4 -3 27 0 
-4. ý6, ý303, 0 
-4 - "ý 6A 3) 03-, ol 
-1-9522543, ' 0 
-3 . +: )3344,. * 
-3-4-3334-4r, 
3-'IP, 53/-, I, ,0 
-3-7853, '41, * 0 
Ar 5739063, 
-4.1573906s 0 
-4 . ', -o 0 00 
o 
000000,0 
- 398 - 
5 
57 Gj 63, 0 
d7 0753, 0 
7 
4 7 o 
375 o 
3) 75 
31 -7- S437 
17 05 P)2 , 0 '7 -7- 934 1 ý17 0 
4ý 0n 
1 c) o 
-ý-1 . 17 f, 3 ý) ,* o -I. ý/ 5 4.1 c, c, , 0 ý' -67 'ý 547j. 0 -: 1. n 'If :, I "0ý. -1 c , 
-4 
1 
1,7 5 ' 
_6 0 -3- 33 15, 
3-; '3ý1315, 0 6 
-1.679440, 0 -3-623365P 0 60, 0 -4,. 1603411, 0 
-2.71e6go, . 0 -4 -i 6'o 34 1, 0 7 15 61 90 -4--417569, 
001n J 0 769, 0 
305 0 -4-494541, 0 
ý-7 GI () 1 1, G - 4-49454-2s 0 
-3 -701r; I -- 0 -4 69895r,, 0 
"o,, ol 0 - 's 4 '98950, * 0 
6 0 
5 o 
0 -5.9-16376, 0 
3277,0, -5.9z6376, 
7371 -5.7 694 
e, - 65 8769 4, 
167 0 -7: -t86631, 0 
57 -0.144 2 -7-485532., 
-6.3 4"1 
6 
-5 -A 56 
0 
o -1-787313, 0 . , 
-6-72-477-5, 0 -787312-, 0 
-ý)-724'7753, 0 -2- 9 393 ý'-9, 0 
-7- 0 ., o -2-939330s o 
'03 119, 1 -3- 365,3 9 -3.36569n, 0 
., 
36992, 0 
7 0 536992- 






8" -3 747S 0 ý. -4 ', 3 750, ' 0 r 
')74902, 0 1 '; 
;,. 
o 
-3 97on, 0 ol :., , 0 





TABLE (cont. ) 
N-=10 
-I. "looo-5, ,o 
-39 000000t 0 
374 49t 













.3,2233^4 1. -3-392733# 
3-39ý1738P 
.)* 'i i ý) V'-'j p 
-4-314947t 





-6.1- ýýo Tqý -,, 

















4_0 6 19 3 7_L_ 
-4-4662, n3, 
, 1-466nne), 
-4 -5 3 17 "" 9, 
" 17 6 9, 4-5ý 
-4-7613349 
-4 -761334, 
:, 094 03 
2 of), j 01 




-5 -Q 4344 . 
5j 


































I -I -7 n631,3 p, 0 
0 -I-7-, 
633lp 0 
3- 9 03 9 93 0 0 '' 2-9039')8, , - 0 0 
I 
-ý'-9605359 0 0 
1 -, A 
2-9clos"sp 0 0 ý -3- 31 143,69 0 0 
Q -3- 311,136P ' 
3*7961o6j, 0 0 
- 3- 796 106 p 
. 0 
0 -3 - 143 9 6-7 p 0 
.0 -3-8439871 0 
0 -30 9407 32j, ' 0, 
0 3' 3-94871 j, "0 
0 . -4-6393269 0 
0 -4-6 "- 7. 




I .66 --, z o, ý, ý- -4 )1 0 0 Si i 26o, o 
-5-114710, 0 
-5 - 47 10 0 0 
-5*373189t 0 0. 0, -5-37318, 0 0 -5-"781756, 0 
5-781756, -0 -S-830797v _0 
-5 - -3079 St 0 0 6- -'27 340t 0 0 , , 6 
-0.2- 615 o 
-6. 
96507 5, 
0 15 19 75- 
-7 490, 0 








ol 5 -, I '. ) (fl, ,, 0. - 
54 10 0 
-3- 07371, q 0 
I- 07 7 0 
-3 - 549463, j o 




-4-o, )63oPv 0 
I t-53 J' 0 2, 'r v ' 0, 
-, r-5ý3024Y ' 0 
- Ar -755 11 *' 4 0 
-4 -7 14 0 
4773,11 
-4: 67733SIv 
07 14 0n 0 
-59071,402s, . 0', ýq 1,65, , 0 5" 
-5.4o5466, 0 
-5-7481'7s, - 0 
-5-743157y 0 
04 6 )o 6 0 6' o I 
110159, 0 
-116160, 0 
-le):, l 95 305 0 
95305 0 
-7 *126 01,5 ,, 
- 0, 1, 
1 -603, o 
-7- 1 (*, o6 n, 0 
160' 3 "7. 0 
o 
-7- 71n3 0 
^704ý)Ový' 0' ý f 
27 0 
-3.9998, (" , o', 
400 
TABLE 11 (cont, ) -4 - 49ý, 521 
-4 -49 N=IoYvo . 15 5-4 10 013 0 
" 10 -73 IS/ýv 0 
1-71,73949 0 1.01ý' )607v 0 -5.262,9000 0 
-1-7473049 0 _6. o66607, 0 -5.20ý.. ool, 0 
, 30, 0 -5-49IO07Y 0 
Q 615, 0 -6-77: ý7009, 
i 0 -5-491007P 0 
2,10')() 0 -6-772701P 0 -5-6170439 0 
0 -'14 23 '5 0 -5 .6 17 04 3 0 
26 n n, 0 -7 -304 97 9 0 -5-76305np 0 
0 -9-327400p 0 7 6,0) p 0 
0 
0 76 16 0 
-6-010957s 0 
22759P 0.0 -6- 010057s 0 
447 0 -6.. P-5997()t 0 
4, t 79p 0 
0 530, 
-IO21724P 0 530, 
-49509345P 0 6, ' 38 6p 0 -6. 50 14 4 0 
-4 - 50984 o 501 it 0 
-1 17 1nj, 0 -3 1 .0i ýj - 822052, o 
. ý. 671712., ' 0 1-3.6,7 16 6 _60322053" 0 
-5*3000549 0 -3-796664.: 0i -7.46P, 611,8, 0 
00 055 0 -4 -3436 12, 0 -7.4686,13, 0 '98 iu 96, 0 -4 - 34 8612, # 0 -7-; 1) 54 23 0 6 o i -4-351VIP 0 -7-4954279 0 
0 -4-755oo6, 0 -7 -8 88 97 5p 0 
-5.. JO93590 0 -4 -7 64 4 19 0 -7 1976p 0 
5*^f, 0099990 0 -5*357009, 0 -9 017061Y 0 
o 35700 0 -I)qo o6 i, 017 1 o -6-3493-53a 0 -5.8163751 , 0 -9.613571 0 
--6.349353t 0 -6.15 13, ", 8, o -9.613572P 0 
-6.270703v 0 5 13 W1 v 0 
37070: ý, 0 -6. io4gnn, o 
58-6 0 41S35v 0 1-729711, 0 
o -6.746656, 0 0 
-7.1 1 I'lao, -6-74665r'p 0 -2.8go286, o 
9 I o -7-2,03964P , 0' 11 -2.0()02P, 
69 0 
. -7-356"77s, 0 7-4 2-0007 p, 0 -2-986571t 0 
-7 -35 "77s 0 -7-9331841 0 -, '-986573P 0 
-7-- 55 0'03, 0 -. 1.55636, ), .0 -3-333IOlIt 0 
-7-552003P 0 -1. ()08735t 1 -3-333191P 0 
4 ') 95 'S s -I. io676of I -3-75466S, o 
0 -3 -75,,, 6 61 0 
-1) Sn4 0 -1- 7 24 193 s 0 _3-"ý8057., 0 465 -9 - 'I. ) Q 0 -1 . 724193, 0 3- 
81 057 0 
-2.764700s 0 -3- 070072m 0 
-1-7507531 -0 1; -2 . 764701t o -3-0,70072v 0. 00Z,?, 0 0 6 114 ar, 0 
0 04 n 0 7 0 
,. 4074S9p 0 -3 -4 39183 0 -4 -3-, '7 1549? 01 ,i ýý ý I -3-'429113v I 0, ý ý f 
-4.66533" 0 
41,30510-lo 0 i -. I- I I. . __ ý, 61o12 . 0 "' 
I 
j -4-63e"0091, '_ 0 
'o 30 6101 0 Iý -, I .6P, 0 
-4* 
, 
0 -6105949, - ' ' -0 
. 0 
. 6'4, rIlp -4 '0 ý ," 59 -3 
61o 4 0-1 , I 
0 
., 1-6 945 ". 
I 
0 ý,, 1034 0 
z6n -4 45 0 -5-1034,15; 
-4-4769,42, 0 
I `5'e3,12299v 0 
4-476942 - 0,., I, _-5.382 1 2no p 0 L 
I 401 
TABLt Il (cont. to Y-0.5 
0 -7o 1 0 on 6 o, 
-So771',? OOP 0 
6 0 
,1 




-6-1 5471s 0 
-7 0 5 
-7 -1 -74 103: 1 0 0 -2.3 -05r) 0-,, i 46n, , () 
-6 2 57 11 It , 
0 
. 
-6 * ARA 511 ., 
7937, 
7 
0 -3 4 037 01) p G 
-6. IS n 13 3 0 0 
00 1) -3 0 
)., 991393, 0 6 qp o -49171n3669 0 -7eOT4484, 
-7- 01 
0 
0 16' 0: 1r 0 
1 Aj 446764 0 1 0, 
o 
0 -4 6 P. 5 e)6 1 0 -7-411 50( 0 5 9,. 1-7, o - 0303, 0 7*7 it 5 90 3"' 0 56 2-76 v 0 7- 7`14 0 -739' 3" 0 76, 5.41621 0 -I. 555379s, 
e, 
0 -3, --187441 0 , -5.637-^479 0 579 
10, 
0 
0 0 676' -3 
0 
0 
-6. o, )62nx, 0 
-3.31nnplo, o 
9 s -4 
-4o9675 3 0 3433i6, -r) 
0 
0 7 51,1 
3 17 531 
0 
0 
-3'. 53 87 56 
6 
0 . 6 "14 0 
-3- 5 8a7 5 0 -6.7644 5 9, 




0 -7-i6n5o, )j. 0 
-1.7? 5509., 0 -. -- 1357129 4 0 
-7.67 
- nrl)5, ý69, o - 7-735941), 0 
11,6 54 Ot)$ 0 
42j, -4332. ) 0 S-774o67 0 
0430 0 
-4-433:, - 





-, z -0430 .50v o .1 4 4987 0 5?, ý ' 'o 
-1- 124 4 53 Y I, I 
0 6033" 1 o 
0, ý ol 





^ 'o t 
767053 3 0 -596 
-5 31) 
-4 014 0('f) 0 
ole, 069 : 0 
54 04 4 
-5-540443, 'ý 
0 
5583 19 0 73 32 13 0 
,155 7" 3 19 0 733 0 6on 53 6, o -5 7821) 0 
0, 7 
67 43 4 0 
13 0 
- 
590 0 3,, , 0 (). 3 166 rk, , o :, (, -5 - 0", 1934 . 
., -6.3166,17tý' 0, - 17 25n: 1. -ý-6,4'17137 0 -1--172502sý 
94 
0 A, 17 1 ") 7 
o 
0 






-7 403 10 0 
o 
-7 403104 0 
i O. o6, )140, 0 7.5,58n: ), 0 . - 
ý 
- , 1 . , 
6 o 0, 
o -7 95955 0- 
-7 
- 402 






79", ' j, '-1 
14, .0 
0 
, -). 000000, 0 
-I. 1'171ý493, 0 
47 
jrrnI Ar 9 0 
C- H ICA #IQ 
N6t. o 
0.000000,0 
6-402"143, ' -9 














-'. -79, lt. 92P -1 
-5 97 27 298 





1 /, 00 
-2.7 12'. 76 
-30000000 
-3 -47o6P)ý, 















15 It ý 3. 




-P- 76 167 
4 
-3- 04771 59 
7 









-' -765 367 - Iý- 
2-71r, 33- 68 
37 V3 
r7759 





Y= 1-0 covt-) 
_750 I *0, ý, 




-30nI (), - -I 
1 27 
I cl 4 
77 
-7 Ol ') 
12, 
75 SO 





















-4 -7 -' :27'I 7,35 ý' "'ý 
4 











- 403 - 
o 
71 2 -6 
32 5 07 -I 
29 5 
-5 1. -6o65,. -. 1 
-5. ýý 571 ý*, I, -I 
7.131,1190, -I 




4 13 5 It 
547427 











99 15 4 
16 -2 3, ) o 
o) --, 4,16 13 
-3 53 107 
3- 657132 
-3-740515 





-4 -3944 0'5 
4*r (): - 13 4 i 
-4- 471 1988 
473 c2 
474 -5 4.6 
4-743536 
-4 -954 900 
'337 1 -4 -9'; i 104340 







"-849, r 13 




-7 - 6125 on 






Table IV Chaln Ei genvalues: 0.5 
cH Afrj 
cH rA I fJ N8 
-8-577972t 
lit 0.5 o 
1.672-31)5 4 
-3-33,033575 
, )7 12 
-1-0,15630 0,000000,0 
000000001. 0 




bogol7p 0 -7-457591c, 
-n. 651388t 0 -1-160173 
0 -101! <10000 
-1.91239n 
0 
-2.6*9 1 17 0 
-1. ý00000. % 0 -20171n3 
-I- C14494 3 
-S-6491V, 'p 
2.0 r) r, 00e. ), 0 
-8.81966o, '1 -1-613087 n 15 z 
-3-118034t 0 -1-674453 
-1 7*1. '5-5 
1.4 r-1 1 IIJ 2.4oo671) 
571261)t -1 
6 Yz o. -)-761402 -. 1-571575v -1 1.136945 -1-47 
-3-112-24 533 
-3.6/, oin Si -1.565001 
-3.686, lo8 -1*70106.11 
00000000ý' 0 -4-018366 570 38 -1 1.27 1996 -2.05*1271 
ý,. 6oznoj or, 39,14 
-5.52oz36 n- 5 14 319 




-7 3.3.9 55 %5 -3-405193 
-7 69747,6P. 3-4-90246 
-T. O'l 3 3671o 
19693 -3 3 9,13 7.0 
19 4 e) -3-938786 
_4 




37 -6.2976., )4 
-rl-ý44364 
-7-079059 
-7 - '34 5 136 6 37 54 
ITAe,. VA -8 -IZ7 Zr 
-3f. -7 'R 6 -P.. i4io-- 
5335 434,19 
157 17 9 -n .761 6 
6nz 1", -n- 441308 
-n- 502 ý) 37 
-1 . 7061111 5 34 733 67P, ")3 
-2.0 137071 -2.6o3llo 6 04 1 --6 
2.2 jr Z 19 7 
o ^nno -2-773749 
-ý"- 1740,99 1 -30 0,1152,156 .t,. -3- 0446 
1) 37 77 -3 0 00249' 
2.51) 94 9,, -3-157503 
-5 16 (1) 8 -3.217664 
-2-717714 2, i6l()7- -4 
-053r334 j -3.320749 ," 
-3-076073 -3-492V')ý' 
-3-077102 4n-665 1-Ii 56P687 j0- 
70 ýý 50 -3.642402 
-3-3,16274 
3.4 1 -3-752654 
3 f)ý - 4- )77 -3-767737 o -3,76ýooq 
-3-7^, ql7') 79 )4 
3-75 9"), l 2 -4- Io62 
3-7 rl 0 919 -4. IoI22p. 
-_3 .64,. 3 -4*226374 
I10 /j. 5 1 4- --65--84 






A-419557 Tý. -4-536783 
-4-442410 -4.531398 
-4-481266 -49587210) 
-4-544456. -4 *, P, 7 77 25 
4 oo66 7 
0 ""4.195 1""' . 4.0 
13 53 
-5 - 15 ý 23-1 - "r-905(179 
-5- I29ý37 41 -5.198058 
2 16 677 r -5-234357 
o 9, 6 77 
446 16 4 -5-456349 
e 689ý: 18 5-4.7 79A, 
' -' -5-77-1759 Vý15 17oi6 
07 25 2.0 5 o,, 7 7 16 0 3 037 C) , 
J96 I : "e) 570 2-4 814 730 
-6 n84 8 
APPENDIX 3. 
TABLES OF THERMODYNAMIC PROPERTIES 
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TABLE V ANTIFERROMAGNETIC GROUND STATE ENERGIES 
OF RINGS AND'CHAINS.,,.,,:,. 
TABLE M THERMODYNAMIC PROPERTIES FOR ANTIFERROMAGNETIC 
RINGS FOR THE HEISENBERG LIMIT (Y =1). 
kT/I: yl U/ W ITI S/ Ný C/ Nk 
5.0 -0.16180 0.67663 0.03396 0.04015 
4.4 -0.18501 0.67167 0.04404 0.044151 
3.8 -0.21564 0.66416 O. OS911 0.048922 
3.2 -0.25763 0.6S208 0.08273 0.054603 
2.6 -0.31797 0.63106 0.12178 0.061222 
2.2 -0.37429 0.60744 0.16228 0.065959 
2.0 -0.40931 0.59074 0.18866 0.068271 
1.8 -0.45007 0.56923 0.21976 0.070398 
1.7 -0.47290 0.55618 0.23706 0.071336 
1.6 -0.49751 0.54125 0.2554 0.0721S1 
-0.52396 . 0.52418 0.27416 0.072808 
1.5 -0.52399 0.52415 0.2743 0.072806 
-0.52403 0.52413 0.27453 0.072803 
-0.53790 O. S1472 0.28372 0.073063 
1.45 -0.53795 0.51469 0.2840 0.073059 
-0.53800 0.51466 0.28419 0.073056 
-0.55233 0.50460 0.29322 0.073261 
1.4 -0.55239 O. SO456 0.2935 0.073256 
-0.55245 0.50452 0.29385 0.073251 
-0.56722 0.49376 0.30255 0.073396 
1.35 -0.56730 0.49371 0.3030 0.073390 
-0.56738 0.49366 0.3o338 0.073383 
-0.58258 0.48217 0.31158 0.073463 
1.3 -0.58268 0.48210 0.3121 0.073454- 
-0.58278 0.48203 0.31266 0.073445 
-0.59837. 0.46978 0.32012 0.073454 
1.25 -0.5985 0.4697 0.321 0.07344 
-0.59864 0.46959 0.32156 0.073429 
-0.61458 0.45655 0.32796 0.073364 
1.2 -0.6148 0.4564 0.329 0.07335 
-0.61493 0.45629 0.32987 0.073333 
-0.63115 0.44244 0.33488 0.073186 
1.15 -0.6314 0.4423 0.336 0.07316 
-0.63161 0.44209 0.33742 0.073135 
-0.64805 0.42742 0.34058 0.072916 
1.1 -0.6484 0.4272 0.342* 0.07288 
-0.64865 0.42694 0.34395 0.072843 
-0.66518 0.41147 0.34473 0.072549 
1.05 -0.6656 0.4112 0.347 0.072SO 
-0.66599 0.41081 0.34922 0.072445 
-0.68249 0.394S9, 0.34698 0.072084 
1.0 -0.6830 0.3942 0.350 ý" 0.07201 
-0.68355 0.39367 0.35294 0.071933 
-407- 
-408- 
kT/ lil U/ N III S/ Nk C/N IR 913 
-0.69984 0.37678 0.34692 0.071521 
0.95 -0.700 0.3762 0.350 0.0714 
-0.70125 0.37551 0.35482 0.071301 
-0.71713 0.35809 0.34412 
1 0.070863 
0.9 -0.718 0.3575 0.34(8) 0.0707 
-0.71900 0.35632 0.35457 0.070542 
-0.73420 0.33857 0.33816 0.070121 
0.85 -0.735 0.337 0.34(3) 0.0700 4 
-0.73667 0.33612 0.35190 0.069649 
- 0.75089 0.31835 0.32861 0.069310 
0.8 -0.7S2 0.317 0.33(s) 0.069(0) 
-0.7541.4 0.31494 0.34655 0.068611 
-0.76700 0.29756 0.31512 0.068457 
0.75 -0.768 0.296 0.32(4) 0.068(0) 
-0.77128 0.29282 0.33834 0.067415 
-0.78233 0.27641 0.29742 0.067602 
0.7 -0.784 0.274 0.31(0) 0.067(0) 
-0.78793 0.26985 0.32714 0.066040 
-0.79667 0.25517 0.27541 0.066806 
0.6S -0.799 0.252 0.29(2) 0.065(9) 
-0.80394 0.24612 0.31294 0.064451 
-0.80980 0.23416 0.24924 0.066159 
0.6 -0.813 0.229 0.27(l) 0.064(9) 
-0.81917 0.22175 0.29587 0.062589 
-0.82153 0.21377 0.21930 0.065793 
0.55 -0.826 0.207 0.24(6) 0.063(7) 
-0.83348 0.19686 0.27618 0.060357 
-0.83168 0.19444 0.18636 0.065909 
0.5 -0.838 0.185 0.22(l) 0.062(4) 
-0.84675 0.17158 0.25427 0.057602 
-0.84013 0.17666 0.15149 0.066815 
0.45 -0.84(8) 0.16(4) 0.19(6) 0.061(2) 
-0.85888 0.14604 0.23062 0.054086 
-0.84682 0.16095 0.11610 0.068984 
0.4 -0.85(6) 0.14(4) 0.17(0) 0.059(g) 
-0.86979 0.12037 0.20568 0.049473 
-0.85176 0.14780 0.08188 0.073163 
0.35 -0.86(3) 0.12(5) 0.14(6) 0.05(85) 
-0.87943 0.09467 0.17948 0.043332 
-0.8SS06 0.13769 0.05086 0.080543 
0.3 -0.87(0) 0.10(6) 0.12(0) 0.05(73) 
-0.88771 0.06921 0.15114 0.035247 
-0.85694 0.13090 0.02554 0.093082 
0.25 -0.87(4) 0.08(7) 0.09(6) 0.05(58) 
-0.89447 0.04465 0.11823 0.025147 
-0.85776 0.12734 0.00865 0.114270 
0.2 0.87(8) 0.07(0) 0-07(4) 0. '05(44) L 
0.89940 0.02278 0: 07798 0.014021 
-409- 
T/ 171 N 171 S/ Nk 17 III A, 
-0.85797 -, OA2617 , 0.00127 0.151590 
0.15 -0.88(l) 0.05(3) 0.05(s) 0.05(30) 
-0.90219 0.00706 0.03384 0.004679 
-0.85799 0.12603 0.00002 0.227274 
0.1 -0.885 , 
0.035 0.035 O. OS(16) 
-0.90304 0.00060 0.00453 0.000421 
-0.85799'- 0.12603 0.0 - ! 0.45454S 
-0.8S6 0.018, 0.018 0.050(8) 
0.0 0.0 . 0.0 
-O. BS799 0.12603 + Co. 
0.0 -0.83626 0 0 0.050661 1 -0.90309 0 0 
For kT/jJj-iz, 1.5 three values are listed: the top value corr- 
esponds to N =11, the lowest to N =10, and our extrapolation 
estimate for N-)-ýýis shown in between. The accuracy we expect 
for the limiting result is indicated by the number of figures 
-; 'quoted in the estimate. Brackets round the last figure signi-, 
Z" fy an uncertainty of "T 3, and brackets round the last two > 
figures a possible error of >, 2- 10. 
0-- 
THERMODYNAMIC PROPERTIES FOR FERROMAGNETIC RINGS TABLE M1 
FOR THE HEISENBERG LIMIT (V = 1) . 
Lk/WT C/ Nk M/4' 
1 5.0 ," 
'-0.13324 ! 'ý 0.68040 , , 
0.02309 0.29943 
4.4 -0.14865 0.67711 
'O. 
028S4 0.30600 
3.8 ý-0.16790 0.67240 0.03604 0.3145 5 
3.2 -0.19251 :. 0.66532 0.42615 "" 
2.6 '-0.22479 0.65410 -ý? `0.06192 '0.34271 - 
, 2.2 ý-`? ' -0.25221',, `-, 
ý, 'ýý : 0.64261 "' 'ýC`0.07571 
2.0 -0.26815 0.63501 , 0.08388 0.36826 
1.8 -0.28581 : 0.62570', - "'; 0.09286 0.38014 
' " ' , 1 .7 .ý * 29S34 -0 "0 , ý- . 6202S ," ,, . 09762 0. 0.38702 
1.6 , .1 -0.30534ý,,,:, 0.61418 !ý1 . 0.10250 '",, 0.3946S 
". 
-0.60 7 ý-, `O. '1074 0.40317 





T/J' U/NY 5/ Nk C/Nk ý CT)/Ip 
-0.32683 0.59982 0.1124 0.41275" 
1.4 -0.32683 0.59982 0.11238 0.41275 
-0.32684 0.59982 0.11243 0.41271 
-0.33831 0.59131 0.1172 0.42361 
1.3 -0.33831 0.59131 0.11719 0.42361* 
-0.33833 0.59130 0.11726 0.42360 
-0.3502S O. S8176 0.1217 0.43602 
1.2 -0.3SO26 O. S817S 0.12174 0.43662' 
-0.3SO29 O. S8173 0.1218S 0.43601 
-0.36264 O. S710 0.12S8 OAS039 
1.1 -0.3626S O. S7097 0.12S86 OAS038 
-0.36268 O. S7094 0.12604 OAS036 
-0.36897 O. S651 0.1276 OAS845 
LOS -0.36899 O. S6SO7 0.12771 0.4S844 
-0.36903 O. S6SO3 0.12794 OAS841 
. -O. 
37S3 -O. SS88 0.1292 0.4672 
1.0 -0.37S41 O. SS880 0.12939 0.46720 
-0.37S48 O. SS874 0.12969 0.4671S 
-0.3819 O. SS22 0.1306 0.4768 
0.9s -0.38192 O. SS212 0.13090 0.4767S 
-0.38200 O. SS20S 0.13128 0.47668 
-0.3884 O. S451 0.1318 044873 
0.9 -0.388SO O. S4SO1 0.13221 0.48721 
-0.38860 O. S4491 0.13270 0.48712 
-0.39SO O. S37S 0.1327 0.4988 
0.85 0.39SI4 O. S3742 0.13332 0.49872 
-0.39S27 O. S3729 0.13397 0.498S9 
-0.4017 O. S29S 0.1334 0.5116 
0.8 -0.40183 O. S2930 0.13426 O. S1147 
-0.40200 O. S2913 . 0.13S10 O. S1128 
-0.4083 O. S208 0.134(0) O. S2S8 
0.75 -0.408S6 O. S2061 0.13SOS O. S2S67 
-0.40878 O. S2038 0.13613 O. S2S40 
-0.41S1 O. S116 0.134(4) O. S420 
0.7 -0.41S33 O. SI127 0.13S74 O. S41S9 
-0.41S61 0.51095 0.13713 O. S4119 
-0.4218- 0.501(6) 0.134(0) O. S601 
0.6S, 
. -0.42214 
0.50118 0.13642 O. S59S8 
-0.42249 O. SO075 0.13820 O. SS899 
-0.428S 0.490(9) 0.133(8) O. S81(l) 
0.6 -0.42898 0.49024 0.13718 O. S8008 
-0.42943 0.48964 0.13946 0.57919 
-0.43S4 0.480 0.133(4) 0.605(3) 
0.55, -0.43S86 0.47826 0.13813 0.60365' 
-0.43644 0.47744 0.14104 0.60228 
-0.4420 0 468 0.133 0.633(S) 
0. - S -0.44280 0: 46502 0.1395S 0.63099- - 
'-0.443S4_.,, ,, 
0.46390 0.14306. 0.621887 
-- .- -- - _J -- 
-411- 
ý* 
h'T/ J U/N7 5/ Nk C/ Nik g (-r) 
/4, 
- 0.448(8) 0.454 0.13(2) 0.667 
0.45 -0.44982 0.45023 0.14143 0.66301, - 
-0.45076 0.44870 0.14559 0.65968 
-0.45S(3) 0.43(9) 0.13(1) 0.708 
0.4 -0.45695 0.43343 0.14384 0.7008ä 
-0.4S811 0.43138 0.14847 0.695S4 
-0.462(1) 0.42(1) 0.13(0) 0.76(0)' 
0.35 -0.46421 0.41404 0.14654 0.74S74 
--0.46S60 0.41136 0.15116 0.737244 
-0.468(6) 0.40(1) 0.12(8) 0.82(7) ý. 3 -0.47160 0.39126 0.1486S 0.79900' 
-0.47320 0.38794 0.15229 0.78S27 
-0.47(48) 0.37(7) 0.12(6) 0. g(18) 
0.25 -0.47903 0.36415 0.14801 0.86119 
-0.48076 0.36037 0.14918 0.83914 
-0.48(08) 0.3(SO) 0. l(23) 1.. 05 
0.2 -0.48628 0.33183 0.14028 0.93068 
-0.48797 0.3282S 0.13722 0.89608 
-0.48(37) 0.3(34) 0. l(20) 1. l(4) 
0.175 -0.48969 0.31364 0.13177 0.96640 
-0.49127 0. 
'31065 0.12S89 0.92377 
-0.48(6S) 0.3(15) 0.1(18) 
1.2(6) 
0.15 -0.49283 0.29429 0.11886 1.00093 
-0.49422 0.29246 0.10959 0.94928 
-0.48(92) 0.2(91) 0. l(15) 
1.4(1) 
0.125 -0.49559 0.27426 0.10038 
1.03221 
-0.49670 0.27448 0.08726 0.97096 
-0.49(19) 0.2(64) 0.1(11) 1.6(4) 
0.1 -0.49779 0.2S466 0.0749S 1.05773 
-0.49853 0.25821 0. OS870 
0.98713 
-0.49(46) 0.2(32) 0. l(04) 
l. (75) 
0.075 -0.49927 0.23787 0.04239 
1.07490 
-0.49961 0.24608 0.02735 0.99655 
-0.497(0) 0.1(89) 0.0(95) 2. 
(67) 
0.05 -0.49992 0.22786 0.01085 1.08235 
-0.49997 0.24047 0.00463 0.99974 
-0.498(9) 0. l(34) 0.0(67) 3. (57) 
0.025 -0.50000 0.22591 0.00007 1.08333 
-0.50000 0.23979 0.00001 1.00000 
0 0 c>O 
-0.50000 0.22590 0 1.08333 
- ýO. 23979 
1.00000 
For kT/ J11.5 three values are listed as in the antiferro- 
magnetic case. The topmost value, however, is the estimated 
limit (with uncertainties indicated as in Table then 
follow in' order the results for N =11 and N 010. " 
- 412 - 
TABLE = THEPMODYNAMLIC PROPEMIES FOR ANTIFERPZMA=IC 
RINGS FOR i=0. S. 
k T/I 3-1 
1 
U/ N IUI S/Nk C/ t\l k al 
2.2 
9p 
5.0 -0.07810 0.68525 0.01609 0.040736 
4.2 -0.09348 0.68183 0.02295 0.046589 
3.4 -0.11622 0.67582 0.03518 0.054226 
2.6 -0.15300 0.66334 0.05994 0.064330 
2.0 -0.19925 0.64290 0.09877 0.073735 
-0.24748 0.61580 0.14650 0.080313 
1.6 -0.248 0.616 0.146 0.0803 
-0.24743 0.61582 0.14630 0.080318 
-0.26293 0.60582 0.16294 0.081816 
1.5 -0.263 0.606 0.163 O. o818 
-0.26286 0.60586 0.16261 0.081825 
-0.28014 0.59394 0.18170 0.083174 
1.4 -0.280 . 0.594 0.182 O. o832 
-0.28003 0.59401 0.18113 0.083191 
-0.29935 0.57969 0.20301 0.084315 
1.3 -0.300 0.580 0.201 0.0843 
-0.29917 0.57981 0.20202 0.084346 
-0.32083 0.56248 0.22703 0.085143 
1.2 -0.321 0.563 0.226 0.0852 
-0.32051 0.56272 0.22526 0.085203 
-0.34485 0.54157 0.25370 0.085531 
1.1 -0.344 0.542 0.252 0.0856 
-0.34428 0.54202 0.25046 0.085651 
-0.37165 0.51601 0.28260 0.085311 
1.0 -0.371 0.516 0.280 0.0855 
-0.37064 0.51688 0.27658 0.085561 
-0.40141 0.48462 0.31265 0.084258 
0.9 -0.400 0.485 0.309 0.0844 
-0.39956 0.48639 0.30134 0.084800 
-0.43415 0.44603 0.34171 0.082071 
0.8 -0.432 0.443 0.335 0.0826 
-0.43072 0.44966 0.32057 0.083278 
-0.45157 0.42354 0.35477 0.080423 
0.75 -0.449 0.426 0.345 0.0814 
-0.44690 0.42877 0.32611 0.082244 
-0.46959 0.39866 0.36595 0.078310 
0.7 -0.466 0.403 0.353 0.0800 
-0.46326 0.40619 0.32753 0.081074 
-0.48811 0.37121 0.37430 0.075636 
0.65 -0.484 0.377 0.358 0.0783 
-0.47957 0.38203 0.32367 0.079845 
-0.50695 0.34104 0.37851 0.072276 
0.6 -0.501 0.349 0.356 0.0764 
-0.49552 0.35649 0.31343 0.078696 
-0.52587 0.30313 0.37675 0.068066 
0.55 -0.518 0.320 0.339 0.0742 
-0.51079 0.32993 0.29599 0.077843 
- 413 - 
KT/1-ii U/ NI Ilul S/Nk C/ NIR I-JI 
t 2. 
9F 
0.54449 0.27264 0.36655 0.062805 
0.5 -0.535 0.288 0.337 0.0714 
-0.52500 0.30287 0.27113 0.077622 
-0.56233 0.23507 0.34487 0.056274 
0.45 -0.550 0.255 0.314 0.0683 
-0.53779 0.27594 0.23952 0.078520 
-0.57873 0.19646 0.30876 0.048301 
0.4 -0.564 0.220 0.288 0.0647 
-0.54887 0.24990 0.20282 0.081236 
-0.59294 0.15860 0.25712 0.038894 
0.35 -0.577 0.185 0.256 0.0603 
-0.55803 0.22549 0.16347 0.086756 
-0.60424 0.12389 0.19339 0.028434 
0.3 -0.588 0.150 0.219 0.0554 
-0.56521 0.20342 0.12399 0.096503 
-0.61224 0.09491 0.12719 0.017852 
0.25 -0.598 0.115 0.181 0.0488 
-0.57046 0.18439 0.08628 0.112688 
-0.61715 0.07321 0.07251 0.008641 
0.2 -0.606 0.080 0.130 0.0395 
-0.57389 0.16923 0.05154 0.139282 
-0.62186 0.04169 0.04058 0.000188 
0.1 -0.615 0.019 0.056 0.0112 
-0.57638 0.15458 0.00365 0.277778 
-0.62446 0 0 0 
0 -0.61722 0 0 0 
-0.57632 0.15403 0 
For kT/IJI, '-l. G three values a listed: the top value corres- 
Ponds to the ring N =10, the lowest to N =9,, and our extrapol- 
ation estirnate for N--, >- is shown in between. 
- 414 - 
TABLE = TBERMODYNAMIC PROPEMIM FOR FEPROLMAGNIETIC 
PZNGS AM C=S FOR 'ý =0.5. 
T/ NR ýz (T) 
5.0 -0. 
i078 0.68622 0.01324 0.30385 
4.2 -0.08321 0.68349 0.01823 0.31501 
3.4 -0.10084 0.67881 0.02661 0.33199 
2.6 -0.12766 0.66972 0.04216 0.36086 
2.0 -0.15890 0.65593 0.06422, 0.40047 
1.5 -0.19856 0.63288 0.09772 0.46382 
-0.19859 0.63287 0.09782 0.46380 
-0.2370 0.6401 0.0865 
0.633 0.098 
1.2 -0.23251 0.60750 0.13089 0.53546 
-0.23260 0.60743 0.13137 0.53536 
-0.2670 0.6176 0.1158 
'0.613 0.131 
1.1 -0.24631 0.59548 0.14567 0.57112 
-0.24648 0.59535 0.14649 0.57093 
-0.2792 0.6070 0.1286 
0.596 0.145 
1.0 -0.26173 0.58077 
6.16325 0.61671 
-0.26201 0.58054 0.16471 0.61631 
-0.2928 0.5940 0.1435 
5.582 0.161 
0.9 -0.27910 0.56245 0.18482 0.67685 
-0.27956 0.56201 0.18741 0.67597 
-0.3080 0.5780 0.1610 
0.565 0.181 
0.8 -0.29890 0.53909 0.21265 0.75930 
-0.29972 0.53824 0.21725 0.75726 
-0.3252 0.5578 0.1819 
0.545 0.204 
0.7 -0.32198 0.50822 0.25130 0.87770 
-0.32341 0.50654 0-25916 0.87267 
-0.3446 0.5318 0.2074 
0.520 0.232 
0.6 -0.34981 0.46520 0.30950 V05651 
-0.35223 0.46200 0.32128 1.04331 
-0.3668 0.4974 0.2393 
0.485 0.271 
0.55 -0.36625 0.43657 0.34953 1.18076 
-0.36929 0.43228 0.36224 1.15898 
-0.3791 0.4758 0.2584 
0.458 0.293 
0.5 -0.38489 0.40100 0.39713 1.33670 
-0.38854 0.39555 0.40818 1.30065 
---0.3927 0.4501 O. S798 0.426 0.318 
- 415 - 
N iR. c/Nk 
0.45 -0.40 0.35646 0.44693 1.52961 
-0.41007 0.35014 0.45152 1.47055 
-0.4073 0.4194 0.3032 
0.387 0.348 
0.4 -0.42935 0.30144 0.48187 1.75838 
-0.43335 0.29527 0.47409 1.66459 
-0.4231 0.3823 0.3269 
0.340 0.377 
0.375 -0.44145 0.27019 0.48394 1.88187 
-0.44517 0.26477 0.46873 1.76618 
-0.4314 0.3603 0.3374 
0.311 0.389 
0.35 -0.45340 0.23721 0.46923 2 00632 
-0.45665 0.23308 0.44725 1: 86649 
-0.4399 0.3372 0.3458 
0.283 0.393 
0.3 -0.47493 0.17104 0.37763 2.23474 
-0.47688 0.17092 0.35017 2.04574 
-0.4574 0.2834 0.3492 
0.217 0.382 
0.25 -0.49009 0.11619 0.22370 2.39698 
-0.49084 0.12043 0.20498 2.17020 
-0.4743 0.2219 0.3184 
0.143 0.336 
0.2 -0.49754 0.08349 0.08390 . 
2.47556 
-0.49769 0.09038 0.07773 2.23052 
-0.4883 0.1595 0.2345 
0.070 0.250 
0.15 -0.49972 0.07145 0.01546 2.49738 
-0.49972 0.07909 0.01482 2.24780 
-0.4970 0.1105 0.1095 
0.020 0.114 
0.1 -0.49999 0.06939 0'. 00069 2.49994 
-0.49999 0.07709 0.00069 2.24995 
-0.4998 0.0089 0.0163 
0.001 0.012 
0 -0.50000 0.06931 0 2.50000 
-0.50000 0.07702 0 2.25000 
. -0.50000 
0.08864 0 
-0.5 , 0 0 00 
For krlj'4ý- 1.5, up to four values may be listed: the top two 
correspond to the N =10 Ring and the N=9 Ring, the third is 
a value forthe N =8 Chain,,, and-the fourth is a limiting 
N value, where available. 
'REFERENCES. 
Anderson, P. W., 1951, Phys. Rev., 83,1260. 
Anderson, P. W., 1963, Magnetism, Vol, 1, Academic Press, p. 25. 
Arai, T., and Goodman, B., 1967, Phys. Rev., ISS., 514. 
Baker, G. A. Jr., Rushbrooke, G. S., and Gilbert, H. E., 1964, Phys. 
Rev., L3S, A1273. 
Barraclo 
' 
ugh, C. G., and. Ng, C. F., 1964, Trans. Faraday Soc. (GB) 
60,836. 
Berger, L., Friedbe. rg, S. A., and Schriempf, J. T., 1963, Phys. 
Rev., 132,1OS7. 
Bethe, H. A., 1931, Z. Physik, 71,205. 
Bleaney, B.., and Bowers, K. D., 1952, Proc. Roy. Soc., A214., 
451. 
Bloch, F., 1929p Z. Physik, ý7,545. 
Bloch, F.., - 1930, Z. Physik, 61,206; 1932. ', 74,295. 
Bonner, J. C., and Fisher, M. E., 1964, Phys. Rev., 135, A640. 
Boon, M. H., 1961, ' Nuovo Cimento, 21,885. 
Brooks, J. E., and Domb, C., 1951, Proc. Roy. Soc., A207,343. 
Bulaevskii, L. N.; 1963, Soviet Phys. -JETR, 16,685. (Trans- 
lation of Zh. Eksperim. i Teor. Fiz., 43,968,1962. ) 
Carboni, F., 1966, Thesis, University of Kansas. 
Carboni, F., and Richards, P. M., 1968, J. Appl. Phys., 39,967. 
Des, Cloizeaux,. J., and Pearson, J. J., 1962, Phys. Rev., L28, 
2 
'131. 
Des Cloizeaux, J.,. and, Gaudin, M., 1966, J. 'Math. 
Phys., 7.1384., 
Corson, E. M.,, 1951, Perturbation Methods in the Quantum 
Mechanics of n-Electron Systems, Blackie and Son, Chapter X. 
Davis, H. L., 1960, Phys. Rev,, 120,789. 
Do, mb,. C., 1960, Advan., Phys., 9,149. 
Domb, C.,! and Miedema., A. R., 1964, Progress in Low Temperature 
Physics,, Vol IZ,?. 296. 
14 
Domb, C. and, Wood, D. W., 1965, Proc. Phys. Soc., 86,1. 
- 1116- 
1 -417- 
Duffy, W. 7r., Lubbers, J., van Kempen, H., Haseda, T., and Miedema, A. r 
1962, Proc. 8 th Int. Conf. Low Temp. Phys. (London). 
Duffy, W. Jr., and Barr, K. P., 1968, Phys, Rev., 165,647. 
Duffy, 11. Jr., and Strandburg, D., 1967, J. Chem. Phys., L6,456. 
Dyson, F. J., 
-1956, 
Phys. Rev., 102,1217,1230. 
Edelstein, A. S., 1966, Phys. Rev., 142,259. 
Edelstein, A. S., 1965, Private Communication. 
Falk, H., 1965, Private Communication. 
Falk, H., and Rui. igrok, T. W., 1961, Physica, 27,710. 
Falk, H., and Rui. jgrok, T. W., 196S, Phys. Rev., L39, A1203. 
Feynman, R. P., 1939, Phys. Rev., 56,340. 
Fisher, M. E.,, 1960,. Proc. Roy, Soc., A256,502-, 
Fisher, M. E., 1960a, Physica, ý6,618. 
Fisher, M. E., 1963, J. Math. Phys., 4,124. 
Fisher, M. E., 1964, Am. J. Phys., 32,343. 
Fisher, M. E., 1965, Lectures in Theoretical Physics, Vol. EIC, 
University of Colorado Press. 
Fisher, M. E., 1966, Phys. Rev. Letters, '16,11. 
Fisher, M. E. ', 1967, Repts. Prog. Phys., '30, PartIl 615. 
Frank, D., 1956, Z. Physik, L46,615. 
Friedberg, S. A., and Raquet, C. A., 1968, J. Appl. Phys., 39,. no. 2 
(part 1132. 
Fritz, 'J. J., Iand Pinch, H. L., 1959, J. Am. Chem. Soc., 29,3644. 
Geballe, T. H., and Giauque, W. F., 1962, J. Am. Chem. Soc., 24,3513. 
Ginzburg, V. L., 'and Fain, V. M., -1962, Soviet-Phys. -JETP., IS, 131 
(Translation of Zh. Eksperim. i Teor. Fiz., -42,180,1962. ) 
Goodenough,, J. B., 1963, ýMagnetism_and the Chemical Bond, N. Y. Inter- 
Science. 
Gorterlet al., 1955: ýseevan der Marel,, -, van. 
den Broek, Wasscher 
and Gorter, 195S. 




Griffiths, R. B., 1963, Mimeographed Report, University of California, 
La Jolla, (unpublished). 
Griffiths, R. B., 1963, Private Comunication. 
Griffiths, R. B., 1964, Phys. Rev., 133, A768. 
Griffiths, R. B., 1964a, Phys. Rev., 135, A659. 
Griffiths, R. B., 1964b, Phys. Rev., 136, A751. 
Haas, C. W., and Jarrett, H. S., 1964, Phys. Rev., 135, A1089. 
Haseda, T., and Kobayashi, H., 1964, J. Phys, Soc. Japan, 19,1260. 
Haseda, T., and Miedema, A. R., 1961, Physica, Z7,1102. 
Haseda, T., Miedema, A. R., Kobayashi, H., and Kanda, E., 1962, J. Phys. - 
Soc. Japan, Supp. B-I, S18. 
Hulthen, L., 1938, Arkiv. Mat. Astron. Fysik, 26A, No. 11, -1. 
Hunt, J. T., and Girardeau, M. D., 1967, Phys. Rev., 160,4ss. 
Ising, E., 1925, Z. Physik, 31,253. 
Joyce,, G. S., 1967, Phys. Rev., ISS, 478. 
n 
Kadota, S., Yamada,. I.,. Yoeyama, S., Hirakawa, K., 1967, J. Phys. A 
ýSoc. Japan, 23,751. 
Kanamori, J., 1963, Magnetism, Vol. l, Academic Press, p. 127. - , 
Kanda, S., Ito, K., and Nogaito, T., 1967, J. - Polymer Science, Part C, 
No. 17,151. 
Karayianis, *, N., Morrison, C. A., and Wortman, D. E., 1962, Phys. Rev., 
126,1443. 
Kasteleijn, P. W., 19S2, Physica, 18,104. 
Kasteleijn, P. W., -1960', Private Co=unication. 
Katsura., S.; 1962, Phys. Rev., 127,1508. 
Y. ), 31,325. 
_ 
Katsura, S., 1965, Ann. Phys. (Ne 
Katsura, S., and Inawashiro, S., 1964, J. Math. Phys., i0gi.. 
Katsura,. S., and Inawashiro,, S.,, 1965:, should rpad Inawashiro, S., 
and Katsura, S., 1965, Phys. Rev, 140, A892. 
Katsura, S.,. and Inawashiro, S., 196Sa, 'J. Math., Phys., 1916. 
Kawasaki, K., 1966, Ann. Phys. (N. Y. ), 37,142. 
Van, Kempen, H. 196S, -,, Thesis, - University, of Leiden. ',,,, -., 
- 414- 
Kittel, C., and Shore, H., 1965, Phys. Rev., L38, A1165. 
Kobayashi, N., Haseda, T., Kanda, E., and Kanda, S., 1963, J. Phys. 
Soc. Japan, 18., 349. 
Kobayashi, H., and Haseda, T., 1964, J. Phys. Soc. Japan, 19,765. 
Van Kranendonk, J., and van Vleck, J. H., 1958, Rev. Mod. Phys., 
30,1. 
Kubo, R., 19S2, Phys. Rev., 87,568. 
Kubo, R., Rev. Mod. Phys., ZS, 344. 
Ledinegg, E., and Urban, P., 1952, Acta Physica Austriaca, 6. No. 1,7. 
Lieb, E. H., 1967, Phys, Rev. Letters, 18A 692,1046; 19,108. 
Lieb, E., Schultz, T., and Mattis, D., 1961P Ann. Phys. (N. Y. ), 16,407. 
Mannari, 1., 1958, Prog. Theor. Phys. (Kyoto), 19,201. 
Van der Marel, L. C., van den Broek, J., Wasscher, J. D., Gorter, C. J., 
1955, Physica,. 21,685. 
Marshall, W., 1955, Proc. Roy. Soc., A232,48. 
Matsubara, T., and Matsuda, H., 1956, Pr. og. Theor. Phys. (Kyoto), 16,416, 
569. 
Matsubara, T., and Matsuda, H., 1957, -Pr, og. Theor. Phys. (Kyoto), L7, 
Mattheiss, L. F., 1961, Phys. Rev., 123,1209,1219. 
Mattis, D. C., 1965, The Theory of Magnetism, Harper and Row. 
Mazzi, F., 1955, Acta. Cryst., 8$ 137. 
Mermin, N. D., and Wagner, H., 1966, Phys. Rev., etters, 17,1133. 
Meyer, K., 1956,, Z. Naturforsh. IIA, 865. 
Miedema, A. R., ývan Kempen, H., Haseda, T., and Huiskamp, W. J., 1962, 
Physica, 28, jig. 
Muir, T., 1960, A Treatise on the Theory of Determinants, Dover Publi- 
cations Inc., p. 485. 
Nagle, J. F., 1966, J. Math. Phys., 7,1492. 
Nagle, J. F., 1968, Private Communication. 
Nambu, Y., 1950, 
lProg. 
Theor. Phys. (Kyoto)) 
Neel, L., 1932, Ann. Phys. (Paris), 17,64. 
Newell, G. F., and Montroll, E. W., 1953, Rev. Mod. Phys., LS, 353. 
- 420- 
Nordio, P. L., Soos, Z. G., and McConnell, H. M., 1966, Ann. Rev. Physical 
Chem., 17,237. 
Oguchi, T., 1960, Phys. Rev., 117,117. 
Oguchi, T., 1963, Phys. Rev. Letters, 11,266. 
Oguchi, T., 1963a, J. Phys. Chem. Solids, 24,1049. 
Oguchi, T., 1964, Phys. Rev., 133, A1098. 
Oguchi, T., and Takano, F., 1964, J. Phys. Soc. Japan, L9,1265. 
Ohtsuka, T. J., 1961, J. Phys, Soc. Japan, '16,1549. 
Onsager, L., 1944, Phys. Rev., 65,117. 
Orbach, R. L., 1958, Phys. Rev., 112,309. 
Orbach, R. L., 1959, Phys. Rev., 115,1181; Ph. D. Dissertation, 
University of California, (unpublished). 
P01ya, G., 1937, Acta Math., ý8,145. 
Poulis, N. J., and Hardeman, G. E. G., 1952, Physica, 18,201. 
Pratt, G. W. Jr., 1961, Phys. Rev., 122,489. 
Rado, G. T., and Suhl, H., 1963, Magnetism, Vols. 1 and 3; 1965, Vol 2A; 
1966, Vol. 2B; Academic Press. 
Richards, P. M., 1967, Private Co=unication. 
Rodriguez, S., 1959, Phys. Rev., 116,1474. 
Rogers, R. N., Carboni, F., and Richards, P-M., 1967, Phys. Rev. Letterýs 
19,1016. 
Rogers, R. N., and Dempesy, C. W., 1967, Phys. Rev., 162,333. 
Rui. igrok, T. W., and Rodriguez, S., 1960, Phys. Rev., 119,596. 
Runnels, L. K., and Combs, L. L., 1966, J. Chem. Phys., 45,2482. 
Slater, J. C., 1936, Phys. Rev., 49, S37,931. 
Smart, J. S., 1963, Magnetism, Vol. 3, Academic Press, p. 63. 
Stevens, K. W. H., 1963, Magnetism, Vol. 1, Academic Press, p. 1. 
Stoner,.. E. C., 1938, Proc. Roy. Soc., A165,372. 
Stout, J. W., and Chisholm, R. C., 1962, J. Chem. 'Phys. ) 979. 
Syozi, 1., 1951, Busseiron-Kenkyu No. 39,55. 
Thompson, C. J., To be published. 
Uhlenbeck, G. E., and Ford, G. W., 1962, Studies in Statistical Mechanics 
Vol. North-Holland, p. 167. 
/+ 
Ukei, K., Unpublished specific heat measurements. 
Walker, L. R., 1959, Phys. Rev., 116,1089. 
Walker, L. R., 1964, Private Communication; 196S, Proc. Int. Mag. Conf. 
(I. P. P. S. ), p. 21. 
Watanabe, T., and Haseda, T., 1958, J. Chem. Phys., 28,323. 
Weng, C-Y., and Griffiths, R. B., Private Communication. 
Wilks, J., 1961, The Third Law of Thermodynamics, Oxford: Clarendon 
Press, Chapter 
Wigner, E. P., 1959, Group Theory and its Application to the Quantum 
Mechanics of Atomic Spectra (Translation), Academic Press, p. 138. 
Wilkinson, J. H., 19S8, Computer Journal, L, No. 2,90 : 1960, Com- 
puter Journal, 3., No. 1,23. 
Wittekoek, S., 1967, Thesis, University of Leiden. 
Wittekoek, S. A Poulis, -N. J., and Miedema, A. R., 1964, Physica, 30,1051. 
Wood, D. W., 1965, Ph. D. Thesis, University of London. 
Wortis, M., 1963, Phys. Rev., 132,85. 
Yang, C. N., and Lee, T. D., 19S2, Phys. Rev., 87,404,410. 
Yang, C. N., and Yang, C. P., 1966, Phys. Rev., L50,321,327; 151,258. 
Yang, C. P., 1963, Proc. Symp. Appl. Math., -XZ, 351. 
The EntroPy of an Antiferromagnet in a. Magnetic Field 





Proceedings of the Physical Society, Vol. 80, Part 2, No. 514, pp 508-515 
1962 
Printed in Great Britain by J. W. Arrowsmtth Ltd., Bristol 3 
q 
PRoc. PHys. soc., 1962, VOL. 80 
The Entropy of an Antifcrromagnet in a Magnetic Field 
By JILL C. BONNER AND MICHAEL E. FISHER 
Wheatstone Physics Laboratory, King's College, London 
MS. received 19th March 1962 
Abstract. The Ising model of an antiferromagnet exhibits an anomalous entropy 
peak at a critical magnetic field which remains even at the absolute zero of tempera- 
ture, in violation of the third law of thermodynamics. By investigating numerically 
the behaviour of finite chains of spins interacting through the more general aniso- 
tropic Heisenberg coupling, described by the Hamiltonian 
NN 
--'e= 21JI 1: 
{SI'Si+e+y(Si'Si+e+SiySi+ly))-gpH: E Siz 
t-I i-1 
it is shown that the zero point anomalous entropy is peculiar to the Ising model 
(y = 0). If the anisotropy is sufficiently great, however, an appreciable entropy 
peak does persist down to low temperatures although in the anisotropic (pure 
Heisenberg) limit the entropy has only a broad maximum which falls steadily 
in height as T approaches zero. 
§ 1. INTRODUCTION 
T HE third law of thermodynamics implies that the entropy of a physical system 
in equilibrium must vanish as the absolute zero of temperature is approached. 
More precisely for a macroscopic system consisting of N subsystems (e. g. 'spins') 
interacting with one another the third law implies that the entropy per subsystem should 
vanish in the limits N -* oo and T --> 0. A magnetic material in thermodynamic 
equilibrium which did not obey the law could be used in an adiabatic demagnetization 
process to reach the absolute zero in a finite number of steps ffilks 1961). 
It was noted by Brooks and Domb (1951) that the plane square Ising model of an 
antiferromagnet is anomalous in this respect since the entropy displays a maximum 
as a function of magnetic field which persists down to absolute zero. The point has been 
discussed more recently by Fisher (1960) and Domb (1960). 
In an antiferromagnetically ordered system at low temperatures a small magnetic 
field tends to reduce the order (by reversing spins aligned against the field) so that the 
entropy rises as the field is increased. In a strong field on the other hand all the spins become ferromagnetically aligned and the entropy falls to zero. Consequently at an intermediate field (and low enough temperature) the entropy displays a maximum, 
(see, for example, figure 1). It is a characteristic feature of the Ising model, howeVer, 
that this entropy maximum persists as a sharp peak right down to T=0 where it occurs 
at a field H= He (see figure 1). The critical field He is simply the field at which the 
gain in magnetic energy on reversing a single spin coupled antiferromagnetically to q 
neighbouring spins is balanced by the loss of coupling energy due to the change over to ferromagnetic alignment. Explicitly -if the 
Hamiltonian is 
'Jit' 2 jj[ : E'SjzSjýl -gPH Se 
_! I, " Oh the critical field is He = qljllgp. 
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The Entropy of an Antiferromagnet in a Magnetic Field 509 
The height of the anomalous peak is found to be an appreciable fraction of the maximum 
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For the standard two-dimensional Ising lattices the anomalous entropy is not known 
exactly but is approximately 50% of the maximum. 
It was suggested (Fisher 1960) that the anomalous zero point entropy was a direct 
consequence of the simplicity of the Ising form of coupling which would not arise with 
a more realistic form of interaction. To establish this point and to investigate the prob- 
able behaviour of the entropy of real antiferromagnets we have considered the general- 
ized anisotropic Heisenberg Hamiltonian N 
. V' = 21JI 2 {S? Sý + y(Si'Sj' + SiySjy)) -gPH Y_ S?. (5) 
Yh t-1 
Here the spin operators SiO, SiY and Si' obey the usual commutation relations while 
the isotropy parameter y varies between the value zero, corresponding to the pure 
Ising interaction, and the value unity corresponding to the pure (isotropic) Heisenberg 
coupling St-Sp 
The Hamiltonian (5) is essentially the same as that discussed by KasteleiJn (1952), by 
Orbach (1958) and by various other authors. Although some exact results are available 
for the ground state energy and related properties of the model in the limit N -+ 00 
(Orbach 1958) the thermodynamic functions and the behaviour in a magnetic field are 
unfortunately not known even for a one-dimensional chain of spins. Accordingly 
we have undertaken a numerical study of the general properties of the model for finite 
chains and rings of spins. 
Our calculations have so far been extended up to rings of 11 spins with nearest 
neighbour coupling, and cover the dependence of the energy, entropy, specific heat 
and susceptibility on the temperature, the field, the anisotropy and the number of spins. 
One of our main conclusions is that many features of the behaviour of long chains are 
already displayed by chains of seven to ten spins. The detailed evidence for this and 
the majority of our results will be presented in another paper. Here we confine ourselves 
to the question of the anomalous entropy and show that it can be settled by examining 
the results for short rings. 
When our calculations were under way we learned that Dr. R. B. Griffiths at Stan- 
ford University, California, was making similar calculations for the isotropic Heisen- 
berg Hamiltonian (y = 1). His computations covered the zero field behaviour of energ Y*, 
entropy, specific heat and susceptibility for rings of up to ten spins. We are very grateful 
to Dr. Griffiths for sending us details of his work which incidentally provided us with a 
useful check on some of our numerical results. 
§2. NU. MERICAL CALCULATIONS 
The calculations of the eigenvalues of the Hamiltonian (5) and thence of the thermo- 
dynamic functions by the standard formulae of statistical mechanics, were performed 
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on the University of London 'Mercury! computer. The basic task is the diagonaliza- 
tion of a 2N x 2N matrix. However by using the eigenfunctions of the operator I: sjz 
which commutes with del the characteristic determinant factorizes into blocks, the largest 
being of order Nll[(IN)1]2 (for N even). An appreciable further reduction can be 
achieved by using the translational symmetry of a ring of similar spins. 
3. PROPERTIES OF THE EIGENVALUES 
In figure I we have plotted the entropy per spin for an Ising ring of eight spins 
(y = 0) as a function of the field for various temperatures. The anomalous entropy 
012 









Figure 1. Variation of the entropy with magnetic field and temperature for a 
ring of 8 spins coupled with the Ising interaction (y - 0). 
peak is evident. Its height is given by SINk =j In 47 = 0-4813 which differs frorn the: 
limiting (N = co) result 0-4812 by less than 0-03%. For fields less than H,, however 
the entropy does not fall to zero as might be expected, but to the value (k1N) In 2 =' 0-, 0866k (N=,, 8). This is a 'small number' effect arising from the twofold degeneracy 
of the antiferromagnetic ground state of the rsing model. In the limit N -),. 00 of course, 
this contribution vanishes., 
Examination of the spectrum of eigenvalues of the Ising ring as a function of magnetic 
field (see figure 2) reveals that the anomalous entropy peak is due to a confluence of a large 
fraction of the energy levels at , 
the critical field H=H, The multiplicity of this 
degeneracy for rings of N=2,3,4, ... spins is given by the Fibonacci series 3,4,7, 11,18,29,, 47, ... the Nth term, of. which varies as G+1, V5)N. From this the limiting 
result (3) follows immediately, It is clear that any perturbation of the pure Ising Harnil- 
tonian which splits this high degeneracy should result in the disappearance of the anornal- 
ous entropy at a sUfficiently low temperature. When y> 10 in * 
(5) the transverse part 
of the Hamiltonian represents such a perturbation and calculation shows that the degeneracy is indeed appreciably split. Figure 3 shows the relevant part of the spectrum 
when y=0 -1 which still corresponds to a rather anisotropic antiferromagnet. Although 
the multiple degenqr4cy is spýit, thrre is, still a considerable density of low-lying levels 
near,, the,, critical fifeld. Thq doubly degenerate zerq-field antiferromagnetic. gr'ou. nd 
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Figure 2. Spectrum of eigenvalues for an Ising ring of 8 spins as a function 
, 
of 











Figure 3. Spectrum of eigenvalues for y= 0- 1. Note that the groups of levels 
of negative S' are merely indicated by broken lines. 
state is actually split but by such a small amount (0-024%) that the two levels cannot 
be distinguished on the scale of the figure. 
The situation is quite different at the Heisenberg extreme (y = 1, complete isotropy) 
as shown in figure 4. The level density is rather uniform'and only slowly changing. 
The only degeneracies in the ground state are twofold and arise in a field from the 
crossing of one level by a level of higher total Sz. In the general case there will be JN 
of these intersections (H > 0). It will be noticed that they'are spread out between 
H=0 and H= We although they tend to cluster more closely towards H= Me 
(see below). 
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These general features of the energy level spectra are quite typical of longer chains 
and examination of more complicated spin clusters indicates that they will be equally 








Figure 4. Spectrum of eiger)Values for a Heisenberg ring of 8 spins (y 
(Note that the scales are not the same as in figures 2 and 3. ) 
§ 3. ENTROPY VARIATION 
In figures 5,6 and 7 we have plotted the entropies as derived from the calculated 











Figure S. Variation of the entropy for an anisotropic ring when y=0.1. 
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still close to the pure Ising model (figure 1) and the entropy isotherms are almost 
unchanged down to temperatures for which kT1jjj = 0-2. Below this temperature, 
however, the height of the entropy peak begins to fall rapidly and eventually the peak 
splits into separate components. This again is a small number effect (see below) and 
we must presume that in the limit N -+ oo the peak will fall smoothly to zero. (Owing 
to the very small splitting of the zero-field antiferromagnet ground state, noted above, 
the entropy below He still appears to fall to the value (k ln 21N) rather than to zero. 
















Figure 6. Variation of the entropy when v= 0- 5. 
In the case of moderate anisotropy (V =0 -5) shown in figure 6, the entropy maximum is much broader and has shifted to a higher value of the field. The height of the maximum 
falls steadily even at higher temperatures but at a temperature below kTlljl = 0-3 the 
maximum again splits into a series of smaller separated peaks. The same phenomenon 
















Figure 7. Variation of the entropy for the Heisenberg case-(y 
so low in height as to be scarcely identified as a feature of interest. The small peaks in 
all these cases are of height k In2 IN and correspond simply to the twofold degeneracy 
that occurs when levels of adjacent S' cross in a field as mentioned above. rn the limit 
13 
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N --> oo these peaks will be absent and the entropy must fall smoothly to zero in all 
fields. 
The main features of the dependence on anisotropy are summarized in figures 8 
and 9 which show the loci of the entropy maxima in the (H, T) plane and the variation 
of the height of the maximum with temperature for different values of y. As the aniso- 
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Figure 8. Loci of entropy maxima as a function of temperature and field for different 








Figure 9. Variation of the height of the entropy maxima with temperature for 
different degrees of anisotropy. Note that the dotted curves represent the zero- 
field entropy minima. 
Quite clearly the anomalous zero point entropy occurs only at the Ising limit although, if there is sufficient anisotropy, an appreciable entropy peak remains to quite low ternpera- 
tures even when y>0. These curves are plotted for the case N=8 but except at the lowest temperatures, where the curves are shown by broken lines, they will differ by no more than a few per cent from the limiting results (for N= 00). 
A linear chain of coupled spins does not, of course, show a phase transition although 
we may loosely distinguish a predominantly antiferromagnetic region (lying below the 
ýN 
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locus in figure 8) from a predominantly paramagnetic region, at high fields and tempera- 
tures. Two- and three-dimensional models (except for the Heisenberg limit in two 
dimensions) must be expected to show a proper transition with an associated specific 
heat anomaly, as do real antiferromagnets. The effect of a transition on the entropy 
variation, however, should not be very marked as is demonstrated, for example, by the 
exactly soluble two-dimensional super-exchange Ising model (Fisher 1960). The main 
change will be merely a steepening up of the rate of increase of entropy with field on 
the low field side of the entropy maximum. (It is probable that OSIOH becomes in- 
finite at the transition but it seems unlikely, in view of experimental and theoretical 
knowledge of the specific heat anomaly, that this infinity is much sharper than logarith- 
mic. ) Consequently the general featuies of the entropy variation and its dependence 
on anisotropy which we have discussed should be valid for two- and three-dimensional 
Heisenberg-type models and for real antiferromagnets of simple structure. 
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Linear chains (and rings) of S=J spins with the anisotropic (Ising-Heisenberg) Hamiltonian 
NN 
2J 2; (SiSi+i*+, y (SisSi+lx+SiySi+lv)) - go M H- Si 
i-I i-I 
have been studied by exact machine calculations for N-2 to 11, y-0 to I and for ferro- and antiferro- 
magnetic coupling. The results reveal the dependence on finite size and anisotropy of the spectrum and dis- 
persion laws, of the energy, entropy, and specific heat, of the magnetization and susceptibilities, and of the 
pair correlations. The limiting N--* co behavior is accurately indicated, for ally, in the region kTI I JI >_ 0.5 
which includes the maxima in the specific heat and susceptibility. The behavior of thermal and magnetic 
properties of infinite chains at lower temperatures is estimated by extrapolation. For infinite antiferromag- 
netic chains the ground-state degeneracy, the anisotropy gap, and the magnetization, perpendicular suscepti- 
bility, and pair correlations at T=0 are similarly studied. Estimates of the long-range order suggest that it 
vanishes only at the Heisenberg limity -I and confirm the accuracy of Walker's perturbation series iny. 
1. INTRODUCTION 
E XPERIMENTAL and theoretical studies have 
shown that in many magnetic materials, the 
magnetic -part of the Hamiltonian may be quite 
accurately represented as a set of localized spins Si with 
bilinear interactions. For certain highly anisotropic 
systems, ' the coupling energy can be approximated by 
the pure Ising form - 2JSj2Sj11, but for most systems the 
anisotropy, although important, is not very large and 
the pure Heisenberg coupling - 2JSj- Sj is more realistic. Between these extremes is the anisotropic "inter- 
mediate" coupling -2J(-ySj-Sj+(1-y)Sj6Sj2) which 
reduces to the Ising case wheny =0 and the Heisenberg 
case when y=1. 
With pure Ising interaction the partition function of 
a finite or infinite chain of spins in a parallel magnetic 
field, and thence the thermal and magnetic properties, 
may be calculated exaCtly. 2 For simple two-dimensional 
Ising lattices exact solutions may be obtained in zero 
field. ' For the Heisenberg, or intermediate y spin 
Hamiltonians, however, exact closed formulas for the 
finite-temperature behavior have not been found even 
for the linear chain despite much theoretical effort 
(see below). Although, naturally, greatest interest 
attaches to three-dimensional lattices, the properties of 
linear chains with non-Ising spin coupling are of both 
experimental and theoretical significance. 
I A. H. Cooke, D. T. Edmonds, C. B. P. Flinn, and W. P. Wolf, Proc. Phys. Soc. (London) 74,791 (1959); M. Ball, M. T. Hutch- ings, M. J. M. Leask, and W. P. Wolf, Proceedings of the Eighth International Congress on Low-Temperature Physics (to be 
published); M. Ball, M. J. M. Leask, W. P. Wolf, and A. F. G. Wyatt, J. AppI. Phys. 34,1104 (1963). 
2 C. Domb, Advan. Phys. 9,149 (1960). The perpendicular 
susceptibility (in zero field) may also be calculated exactly with Ising coupling in one and two dimensions. See Refs. 43 and 44. 
Experimentally a number of crystals are known, ' for 
example copper tetramine sulfate monohydrate, la, b, 4 in 
which the magnetic ions are arranged in chains with 
strong interactions within each chain but rather weak 
interactions between chains. Except at the lowest 
temperatures, the chains should be almost independent 
and theoretical values based on a one-dimensional 
model may be confronted directly with experimental 
measurements. Furthermore, the experimental evidence 
on va--ious cupric quinone complex saltslo, d indicates 
the existence of independent finite chains of 10 to 20 
magnetic ions. A one-dimensional model is similarly 
valid for magnetically active polymeric molecular 
chains of finite or indefinitely great length. 5 
Theoretically the linear chain Heisenberg-Ising 
model is interesting as one of the simplest many-body 
systems in which quantum effects play a vital part. This 
is especially so for the antiferromagnetic cha 
, 
in where the 
calculation of even the ground-state energy is not easy, 
although it has been performed exactly. 6-9 Accurate 
ýb' 
(a) T. Haseda and A. R. Miedema, Physica 27,1102 (1961); 
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(1963); (e) L. Berger, S. A. Friedberg, and J. T. Schriempf, 
Phys. Rev. 132,1057 (1963). 
4 R. B. Griffiths, Phys. Rev. following paper 135, A659 (1964). 
5 V. L. Ginsburg and V. M. Fain, Dokl. Acad. Nauk SSSR 
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S. P'ei-Ken, iNd. 124,1144 (1959); L. A. Blyumenfel'd and 
V. A. Benderskii, iNd. 133,1451 (1960) [English transls.: Soviet 
Phys. -Doklady 5,328 (1960); 4,260 (1959); 5,919 
(1961)1; 
L. A. Blyumenfel'd, Biofizika 4,515 (1959) [English transl.: 
Biophysics USSR 4,3 (1959 
6 H. A. Bethe, Z. Physik 205 (1931)'. 
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values for other properties. would be valuable as an aid 
to judging various approximate theoretical treatments' 
which are also applicable to more complex systems. 
From the viewpoint of statistical mechanics, it is also of 
interest to study how the limiting behavior for infinite 
systems is approached by finite systems. Such insight is 
useful since, with the advent of fast digital computers, 
it is feasible to perform exact or Monte Carlo calcula- 
tions on finite models of many types of physical system. 
With this motivation we have undertaken a numerical 
study of finite chains and rings of N spins with the 
Hamiltonian, 
N 
JC 2J E (Si"Si+ll+, y (Si2Si+l2+SivSi+ly)) 
i-I 
-gO E H-Sj 
i-I 
for spin S=1. We have computed the energy levels and 
eigenvectors and thence the thermal and, magnetic 
properties for varying anisotropy y and varying 
magnetic field H for rings of size N= 2-11 (and for some 
open chains) for both ferro- and antiferromagnetic 
coupling (J=+IJI and J=- JJJ, respectively). (Our 
results for the antiferromagnetic entropy in a magnetic Aeld'for varying y have already been reported and dis- 
cussed in the light of the third law of thermodynamics. ") 
., Previously, Orbach" had computed the energy levels 
and eigenvcctors for N=2,4,6,8 and (unpublished) 
N= 10 for the case ,y=1, and for some intermediate y 
valýes in the case of N=8 (also unpublished), but he 
did not compute the thermal or magnetic properties. 
Independently of the present authors GriffithsP has 
calculated the, energy levels for N=3,5,7,9, and 10 for 
-Y= 1. He evaluated the energies, entropies, specific 
beats, and susceptibilities in zero field for N=2-10, 
and, compared them with the series expansions. We are 
deeply indebted to both Dr. R. L. Orbach and Dr. R. B. 
Griffiths for sending us their , own unpublished calcula- tions and for helpful discussions and correspondence. 
Theoretical 
, work on, the Hamiltonian (1.1) with. ,y =I dates back to 1930 when Bloch" introduced the 
concept of a. spin wave and gave the exact eigenstates 
for one overturned spin (ESjs=N9-l) for ferro- 
magnetic interactions. Using a similar approach, BetheO 
obtained the exact eigenstates corresponding to interact- 
ing spin waves for an arbitrary number of overturned 
spins on a linear , chain 
(-y= 1). He showed how the states 
may be'classified as "unbound" or "bound. " Hulth6n, 
in a comprehensive paper, 7 used Bethe's solutions to 
'0 1 C. Bonner and M. E. Fisher, Proc. Phys. Soc. (London) 80, S08 (1962). i 21 R. L. Orbach, Ph. D. dissertation, University of California, 1959 (unpublished); Phys' Rev. 115,1181 (109). 
n R. B. Griffiths, 'mimeographed reports, Stanford University, 1961, and La Jolla, California, 1963 (unpublished). 
11 F. Bloch, Z. Physik 61,206 (1930). 
obtain an integral equation from which he obtained the 
exact value for _ the aniiferromagnetic ground-state 
energy of the infinite linear chain. He also obtained the 
exact ground states for rings of N=4,6,8, and 10 spins 
and estimated the susceptibility at T= 0. 
The arguments of Bethe and Hulth6n were extended 
by Orbachl to the full anisotropic Hamiltonian (1.1), 
which had also been considered by Kasteleyn. 14 
Kasteleyn used a variational method which indicated a 
critical anisotropy constanty. = 0.483 beyond which the 
zero-temperature long-range order (present when y=0) 
vanished identically. The variational short-range order 
and energy showed singularities iny at the same point. 
With the aid of an exact integral equation Orbach 
showed that these latter singularities were spurious but 
he was unable to calculate the long-range order exactly. 
Walker, ' in an important paper, obtained an analytic 
solution of Orbach's integral equation which revealed 
that the antiferromagnetic ground state E0(y) as a 
function of -y was nonanalytic at -1 = 1. This implies that 
the Heisenberg limit (y = 1) is a special point perhaps 
analogous to a critical point. " Walker also gave 
perturbation series in powers of 72 for the energy and for 
the short-range and long-range order. His series for the 
long-range order seems to indicate that it does not 
vanish for y less than about 0.9. 
Perturbation calculations equivalent to those of 
Walker have been presented by Boon, " who also 
considered two- and three-dimensional lattices. Alter- 
native perturbation procedures have been proposed by 
Davis, Rodriguez, Frank, Marmari, and Mills, Kenan, 
and Korringa. 17-11 Ruijgrok and Rodriguez" developed 
a variation method which was rather accurate for the 
ground state but which yielded a finite long-range order 
even for y=1. 
Earlier calculations based on the spin-wave approach 
have been reviewed by Van Kranendonk and Van 
Vleck. 21 One of the most striking predictions is that 
for a pure Heisenberg antiferromagnet the lowest en- 
ergy- states should obey a dispersion law of the form 
P. W. Kasteleyn, Physica 18,104 (1952). 
The fact that y=I is a mathematical singularity (nonanalytic 
point) of Eo(, y), follows immediately from Walker's observation that his formula exhibits a pole in any interval, however small, 
of the open segments Jy I> 1. It should be noted, however, that 
the singularity at I= I is not visible in graphs of Eo (-t) for -y <, I contrary to what might be expected. One may regard Kasteleyn's 
variational transition point y. =0.48 (where the energy was non- analytic as in any phase transition) as an approximation to the "true transition point" at -Y = 1. 
11 M. H. Boon, Nuovo Cimento 21,885 (1961). 
17 H. L. Davis, Phys. Rev. 120,789 (1960). These results axe presented as a power series in y(= 1-a in Davis's notation), but the higher coefficients are inexact since the perturbation Hamil- tonian is not just the transverse part of (1.1). 
11 S. Rodriguez, Phys. Rev. 116,1474 (1959); R. L. Mills, R. 11. Kenan, and J. Korringa, Physica 26, S204 (1960). 
19 D. Frank, Z. Physik 146,615 (1956); 1. Mannari, Progr. 
Theoret. Phys. (Kyoto) 19,201 (1958). 1 20 T. W. Ruijgrok and S. Rodriguez, Phys. Rev. 119,596 (1960). 
2, J, Van Kranendonk and J. H. Van Vleck, Rev. Mod. Phys. 30,1 (1958). 
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e(k) E-Eo- I sink 1.2-" This conclusion was tested 
against'tlW numerical spectra -fin - -rin -s'of'N= for 'ite -'g '6 
and 8 spins by MattheiSS, 25 who found an approxirnýtely 
I sink I dependence, but with a modified amplitude. More 
recentlý, des Cloizeaux and Pearsori76 extended the'com- 
putation to the lowest antiferromagnetic states for rings 
of 16 and 48-spins. They were also able to -derive the 
limiting disýersion law e(k)=rjJjjsmkj'for_, the corre- 
sponding class of states Of an infinite*chain. 
The theoretical knowledge of the ground and iower 
excited states of Heisenberg-Ising chains is not matched 
by a c6rresponding, knowledge of the therrnodyýamic 
behavior. For example, the positions of the maxima in 
the sp6cific- heat and susceptibility dqý. not previously 
seem to have been estimated'with any accuracy. 
(Although recently, 'Bulaevskii'7 
" 
has reported a finite 
temperature Hartree-Fock calculation which reproduces 
the general features I quite well. ) 
It is interesting, however, that the spin-j model 
obtained by deleting the parallel or Ising terms SiSi+is 
from Eq. (1.1) to leave only the transverse Hamiltonian 
is completely soluble. 'Lieb, ' Schultz, ' and' Mattiel 
investiagated the spectrum in detail while Katsura" 
studied the thermal and magnetic properties includini 
the behavior in a field., Although' the transverse 
Hamiltonian is somewhat artificial, 'the behavior of this 
model resembles in many respects the results we have 
found with the full Hamiltonian (1.1). 10' 
It is also possible to calculate by elemeiitary'methods 
the zero-field free energy, correlations and suscýptibility 
for isotropic Heisenberg chains in the 
, 
limit of infinite 
spi 
, 
n. 1 ,I 
Th 
,e, 
low-tempera. ture behavior of, thejhýrmal 
properties in this'case is somewhat unrealistic since in 
the classical lirnit'S='- the specific heat necessarily 
goes to a nonzero value as T7-+O. The susceptibility; 
however, ' correlates quite closely with the results we 
find for the S= j Heisenberg chains (except that a non- 
physical contradiction of the third law is shown again 
by a nonzero slope for'small T). 
The plan of this paper is as follows: In SeL 2, "the 
machine computations are outlined and the possibilities 
of extrapolation from finite N to the limit N- oo are 
illustrated by examining the antiferromagnetic ground 
state as'a function of y, The thermal properties,, in 
particular the specific heat, are discussed in Sec. 3 for 
P. W. Anderson, Phys. Rev. 86,694 (1952). 
28 R. Kubo, Phys. Rev. 87,568 (1952). 
24 T. Oguchi, Phys. Rev. 117,117 (1960). 
26 L. F. Mattheiss, Phys. Rev. 123,1209 (1961). 
(126 
J des Cloizeaux and J. J, Pearson, Phys. Rev. 128,2131 
962ý. 
27 L. N. Bulaevskii, Zh. Eksperim. i Teor. Fiz. 43,968 (1962); 
see also V. L. Ginsburg and V. M. Fain, ibid. 39,1323 (1960); 
42,180 (1962) [English transls.: Soviet Phys. 7JETP, 16,685 
(1963); 12,923 (1961); 15,131 (1962)]. ' 
(lu 
E. IAeb, T. Schultz and D. Mattis, Ann. Phys. (N. Y. ) 16,407 
961). ,, ý,,,,,,.,,,, ,ýI, -ý'-',, 11, . ý; 0 S. Katsura, Phys. Rev. 127,1508 (1962) ,, 
-, 
"I S. Katsura (preprint) has discussed the full Hamiltonian by 
treating the parallel terms as a perturbation. -I, 1, 
M. E. Fisher, Am. J. Yhys. 32,343 (1964). 
antiferromagnetic and ferromagnetic rings. The mag- 
netic properties are described in Sec. 4. Attention is 
given especially to the magnetization curve at T= 0 and 
the corresponding parallel and perpendicular suscepti- 
bilities. In Sec. 5 details of the energy spectrum are 
discussed and the antiferromagnetic anisotropy gap and 
the aI symptotic degeneracy of the'ground state are 
estimated. The spin-wave dispersion laws for ferro- and 
antiferromagnetic chains are illustrated. The short- 
range antiferromagnetic order and further pair correla- 
tion functions (So'SI-1) are described in Sec. 6. The 
long-range, order is estimated by extrapolation and 
compared: with previous approximations. Our results 
are for the most part presented graphically but tables 
of the thermal and magnetic properties for y =I and 
0.5 and N=9,1 10, and 11 have been prepared and will 
be made available on request to the authors. (For 
reasons of economy they are not reproduced in this 
article. ) 
2. FINITE CHAIN CALCULATIONS AND THE ANTI- 
FERROMAGNETIC GROUND STATE 
For a finite system of N (S spins the problem of 
calculating the energy levels reduces to the diagonaliza- 
tion of the 2N, X 2N matrix representing the Hamiltonian. 
(As basic states it is covenient to use direct products of 
4 
. 
'up" and "i>owN" single-spin states: These are, of 
course, eigenstates of the Ising Hamiltonian y=0. ) By 
classifying the states by the value of S11, the z component 
of the total spin, ý the matrix splits into N+ I blocks of 
order I y"'Nj 2), 
ý N, A (N, even)., A 2 IN) 
further reduction can be obtained for closed chains 
(rings) of spins by using the translational invariance. 
Each level is, then. also classified by, a, (total) wave 
numberk=27r; /N with r=O, 1, '2, -. -! -iN-l (ýisonly 
determined up to a multiple of 27r). I 
The largest value of N which can be handled nurrier- 
ically is limited by tlýe size of the largest block matrix 
in relation to the speed a: nd capacity of the elecironic 
computer available. Our calculations were perf6nned on 
the. now relatively slow University of London I Ferranti 
"MeiMry" which restricted us to N=II orý les I s. To 
economize on computing time many of the calculations 
for iýterrnediate values of -f and magnetic fiýld,, etc., 
werý, Iin fact, performed with N= 8, or-10,0'ricethetrend 
withýincreasing N was clear. 10-The diagonalization, 
yielding both energy "ievels and eigenstates, was 
performed by-staridard subroutines and t6"re'sults 
checked against the other available computations. 11,12-32 
The calculation of the thermodynamic properties was 
performed by -direct -evaluation'of the approýrlately 
weighted partition sums. 
The possibilities . of estimating the properties of 
For-the Heisenberg limit -V -I one has'a further check since 
the total spin S is also conserved so that many levels from different 
blocks coincide. It was not -found possible to use this added invariance to reduce the calculations. 
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TABLF. 1. Energy of the antiferromagnetic ground state go(N). 
N Even N Odd 
4 -1.00000 3 -0.50000 6 -0.93425 5 -0.74721 8 -0.91277 7 -0.81577 10 -0.90309 9 -0.84384 12 -0.8979 11 -0.85799 
00 -0.88629 00 -0.88629 
infinite chains from those of finite chains are revealed by 
a study of the pure Heisenberg antiferromagnetic 
ground state energies. The antiferromagnetic ground 
state Eo is equal to -2NIJI ln2+! NIJI for the 2 
Hamiltonian (1.1) with H=O and y=, l in the limit 
N-i, ao. It is convenient to define normalized ground- 
state energies for finite N 
go (N) = Eo (N)IN IJI 
and these energies are tabulated numerically in Table I. 
(The values for N=4,6,8, and 10 were given exactly 
by Hulth6n, 7 that for N= 12 by Ledinegg and Urban. ") 
In Fig. I the energies are plotted versus IIN (circles) 
and versus (11N)l (squares). The values form two 
sequences (N odd or even) and it is evident that the 
limiting energy is approached linearly with (11N)2. 
A relation of the form 
So(N)= So(-)+aIN2 (2.1) 
holds, quite accurately even down to N=4 or 5 with 
aodd - 2aeven- 
, IN* 




FiG. 2. Antiferromagnetic ground state as a function of -y for finite and infinite rings. The exact limiting curve due to Orbach 
(Ref. 8) is shown by the dashed curve. 
If the limiting value had not been known, it could 
have been estimated to about 0.1% accuracy by linear 
extrapolation with 11NI. Heisenberg chains with open 
ends show a slower convergence, apparently linear with 
11N. For pure Ising (y=O) rings the ground state is 
exact for N even but approaches the limit as IIN for 
N odd on account of the "misfit seam. " In Fig. 2 the 
approach of the antiferromagnetic ground state to the 
limit is shown as a function of y for N=2-11. The 
limiting curve (due to Orbach') is rather well defined 
by these results. 
Encouraged by the relatively simple and regular 
behavior of the finite N results found here, we may go on 
to examine properties for which the exact N= co limits 
are unknown with the reasonable expectation that 
careful extrapolation to large N will not be misleading. 
3. THERMAL PROPERTIES 
In this section we consider the thermal properties 





FiG. 1. Antiferromagnetic ground-state energies versus IIN (circles) and versus (IIN)2 (squares) for pure Heisenberg rings (Y=I). 
- 
88 E. Ledinegg and P. Urban, Acta Phys, Austrjaq4 6,257 
(1953) 
In Fig. 3 is shown the energy per spin in zero field as 
a function of temperature for antiferromagnetic pure 
Ising and Heisenberg rings of N= 2-11 spins. As for 
the ground states, odd and even rings form two distinct 
sequences. For the Ising case (-t=O), where the exact 
limit is known, the two sequences approach the limiting 
curve monotonically from above and below. There seems 
no reason to doubt that the same situation prevails at 
, y= 1. The energy of an infinite Heisenberg chain is 
thus defined to an accuracy of better than =0.5% down to temperatures of kTI IJI=0.5 by the mean of 
the curves for N= 10 and 11. (These two curves and the 
estimated limiting curve have been tabulated and are 
available on request. ) Below this temperature the true 
limiting curve is less c, ýrtaln, but since the, value for 
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to be similar to that for the energy and the limit seems 
well determined down to k TI IJI=0.5 by interpolation 
between the curves for odd and even N. For odd N at 
T=O the ground state is fourfold degenerate and the 
entropy per spin thus goes to zero only as 2k ln21N. 
To estimate the nature of the low-temperature 
behavior for N -* oo, we may reasonably postulate a 
power law for the limiting free energy per spin (or,, 





where A and a are fixed (as T --), 0). Then for- the 
specific heat we have 
CINk=Aa(kTIIJI)-' (3.2) 
kT/al 
and for the entropy 
-I(kTIIJI)-l. (3.3) S(T)1Nk=Aa(a-1) 
By combining (3.1) and (3.3) we obtain 
11 1U 
(T) -u (0) = (I TS (T) (3.4)' 
FIG. 3. Zero-field energy as a function of temperature for finite 
antiferromagnetic Ising and Heisenberg chains. The limiting (N= oo) curve is shown dashed in each case. 
T= 0 is known exactly, even a roughly estimated limit- 
ing curve would be accurate to =L 1%. We return to this 
point shortly in considering the entropy. 
The entropy for the pure antiferromagnetic Heisen- 
berg chains is shown in Fig. 4. The convergence appears 
FiG. 4. Entropy versus temperature for antiferromagnetic 
Heisenberg chains (y = 1). The dotted curve is the mean of N= 10 
and N=II weighted as in (a) (Ref. 35), and the dashed curve is 
the estimated limit. 7ý -- 
so that a plot of energy UIN IJI versus TSIN IJI for 
N -'- oo should be linear with slope determined by the 
index a. Such a plot is shown in Fig. 5 for N= 10 and 
N =I I and supports the view that the limiting curve 
would indeed be linear. The solid line which is drawn 
from the exact (N - -) ground state with slope 0.515 
should be close to any reasonable "best" fit and yields 
the' estimate a!:!! -- 2.06A: 0.03. -'This value 
is largely 
determined by the data for temperatures in the range, 
Ul IJI=0.30-0.60. The dashed line, on the other hand,, 
is of slope and corresponds to a= 2 exactly. It seems 
likely that this is the true limiting value which would 
be obtained by fitting data for larger, N at lower 
temperatures. " ý, _ '' I. -, 
I 
If we assume a=2, the amplitude A may be estimated 
by various methods; for example, from the temperature, 
variation of UINIJI and TSINIJI, ' from plots of, 
UINIJI versus (SINk)l using the weighted means, W 
and from the slope of the weighted entropy means at 
low temperatures. ýWe thus obtain the approximateý 
results 
U(T)-U(0)-ý0.175NjJj (kT1jJj)2y" (3.5)- 
S(T)-0.35Ný(k'T1jJj), ý', (y=l), (3.6) 
valid up to Ul IJ10.4 to 0.5.16 These are shown as' 
840ur method is a slight modification of a procedure devised by Griffiths (Ref. 12) who plotted U(T) versus S(T) and estimated 
the index a by fitting B and P in the power law U- U (0) - BSP. 91 Griffiths (Ref. 12) estimated a= 2.1, but also suggested that 
a= 2 was probably the exact value. This conclusion is supported 
more closely by anal zing the trends of the weighted means (a) T)(2N-1), (b) JPN+IPN-I, (c) C(N-I)Pv 
+NPN-1]1(2N-1) (where P is the thermodynamic property in 
question), which converge more rapidly. 1 .1 35 Our conclusions regarding the amplitude A agree closely, 
with those of Griffiths. The spin-wave theory of the low-tempera-f ture behavior is given by R. Kubo, Phys. Rev. 87,568 (1952); J. Van Krancridonk and J, H. Wn Vlmk, Rev, Mod, Ph)rs, 30, 1 (1958), 
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dashed curves in Figs. 3 and 4 and seem to be the most 
reasonable estimates of the low-temperature behavior., 
, It, is interesting that the, functional forms of, (3.5) 
and (3.6) agree with the predictions of simple antiferro-: 
magnetic: spin-wave ý theory-, but . the, corresponding 
amplitude" A..,!. = 7/6= 0.52 is too great by a factor of 
about'three. AP law for the energy is'exact for the' 
pure transverse Hamiltonian discussed by Katsura. 29,,,, 
, -The corresponding specific'heats 
for pure antiferro-, 
magnetic Heisenberg chains are shown in Fig. '6. For 
tFiRiperatures above kTI IiI=0.5 the convergence again 
appears to be'm6noionic from-above and below and the 
limiting curve (shown'dashed) can be estimated quite 
accurately through the maximum of height 
I 
CM.. - 650 _'ý "' (3.7) , INk -0 1) 
at 
kT.. l IJI ý_- 0.962 (3.8) 
At lower temperatures the convergence must be more, 
complex since,, for. finite N, the specific heat always 
v, amshes exporieritially'fasi as' T-O, ý'owing to the 
finite energy gap between the ground and first excited 
states. ýAs N--+ oo, however, the states close up (as 
I/N)'and'merge into a'continuum, which runs from' 
the, ground , state: 
(see below)., The probable limiting 
low-temperature behavior follows from (3.5) and (3.6), 
which yield 
C(T)cteO. 35Nk(kT1jJj) 
and this has been used in deriving the estimited'curve 
for the limit N= oo shown by the dashed line in Fig. 6. ' 
The variation of the antiferromagnetic specific heat' 
with anisotropy may be seen from Fig. 7 which shows' 
the sýecific heats for rings of N=8 spms. 'The'e I xact: 
limiting curve for y=O and the estimated limit for-, 
, i-- 1 are plotted as dashed lines to indicate the deg-ree 
to which the results for N=8 approach the limit. The; 
effect of. increasing y from the Ising value y=O is to 
shift the specific heat maximum to higher temperatures, \ 
to red 
, 
uce its height and to broaden the peak. At low ý 
temperatures (kT/jjj-_, O. j), the curves-for finite N' 
(even) and y in the range 0.1-0.6 display anomalous! 
smaR peaks and points of Mection. These are "small 
number effects" due to the finite splitting of the 
&jenerate Ising 'round'state by the transverse terms 9 
in the Hamiltonian. - For fixed y and increasing N, this 
splitting diminishes and eventually goes to zero as 
1ý7ýý, 
. 
(seeý§6c. 5). "CorrespondingIy, -the'anomalies, 
mow to lower temperatures and are reduced in magni-, 
tude, 'finally disappearing in the limit N-' cý' 
"For', 'YFd1 'an' 7-1 d large" but' finite N, 'the specific heat 
curves at low temperature (but above the anomalies) 
vanish'exponentially Lst, "roughly, as exp[-, &EA(, y)/ 
kT],., -where AEA(T), is"the limiting anisotropy gap 
between the ground state and the first excited states. 
Týi'Qý6bf thisgap is'eitirnatedinSec. 5; itapproacheS, 
zero as -y I and the Ising value, 21 J I, as y --+ 0. i 
0 2- 
-O. q ... . 0.4 0L0.05 TS/NJI 
0,20 
FiG. S. Energy versus the product of temperature and entropy 
for N- 10 and N- 11 Heisenberg antiferromagnetic chains. Tlýe 
line of crosses is the 11/10 mean weighted as in (a) (Ref. 35). 
[Owing to the existence of "bound states', -'of 
indefinitely 
large groupings of adjacent "overturned spins, " the 
number of states just above the gap might be of order 
N' rather than N. Consequently, it is possible that the 
true limiting ' specific heats', might , 
rise , faster than 
exp[- AEAIkT]. If this were the case, AEA (-j) should 
be replaced by an "effective gap" AEA* (-Y) < AB., t (1y) 
as happens at the Ising limity=O where, in fact, one 
finds that AEA* (0) = JAEA (0). ] 
The variation of specific heat with magnetic field 
may be studied just as for zero field. The convergence 
at temperatures above kT1JJJ--, 0.3 is found to be 
FiG. 6. Variation of specific heat with temperature for antiferro- 
magnetic Heisenberg chains: finite N. Rolid lines; estimated limit N- -, dashcd Unc. :Iý!, -, ., " 
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FiG. 7. Antiferromagnetic specific heat for rings of N-8 spins 
for various anisotropies y. The dashed curves are the exact and 
estimated limiting curves (N - co fory -0 andy - 1, respectively. 
quite'iapid espedally, if the co'nsecutive. meaný for 
N=2n and N=2n- I are'c'onside-red. ' Accordingly, in 
Fig. 8, we have plotted for'the'pure Heisenberg case 
only the mean specific heats for N =7 10 and 9 at various 
fields (except at H=O, whir'e the estimated limit is 
shown). These means should represent the ti-ý6 limiting 
curves to within I or 2% down to temperatures of 
kTI Iý1 --, 0.5. With increasing field the maximum shifts 
to lower temperatures and falls in height. However, at 
the field H. (gftl IJI)=4, which represents a ', 'critical 
field" "above which the antiferromagnet becomes fully 






0 65" 110 2.0 2.5 
K A/ li i 
ý FiG. 8. Variation of the antiferromagnetic specific heat with 
rnagneticfield fory-1. Except forII-0, the curves arethe means 
of the values for N-9 and 10. ", !, ý' --; ý, "1, ý-)ýI, --. -: I"-, 
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curs, see Sec. 4), 'there remains only a broad low maxi- 
mum at, a higher temperature. The behavior is simi- 
lar for other values of y as can be seen from Fig. 9, 
where the ý specific heat for y= 0.5 ý is plotted., The 
critical field in this case. is, H. '= 3 (1 Jj Igo). Above the 
critical field the initial rise is governed by the energy gap 
AEH(, y)=Hg, 6-2(1+, y)jJj, and it may belobserv'ed 
that the maximum starts to increase in height. again. 
Ferromagnetic Coupling 
We turn now to ferromagnetic chains: Values of the 
energy, entropy, and specific heat for the longest chains 
and, y=ý I and 0.5 have been tabulated and are available 
on request. The energy (per spin) is plotted versus the 
temperature for Heisenberg chains of N=3,4, ---, 10, 
11 spins in Fig. 10. In contrast to the antiferroinagnetic 
case, the curves for finite N do not appear to bracket the 




,0 0: 5 48 40 2.5 
k 
FiG. 9. Variation of the antiferromagnetic specific heat'vnith- field 
-I" as in Fig. 8, but for y-O. S. -I 
I ý' '' --- ý 1; 11 -1-11- 1j "It "it towards it. This makes extrapolation at low tempera- 
tures more difficult although the limit seems quite 
accurately defined down to kTIJ=0.5. (All curves, of 
course, approach the exact limiting ground state 
, 
The curves for the entropy display a more complicated 
convergence, successive curves crossing at low tempera- 
tures.. The ground state of the ferromagnet when y=I 
has spin NS= JN, and hence degeneracy N+ I Conse- 
quently,, the 'zero-point i entropy is (klN)ln(N+I), 
which approaches zero rather slowly. We may, 'nonethe- 
less; attempt to estimate the low-temperature behavior 
of . the energy and entropy . 
by the power law analysis 
presented in Eq. (3.1) to (3.4). The corresponding U (T) 
versus. TS(T) plots are, not. very straight, and i their 
slopes increase monotonically with NP The maximum 
slopes for N=9 and 10 correspond to an index in (3.1) 
I The curves are concave downwards except for very small 
values of TSINJ (below 0.04), where an exponential decay sets in. 
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of a= 1.42 and 1.43, respectively, while the slopes of the 
tangents through the origin correspond to a= 1.312 and 
1.324. Rough extrapolation linearly in IIN suggests that 
the true index might lie in the neighborhood of a= 1.45- 
1.50, but the corresponding pure power laws would only 
be followed closely below temperatures of kTIJ--0.25. 
Simple spin-wave theory predicts a= -'j, and one might 
expect this to be accurate since the ground and first 
excited states are described exactly in the ferromagnetic 
case. However, as is known, spin-wave theory does not 
give any account of the lower lying "bound" states 
which arise for further overturned spins. Neverthe- 
less, our results do indicate that a= I might be exact. 2 
Accepting this, one may estimate the amplitudes 
kT/ J 
kT/J 
FiG. 10. Energy of ferromagnetic Heisenberg chains 
(Y = 1) for increasing N. 
roughly which yields 
U(T)f_-0.28NJ(kT1J) 3/2, (T-0) (3.10) 
S(T)ct-_0.85Nk(kT1j)1j2. J3,11) 
The amplitudes predicted by spin'-wave theory are 
larger by a factor of about 1.3. 
The specific heats for the Heisenberg rings are shown 
in Fig. II as solid curves. The convergence is monotonic 
decreasing at temperatures above kTIJ = 0.3 for N >, 8. 
, It seems clear that a doub , 
le maximum will develop 
when, N=13 or 14 and that 1 the'maximum. of the 
limiting curve will not derive from the maxima in the 
curves for N< 11. The broken curves in Fig. ý 11 corre- 
spond to 6pen chains of 3 and 4 spins. 'Although they 
do not seem , 
to converge very rapidly, they do approach 
the limit from below and seem to give a truer representa- 
FiG. 11. Spedfic heats for ferromagnetic Heisenberg rings 
(solid curves) and open chains (broken curves). The dashed curve 
is the estimated limiting curve. 
tion of its shape. (Calculations for longer open chains 
were not performed since, as translational symmetry is 
absent, they would have required more machine time 
than available. ) Guided by these results and the low- 
temperature estimates following from (3.10) [which 
indicate that C(l)-71/1] and remembering that the 
integrated area under the specific heat curve must check 
with the energy one may estimate with moderate 
accuracy the limiting ferromagnetic specific heat curve. 
kT/J 
. FiG. 12. Variation of ferromagnetic: specific heats with anisotropy for rings of N-8. (For -y-O and 1, the exact and estimated limiting curves are also plotted. ) 




sharp antiferromagnetic S=1 Heisenberg specific heat 
and the low broad ferromagnetic: specific heat is 
striking testimony to the lower stability of the isotropic 
ferromagnetic coupling. Curve (d) for S= oo continues 
to rise monotonically to a maximum at T= 0 of height 
CINk = 1. 




FiG. 13. Comparison of specific heats for infinite chains for 
(a) S-j Ising coupling, (b) S=j Heisenberg antiferromagnetic: 
coupling, (c) S-j Heisenberg ferromagnetic coupling, and (d) 
S= ao Heisenberg coupling (classical spins). 
This is shown dashed in Fig. 11; the rather broad peak 
has a maximum height 
C... INk P: % 0.134, (3.12) 
at 
(3.13) 
1 The nature of the variation of specific heat with 
anisotropy can be gauged from Fig. 12, which (except 
for y=l where the estimated limit is plotted) shows 
the results for rings of N=8 spins at intervals of 
A, y = 0.1. The effects of a magnetic field (for y= 1) are 
rather similar to those due to anisotropy so that we do 
not present a figure. With a field H(gfl/J)=0.5, 'the 
specific heat maximum increases sharply to a height of 
about CINk=0.37 at (kTIJ)=0.61. Further increase 
of the'field to H(gfllJ)=I. O and 2.0 increases the 
maximum to CINk=0.42 and 0.45 and raises the 
corresponding temperatures to (kTIJ)=0.94 and 1.45, 
respectively. These figures are derived 'for N=8 
but should not differ significantly from the limiting 
results since convergence is faster when 119ý 0 or -jO 1, 
since the ferromagnetic ground state is then nonde- 
generate, and is separated by a finite energy gap, even 
in the limit N= oo. 
Finally, in Fig. 13 are compared on the iame scale 
the exact and estimated specific heatsfor infinite chains 
with (a) S=j Ising coupling, ferro-orantiferromagnetic, 
(b) S=j Heisenberg antiferromagnetic coupling, (c) 
S=I Heisenberg ferromagnetic coupling, and (d) 
S= ao (classical) Heisenberg ferro- or antiferromagnetic 
coupling. 81 The large difference between the relatively 
In Fig. 14 are plotted the antiferromagnetic suscep- 
tibilities for isotropic Heisenberg coupling (, y= 1) in 
zero field for finite rings of N= 3,4,5, ---, 11 spins. (The tabulated values for N= 10 and II are available. ) 
The limiting curve is apparently bracketed by the 
curves for odd N, which approach monotonically from 
above, and those for even N, which approach mono- 
tonically from below. The convergence is rather rapid 
above Ul IJI=0.6, at which temperature the values for 
N= 10 and 11 differ by only 5%, and their mean 
probably differs from the true limiting curve by less 
than 1%. The susceptibility displays a rounded max- 
imum of height (for N--). oo) 
x. a(g1#1/jJj)! n_ttO. 07346, (, y=l) (4.1) 
at 
kT.. 1jJjc!:, -1.282. (, y=l). (4.2) 
The situation at low temperatures as zero is ap- 
proached is more complicated. For finite chains with N 





FiG. 14. Antiferromagnetic susceptibility versus temperature for finite Heisenberg rings (solid curves) and the estimated limit for infinite rings (dashed curve). The dotted curves are means of 
N=9 and 10, and N-10 and, 11 weighted as in (a) and (c) (Ref. 35), respectively. 
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of y is characterized by total spin component S-= 0, and 
there is a finite gap to the first excited state'of nonzero 
So. Conseýuently, forall chains of even N (finite), the 
susceptibility - parallel to the z axis approaches, zero 
exponentially fast as T--). 0, at a rate governed by the 
energy gap. On the other hand, for finite odd N, 'the 
ground state, or rather degenerate ground states, have 
SI= =Lj. (Clearly; Sx= 0 is impossible. ) The suscepti- 
bility for odd N., thus diverges as IIT as T approaches 
zero. However, as N increases the (relative) amplitude 
of the di, ýeigence falls in magnitude; ýand it sets in-'it a 
lower "temperature. These'remarks may be', verified. 
eipliciily in thý case y= 0 (Ising ýimit), where the exact 
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FIG. 15. Variation of the parallel antiferromagnetic susc ýptibil- ity with anisotropy for rings of N=8 spins (solid curve ). The 
estimated limiting values are shown by broken curves. Note that for -y =0 and y-I only the exact and estimated limiting curves 
are plotted. 




xji(, Y=U)= (4.3) 
4kT 1+ taiihK) Ar 
with 
K= IJ112kT. (4.4) 
In this case, as is well known, the limiting susceptibil- 
ity, which is approached both for even'N, anq odd N 
(T>O), goes to zero exponentially fast (see curve for 
,y=0 in Fig. 15). 1, I., J, I-, 'r Now fory nonzero, but less than unity, the anisotropy 
gap between the ground state (s) and first excited states 
persists 'eveIi, in, th6, limit N (see' next 'section). 
Consequently, ' the'limiting behavior should be similar 
to the Ising case with X, I (T) --* 0 as'T -'4 0. Figure 15 
N 
IC 
N. .. i!.! tluli! I'll' 
IiI, I 
I'll' 
FiG. 16. Sketch of the energy levels versus magýetilc field for 
finite. and infinite isotropic (y-l) and anisotropic (-V<l) 
systems (Ref. 3_9)-The shading indicates a continuum, of levels. 
shows the parallel susceptibilities for rings of N= 8 spins 
for, y = 0.3,0.5, and 0.7 (solid lines) and the approximate 
limiting curves (broken lines) roughly estimated on the 
basis' of the limiting "anisotropy -gap. These. Curves 
should be accurate to within 5 or 10% down to k TI IiI 
= 0.3. Evidently the effect of increasing y is to shift the 
susceptibility peak to a higher, temperature, to reduce 
its height and to increase its width. The positions of the 
maxima are for y=0, O..,, = ýTý.. l IJI=1; for 'Y = 0.3, 
0ý. --1.03, fory=0.5,0.,, --1.07 and fory=0.7,0.,.. 
ý1.14. (For small y the variation, is quadratic in -y. ), , ý' For the isotropic pure Heisenberg case -y= 1, however, 
the behavior as T --+ 0 is different. As N increases,, the 
gap, between, the ground state and the. first excited 
states with S8, -10 shrinks and approaches zero as 11N. 88 
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'Fi(;. 17. Magnetization curves for an isotropic antiferiornaýgne'tic 
chain of N= 10 spins. The numbers on the curves give the appro- priate values of Ullij. 
For simplicity we describe only the case for N even. 
lot 









0.3 FiG. 18. Estimation of the limiting 
zero-temperature magnetization curve from the midpoints of the steps of the finite N curves [circles N even and 
squares N odd]. The zero-point step functions corresponding to N- 10 and 11 are shown dotted. 
0 
,"1 0-- !: " 
2, ; 5: 0 
,-ý1. 1.0 -0 .0 
implies that the limiting susceptibility for yI can tc 
approach a finite'nonzero value xo at T= 0. 
Toý illustrate the'detailed mechanism by, which this in 
C, 'o ii, 'we have sketched in Fig. 16 the relevant energy CU 
levels for (a) I and (b) j: ý I for finite systems" and IV 
f 6rresponding infinite'systems as a function'o for the 'c tt 
. , magnetic field. The susceptibility at T= 0 is essentially , ai 
the curvature of the ground state Eo(H) since X(H) IV 
= (a/aff1)Eo(H). 'ESimilarly the magnetization is just in 
the slop6, of Eo(H). ] For* finite'N, the ground state di 
(marked by ý bold curve) consists of a series of straight T 
lines and consequently (for'N even) the curvature for bi 
small H is always zero, so that Xv (0) =- 0 for all -j. In the p] 
oo, 'however, the ground-state curve for -/= I liiýifff-'-+ ,, , is smooth with continuous slope and definite (in general M 
nonzero) curvature. When -j< 1, on the other hand, the st 
limiting curve consists of a horizontal straight line out al 
to a finite field strength H. at which the anisotropy gap rr 
vanishes. The curvature, and hence the susceptibility, t1 
neai H--ý- 0 remains* zero. ..... . PI It is worth remarking that the existence of a nonzero cl 
xo for isotropic coupling can be demonstrated rigorously ti 
for Chains in the limiting case of infinite spin. " C1 
To estimate roughly the value of the limiting zero- -, point susceptibility X0 for S= 1, one may examine the al 
trend of the means of XN (T) for N= 9 and 10, and N= 10 h 
and II in the range k TI IJI=0.4 to 0.8 (see Fig. i 14). a] 
These curves'suggest that xo lies between 0.045 and 0.06 
(in. units of 
e#2NI IJI). ý Indeed, '- some time ago, 
1ulth6n,;, by means of t an ý approximate'calculation, 1 a! 
. estimated that 'jý ct! 0.0ý91e#Nl IýJ. 'O Inan attempt f, 
"Accurate qraphs of all the energy levels as a function of N-8 0f fi . or eld are given in Ref. 1 







i improve this estimate, we examined the magnetiza- 
on curve for the finite chains, which is also of interest 
its own right. 
Figure 17 shows the'magnetization for a chain of 
10 spins -as a function of field for different tempera- 
ires. For temperatures above k TI IJI=0.3 the curves 
. -e smooth'and 
investigation of the convergence with 
suggests that the limiting curves are well approx- 
aated. For lower temperatures, the magnetization 
ýsplays oscillations and approaches a step, function at 
'= 0, ý the discontinuities being = 21N. This 
ýhavior is, of course, just what follows from our 
revious discussion of the ground state when N is finite. 
Despite'the discontinuities, 'one' notices' that the 
ýidpoints of the vertical and horizontal parts'of the 
. epsAie' near a; smooth curve which presumably 
? proximates the limiting (N= oo)'zero-temperature 
Lagnetization curve. This is confirmed by Fig. 18 where 
ie midpoints'for a number'of the longer chains are 
lotted. The solid ý line shows, the 'estimated limiting 
irve which should be accurate towithin about 1% of 
ie saturation value. This is supported by the analytic 
ilculations of Griffiths. " 
As mentioned previously, the magnetization'at T=0 
ttains its saturation value at a finite critical field 
Fý=41JJ/gO. Below this critical field the'magnetization 
ppears to follow a square root law 
MIM.. = 1-7AEI- (H/H, )]112_,, (4.5) 
with `AP:; 1.2-1.3s--4/7i=1.2732. (For 
irther discussion, ý see below. ) This behavior is also a 
lu R. B. Griffiths (private. communication); Phys. Rev. 13.1 768 (1964). 
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feature of the transverse (JI I= 0) model solved rig- 
orously by KatsuraP In that case A= 2V7/7r=0.9003. 
The slope of the limiting magnetization curve at H= 0 
is the zero-point susceptibility xo. It seems likely that 
the midpoints of the finite N magnetization steps 
approach the limiting curve as fast as 11N. Con- 
sequently, if the limiting magnetization M(H) has a 
Taylor series expansion in H about H=0, one would 
expect the gradients 91, N=. 1gAMj, N1AHj,, v of the lines 
from the origin to the midpoints of the first steps (for 
N even), and similar gradients to other steps, to 
approach the limiting slope Xo as fast as 11N. Examina- 
tion of the gradients gj, N for small j and N=4 to 1142 
does yield roughly linear plots versus IIN which, if 
extrapolated, suggest that xo1(g1A1N1jJj) lies in the 
range 0.0555=LO. 0020. This is significantly lower than 
Hulth6n's estimate of 0.0591. 
This estimate rests on the assumption that the deriva- 
tive of M(H) does not vary too rapidly near H=O. 
Since this work was performed, however, Griffiths" has 
produced strong (though not quite rigorous) theoretical 
arguments based on an analysis of the "unbound" 
antiferromagnetic spin-wave states which show (a) 
that M (H) is nonanalytic at H= 0 (02MIaH2 diverging 
sharply to + oo as H- 0) and, (b) that 
xol(e#'Nl I JI) = 0.050661... ; t, I/W. (4.6) 
In view of Walker's results' mentioned in the Intro- 
duction, which show that the pointy= 1, T= 0, H= 0 is 
in some ways analogous to a phase transition point, " 
one should not really be surprised that M(H) is non- 
analytic, at H=O. The divergence of 61MIOLP shows 
why extrapolation of the gradients gj. N linearly with 
IIN leads to an overestimate of xo. EEssentially X(H) 
for small H, of order 11N, is well approximated by the 
gj, N but does not itself 'approximate xo well unless H 
is exponentially small. ] It seems very probable that 
1/270 is the exact constant in (4.6) so that the estimate 
from the gradients is 10% high. 
Accepting (4.6) as correct we may complete the 
estimation of the antiferromagnetic susceptibility for 
, y= I down to zero temperature. The result is shown in 
Fig. 14 (as a dashed curve) and in Fig. 15. Above 
k TI IJI=0.60 it should be accurate to within 1% but 
in the region -k TI IJI=0.05 to 0.50 the error might 
perhaps rise to 5%. 
The zero-temperature magnetization curve for other 
values of 7 may be studied as fory= 1. The critical field 
H. is determined by the intersection of the energy level 
for total S9=1N (a component of the zero-field ferro- 2 
magnetic ground state) with the lowest level for 
S,, =-'N-1 (single ferromagnetic spin wave)" both of 2 
which are known exactly. Thus, 
H, (, y)=2(1+-t)jJj1g)3- (4.7) 
42 The gradients from the origin to the midpoints of the vertical 
parts of the steps are given by 
forNevenand 
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FiG. 19. Dependence of zero-temperature magnetization 
curves on anisotropy. 
In order to study the form of the magnetization curve 
near saturation, it is necessary to consider the width of 
the first magnetization step away from saturation (see 
Fig. 18). The position H=H, of this step is given by 
the intersection of the lowest level for S8= IN- I with 
the lowest level for SI=JN-2 which in the limiting 
case, N --i, co, is given by -41 JI (1+, y) [Eq. (5.4), 
Sec. 5, with k= 2r]. It is seen, however, that use of t1ir 
limiting curve again yields M.; it appears, therefore, 
that the width of this step is directly determined by the 
energy discrepancy AE, between the lowest lying level 
for S, =JN-2 (finite N) and its limiting value. An 
estimate of the lowest, finite N, energy level as a 
function of -y may be obtained, for example, by applying 
second-order perturbation theory to the appropriate 
submatrices of the Hamiltonian (1.1). One finds that 
for large N, AEIý--2, yA2 IJI IN2. Corresponding to' a 
magnetization step of AAI= gft or AMIM.. = 21N, we 
thus find a magnetic field step 
AE112go -, yxl IJI lg3N2. On eliminating N we obtain 
Alf 
=[8(1+, 
y) 112 AUl 1/2 
mmax ff. 
which suggests that when N--* oo we may write more 
generally, as H-H., : 1, 
with 
A('y)= (4/7)[(1+7)/27]1/2. 
This argument is, of course, not rigorous but it should be 
at least qualitatively correct and its accuracy is 
supported by the results for finite N and by agreement 
with Griffiths' analysis at y= 1.12 
Figure 19 shows the complete estimated limiting 
magnetization curve for the Ising limity=0, where it is 
a simple step function, and for intermediate values of y. 
When y< I we must, as mentioned, distinguish 
between a perpendicular and a parallel susceptibility. 
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Curie's law. Quite generally we can write for the 
parallel susceptibility 
3 where 
the angular brackets denoting the canonical average. 
At high temperatures ty(T) approaches unity as 11T. 
As the temperature falls ty(T) rises monotonically 
(for J>0) and, for finite N, levels off at a value deter- 
mined by the properties of the ground state. For 
anisotropic chains (-t<l) the ferromagnetic ground 
state is twofold degenerate with F, Sis = =LIN so that 
t, v (0) = N. In the isotropic (-y = 1) case, on the other 
hand, the ground state has total spin S= IN and hence is 
(N+ I)-fold degenerate, F, Sis taking the values IN, 
'IN- 1, I'N+ 1, -IN. For finite pure Heisenberg 2 
chains, therefore, Eiv (T) rises to a maximum value 
ZN (0) = 'I (IV+ 2). 
In the limit N-* - we see that for all y, t(T) di- 
verges as T -4 0. For Ising chains (, y = 0) this divergence 
is exponentially fast since we have rigorously 
N 






FiG. 20. Perpendicular susceptibilities for the ground and first 
S. =0 excited states for finite rings (solid curves) and the geometric 
means (broken curves). The dotted curve represents the probable 
limit for N 
For the Ising limit we have the exact result"M 
WN 
x. L(T)=-g[tanhK+Ksech'1Kj ('Y=O), (4.9) 4J 
where K is defined in (4.4). From this we see that 
x. L(O) fory= 0, is nonzero. In the limit N --* - this will 
remain true for all y and in fact as y, uý+ 1, Xj. (O, 'Y) --), XO. 
For this reason the susceptibility in the isotropic case is 
perhaps best regarded as a perpendicular susceptibility. 
For finite N the situation is again more complicated. 
The lowest set of solid curves in Fig. 20 show x, N(O,, y) 
for rings of N=4,6,8, and 10 spins. (The derivation 
requires the numerical calculation of matrix elements' 
with the ground-state eigenvector. ) As y --+ 1, for N 
even and finite, XiN (0,, y) approaches zero as the previous 
arguments have shown it must. (For odd N it diverges 
at y=1. ) Furthermore, for y> 0.2 the convergence for 
N increasing is evidently very slow. The upper solid 
curves in Fig. 20 represent the perpendicular suscepti- 
bilities calculated for the lowest excited states. In the 
limit N --+ oo these are expected to approach the ground- 
state results. The broken curves are the geometric 
means of these two sets of values and they seem to be 
converging somewhat more rapidly, at least for -j<0.5. 
Accepting the value (4.6) for Xo, the limiting zero-point 
perpendicular susceptibility Xj(0,, y) must resemble in 
general form the dotted curve in Fig. 20. The slope of the 
limiting curve aty= 0 is known exactly, " but for 0.2 <, y 
<0.5 the dotted curve is probably accurate only to 
within 1070. 
Ferromagnetic Coupling 
The susceptibility for ferromagnetic chains is con- 
veniently discussed in terms of the deviations from 
41 M. E. Fisher, Physica 26,618 (1960). 44M. E. Fisher, J. Math. Phys. 4,124 (1963), and Ref. 29. 
XN(T) = EeMN14kT3tN(T), (4.10) 
t(T)=exp[J1kTj, (, y=O). 
This rapid divergence finds its origin in the anisotropy 
gap which ensures that all the pair correlation func- 
tions (SisSit) approach their zero-point values expo- 
nentially fast. For this reason we expect the limiting 
divergence for other values of y <I will also be of the 
form expEaJlkT] with a depending on the limiting 
anisotropy gap. 
For pure Heisenberg coupling, however, a power law 
might be expected. Indeed, in the limit S= - (, y= 1), 
the susceptibility diverges as 1/7" so that E(T)-11T 
as T --+ 0.11 Fig. 21 is a log-log plot of CtN (T) - 1] versus 
the temperature for finite isotropic chains of N=3,4, 
---, 10,11 spins. The curves evidently approach the 
log[ 
FiG. 21. Log-log It of the reduced ferromagnetic susceptibility 
t 
tl')O- 
I for finite isotropic chains. 
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limit monotonically from below. The convergence is .0 
quite rapid and for kTIJ>0.3 the limiting curve is 
0.1 ! ." 
ix indicated quite accurately. At high temperatures the 
log-log plot becomes linear with slope unity as shown Sp N 
by the broken line in Fig. 21. This simply confirms the 
11T deviations from Curie's law. At lower temperatures 
in the range kTIJ= 0.25-1.0, the limiting curve is again 
almost linear but with slope close to I (see dotted line 0.2- 
in Fig. 21). * If the curves for larger N continued this 
trend it would imply a divergence of Z(T) like 
1IT415 
and of x(T) like I/P11 as T- 0. It is quite possible, 2. 
however, that the true asymptotic behavior sets in only 
below kTIJ= 0.2. Nevertheless, the qualitative behavior 
is clearly rather similar to that for S= oo. 01 0 0: 5 1'. 5 2: 0 2 The nature of, the variation of the susceptibility kT/J 4 
with magnetic field can be seen in Fig. 22 which shows FIG. 22. Ferromagnetic susceptibility for rings of N-8 spins with the ferromagnetic susceptibility of isotropic chains of isotropic coupling for different magnetic fields. 
N= 8 spins in various fields. The convergence with N is 
appreciably more rapid in a field than for H= 0. 
single "spin wave", of energy 
5. SPECTRUM E-Eo= e(k)= 2J[I-, y cosk], 
In the following ýccount we confine our attention to a where discussion of the spectrum'of, energy levels'in the k 2rrlN, r= 0, =1= 1, =[= 2 absence of an applied field, Le. ý, the eigenvalues of the 
Hamiltonian (1.1) with H=O. With two overturned spins, the simple spin-wave 
approximation predicts 
Ferromagnetic Coupling 
-ý,, - "'i - '' II., -,, I, 
E Eo=e(kj)+e(k2), 
The ferromagnetic ground state for all y is, of course, 
exactly Eo=-! ', 'NJ corresponding to ESj8=JN (all but this is not exact owing to the spin-wave "interic- 
spins aligned)., With one "overturned spin" we have a tions. " For anisotropic linear chains the interaction of 
kN/Zrt 
0 
FIG. 23. Energy levels for two 
overturned spins (interacting spin 
waves) for a ring of N-11 spins 
and -y - 1. The arrows indicate the 
deviations from the levels for two 
independent spin waves. Note that ý71* we are taking an "antiferromag- 
netic view" of the energy levels 
(J--jjj), and each level has 
been normalized by subtraction of 
an energy -INJ. 
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bound states for r overturned spins. - The lowest states 
seem to follow the relation 
e(r) (k)ct-(2J1r)EI -cosk3 (5.5) 
when y=1, as illustrated in curves (c), (d), and (e) of Fig. 23, corresponding to 3,4, and 5 overturned spins, 
respectively. For -yo I the amplitudes of the cosk term 
appear to decrease as yr or more rapidly. 
Antiferromagnetic Coupling 
. 
Th: e approach'of the antiferromagnetic ground-state 
energies for finite chains to the limiting value was 
discussed in Sec. 2. The question of the degeneracy of 
the'ground state, has not, however, been considered. 
When N is evený' thý antiferromagnetic ground state at 
the Ising limit' (, y=O) is twofold degenerate. This 
degeneracy, however, is split by the transverse terms in 
the 'Hamiltonian, '' although, as, is well known, the 
splitting only arises in Nth-order perturbation theory. 
This suggests that in the limit N--ý oo, the ground 
state should again become degenerate, at least in some 
sense. 
To investigate this point we may examine the ground- 
state splitting AEo(N) as a function of N. If AEo varies 
as IIN for Njarge, the levels close up, but only at a rate 
characteristic of a continuum of levels in the limit of 
N= Conversely, if AEo vanishes more rapidly than 
11N, e. g., as 11N2, then we may consider the levels as 
asymptotically degenerate even if they lie within a 
continuum. In Fig. 24, the product NAEo(N) has been 
plotted versus IIN for N=4,6,8, and 10, and for 
values of .ý 
in the range 0 to'l. For V, <, 0.5, NAEo 
is rapidly decreasing, ' and there seems little doubt that 
the limit is zero. For -j = 0.6,0.7, and 0.8, the decrease 
is slower', but' the rate increases'for larger N, and it 
seems probable that the limit is again zero, as suggested 
by the broken lines.. (These lines are purely suggestive 
and are not to be'taken as numerical extrapolations. ) 
At y=0.9 the values of NAEo at first increase slightly 
with N, but for N=8 and 10 they'are almost equal, 
and we believe that larger values of N would again 
yield a product decreasing at first slowly, but eventually 
rapidly. At the limit y=1, on the, other hand, NAEo 
seems to be rising steadily and approaching idefini 
* 
te 
limit at, 11N= 0, consistent with a state, lying in a 
continuum bounded by the ground state. (Consideration' 
of the des Cloizeaux-Griffiths analysiel-41, 'suggests that 
this limit should be r2JJ I). 
In summary,: we feel that the evidence of Fig. 24 
definitely suggests that for all y<1 (i. e., anisotropic 
coupling) , AEo decreases , more rapidly , than IIN (NAEo --), 0), so that the limiting ground state may be 
said to be (twofold) degenerate. In the isotropic limit, 





FiG. 24. Dependence of the splitting AEo of the antiferro- 
magnetic ground state on y and N. 
two spin. waveslý. been analyzed'theoretically by 
Orbach, l who 
, 
followed Bethe's analysis fory= M -, : 
', 
A graphic understanding of these results can"be 
obtained from Fig., 23,. which shows energy levels'for a, 
ring of N= 11 spins for -y = 1. The solid curve through 
the dark circles is the single spin-wave dispersion law 
(5.1). The other solid curves represent the superimposi- 
tions (5.2), and their intersections are thus the spin- 
wave approximations to the levels for two overturned 
spins. The arrows indicate the energy shifts due to the 
interactions, the exact energy levels lying at the points 
of the arrowheads. I 
The open circles represent "missing states, " i. e., levels 
predicted by (5.2) which do not occur for the true, 
Hamiltonian (essentially because two spins cannot be 
overturned at the same site). For most combinations of, 
k, and k2 the interactions are evidently repulsive and the 
spin waves "scatter" and remain "unbound" (category 
I states). 'However, for kjc! _4k2ý_--jk, the 
interactions are, 
strongly attractive and the spin waves Condense into a' 
bound state (category II) given bYP8 
ejj(k)=2J[1-j-? (I+cosk)]. (5.3) 
This is indicated by the dotted line (b) in Fig. '23. As thý 
form of this'dispe'rsion relation suggests, the correspond- , ing eigenfunction "relates 'to 'two closely: associated 
overturned spins traveling around the 
- 
ring together. '' 
The dotted line (a) in' Fig. 23 is the N= co limit of the 
energies Of t6 unbound states namely, ' 
-1. /L% A TIq _. ---I LN 
fr AN 
JEJ-k[61ý'*J kJL-'y 
45 When N is odd, the Ising ground state is 2N-fold degenerate, 
which is just the envelope of the curves (5.2)., but for -y>O, only a fourfold degeneracy corresponding to 2; Si- 
One may in a similar way study numerically the - =1= I remains. We will not consider this case further. 
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ferromagnetic ground state should be regarded as 
nondegenerate. 
For an Ising chain the first excited states lie at an 
energy AEA(O)=21JI above the ground states, but at 
the Heisenberg limit the ground state is the limit of a 
continuum, and there is no anisotropy gap. (This may 
be seen explicitly from the theoretical calculation of the 
antiferromagnetic spin-wave states for y= I by des 
Cloizeaux and Pearson. ") To estimate the limiting 
anisotropy gap AEA (-t) for intermediate values of y, we 
have studied (a) the difference AEA(, y, N) between the 
"lowest excited state" E. (, y, N) [actually two degener- 
ate (S'=: I:: I) states which must be distinguished from 
the higher component of the split ground state] and 
the finite N ground state Eo(-t, N), and (b) the gap 
AEA'(-j, N) between E. (, y, N) and the limiting ground 
state NIJI So(-y, oo). At the Heisenberg limit E. (, y, N) 
becomes a continuum state and the fact that AEA (1, N) 
and AEA'(1, N) fall to zero like 11N may be checked 
from the values for small finite N. For other values of y 
also, linear extrapolation with I/IV seems to be appro-' 
priate in estimating the limit. The two sets of values 
form two distinct sequences but, as one would expect, 
they tend to the same limiting value. In the case y=1, 
the lowest excited state E, (1, N) becomes de generate 
with the continuum state (Sx=O) split off the degener- 
ate (, y = 0) ground state, and hence NAEA (1, N) = NAEo 
tends to a limit [which, as mentioned, is probably 
r2 IJI although NAEA'(1, N) appears to tend to a 
slightly different value]. Figure 25 shows the variation 
with y of the gap for finite N and the estimated limit' 
AEA(7), which is probably accurate to within =L0.05J. 
The main feature of interest is the very slow increase in 
the gap as (I -, y) increases from zero to 0.3 or 0.4. 
The problem of the antiferromagnetic spin-wave 
spectrum has recently been studied in detail by des 
Cloizeaux and Pearson, 26 who computed numerically 
the lowest category I states fory= 1 and rings of N= 6, 
8,16, and 48 spins. They showed analytically that the 
limiting dispersion law is 
e(k)=E(l)(k)-Eo= lJlrlsinkl.. (5.6) 
Extrapolation of 'the appropriate energy differences 
versus IIN for N up to II yields the amplitude IJI 7r to 
within 5 to 10%, which confirms the validity of extrapo- 
lating the spectral properties. 
MattheiOl has given a plot of all the energy levels 
versus k for N= 6 and 8. The results for higher values of 
N are more complex since there are more levels but 
they do not differ much qualitatively and so we do 
not present a figure. Mattheiss remarked that for 
even N= 2m, the antiferromagnetic ground state corre- 
sponded to k=0 when m was even, but to k= 7r when m 
was odd. For odd N=2m+1, we have found that the 
two degenerate ground states are at k--: L! 2r, and the 
ptate at k=0 or 7r is the higher according as m is odd or 
. (p 
even. 41 As Mattheiss says, there seems to be no direct 
physical interpretation of these facts. 
It would be of interest to decide how well the higher 
antiferromagnetic states can be represented as--super- 
impositions of spin waves obeying (5.6). The situation 
seems appreciably more complex than for the ferro- 
magnetic chains, and although the exact spectra do 
display levels that He roughly on curves IJ17r(IsinkiLl 
+1sink2j) with k=kl+k2, we have not been able to 
discover any simple numerical correlations, and some 
low-lying states (presumably "bound states") are 
definitely not representable in this way. 
6. ANTIFERROMAGNETIC CORRELATIONS 
AND ORDER 
For an antiferromagnetic chain at zero temperature 
the pair-correlation functions 
wi(N) = 4(SeSe) = (41N) Z (Sj2Sj+e) 
can be calculated from the detailed expansion of ý the 
ground-state wave function in the basis of functions of 
definite "up" and "down" spins. Numerical results for 
N= 4,6,8 and 10, andy = 0.1,0.3, ---, 1.0 are given in 
Table H. For fixed I the convergence in the case of N, 
even is not regular: fory<0.3 it is monotone increasing, 
and for y>0.8 monotone decreasing, the curves for 
different N crossing in the intermediate region. How-, 
ever, the convergence is quite rapid fory <0.3 for all 1, 
and for I< IN in the case of y>0.8. In the case of N odd 
the convergence for I<JN is monotone increasing for 
all, y but rather slow. (These values are not tabulated. ) 
The case of 1= JN is of special interest and will be 
discussed later. 
Despite the relatively erratic convergence, extrapola-, 
tion procedures for the limit N -+ oo may be attempted, 
and their accuracy checked against Orbach's exact 
calculations of the limiting zero-temperature short- 
116 More predsely, the ground states are at k =. =1=1rm1N for m 
even and kw;: ýir(m+I)IN for m odd. i 
FiG. 25. Antiferromagnetic anisotropy ga AEA(lf, N) 
and the estimated Emit AEA(-Jý. 
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TABLF II. Antiferromagnetic ground state correlation functions col (N, -y). [Note that wo =I. ] 
NI y=0.3 'Y = 0.5 Y=0.7 ly - 0.9 -Y - 1.0 
10 1 -0.99001 -0.90791 -0.77658 -0.67994 -0.62221 -0.60206 2 0.98005 0.81790 0.56583 0.38839 0.28782 0.25407 
3 -0.97998 -0.81203 -0.54351 -0.35953 -0.26199 -0.23117 4 0.97988 0.80441 0.51181 0.31041 0.20558 0.17307 
5 -0.97989 -0.80475 -0.51510 -0.31865 -0.21839 -0.18781 
8 1 -0.98972 -0.90139 -0.77381 -0.68355 -0.62819 -0.60852 2 0.97948 0.80498 0.55947 0.39250 0.29464 0.26104 
3 -0.97936 -0.79910 -0.54364 -0.37551 -0.28238 -0.25194 4 0.97921 0.79102 0.51598 0.33311 0.23186 0.19883 
6 1 -0.98821 -0.89102 -0.77359 -0.69291 -0.64155 -0.62284 2 0.97645 0.78410 0.55640 0.40440 0.31068 0.27735 
3 -0.97648 -0.78616 -0.56561 -0.42298 -0.33826 -0.30902 
4 1 -0.98113 -0.88125 -0.78868 --0.72542 -0.68282 -0.66667 2 0.96225 0.76249 O. S7735 0.45084 0.36564 0.33333 
range order wj(y). In Fig. 26 this exact result (a) is 
compared with an extrapolation estimate (b) based on 
sequences of means, 10/9,9/8,8/7, etc., which show 
monotone increasing behavior for ally. As may be seen, 
the agreement is very good (to within 1%) and a similar 
technique has therefore been applied to estimate the 
limiting curve for the cases IC02(01,1coa(, y)j, and 
I co4(, y) I (see Fig. 27). However, as the value of I succes- 
sively increases, the accuracy is expected to fall off 
somewhat, since there are fewer points to extrapolate. 
Also shown in Fig. 26 are sums of Walker's perturba- 
tion series9 
wi= I-, y1+14-, A- (7/21)-yl- (9/27), y'O 
-(1l/21), y12+(l3/211)-j14+--- (6.2) 
truncated at y14 Ecurve (c)] and at yl [curve (d)]. In 
the former case the error is detectable only for y> 0.85 
and reaches a maximum of only 60/0 at y=1. In the 
latter case, however, the deviations are significant for 
-y >, 0.7. Curve (e) is derived from Davis's perturbation 
expansion17 and is evidently less accurate than the 
extrapolations once -y>0.40 and seriously in error for 
-Y > 0.85. 
An appreciation of the decay of the correlations with 
distance I (as well as of the convergence in N) can be 
gained from Fig. 28 which shows the finite ring correla- 
tions for -j=0.3,0.5, and 1.0. An alternating effect is 
evident, the values of I cot I for even I being lower relative 
to those for odd I than might be expected. For I> JN 
the correlations, of course, start increasing as the points 
0 and I approach one another around the closed ring. 
Nevertheless, it is clear for y=0.3, and reasonably so 
for, y=0.5, that the correlations for I<JN are decaying 
to a constant level of about 0.8 and 0.5, respectively. 
These values may be identified with the long-range 
order to. (-y) defined by 
co. (y) = lim I lim wj(y, N) (6.3) 
1--m N---o 
To estimate w. (, y) we have formed the minimum 
I 
t () 
FiG. 26. Comparison of (a) the exact value of wi (Y) with 
(b) resent extrapolations, (c) Walker's perturbation series to 
'Y", 
Id) 
toyl and (e) Davis's perturbation series, 
H) 
FiG. 27. Variation of the pair correlations I wj I with -y for 1-1 (exact) and 1=2,3,4 (estimated) and I- ao, the final estimate of 
the long-range order. 
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means for N even 
coMin(-i, N)=IlEwiN(, y, N)-wiN-i(, Y, N)II (6.4) 
and attempted to extrapolate to the limit N= -, which 
should agree with (6.3). These means are taken to 
reduce the alternation effects. 
In this case we felt iiwas not advisable to use the 
results for odd N in forming the estimate because, with 
the above 'definition'of long-range order, interference 
effects around the chain occur near the Ising limit. (Note-, - 
that for N odd andy=O, wj(N)=1-211N, 0, <1<jN. ) 
For this reason we do not expect the limiting result for 
w. to have accuracy comparable with our estimate for 
wi. (An estimate for w, using results for even N only 
gives a result accurate to about 2.5%. ) Figure 29 shows 
a plot of co. j. (N) versus 11N. The points for N>4 





is to be expected for, 
, y<0.7. (A similar, though less marked, effect occurs in 
the case of the short-range order. ) For y<0.3, 'Jhe, 
over-all range of variation is slight and an estimate can 
be made with some confidence: The limiting values 
here must, in fact, lie very close to the values for N= 10. 
For y>0.7 a linear extrapolation would seem to-. be 
reliable. For intermediate y some attempt has been, 
made to allow for curvature effects but we would not 
claim very high accuracy for our results in this range. 
In fact, for 0.4<, y<0.6, we have probably under-ý 
estimated by several percent. We feel justified in con- 
cluding, however, that the'long-range order vanishes 
only, at the Heisenberg limit y=l. In view of our- 
conclusions regarding the asymptotic degeneracy of the 
ground state (and the vanishing of the anisotropy'gap 
at y= 1) this is perhaps not unexpected. 
To compare our estimate of the long-range order with 
other approximations we must recognize that most 
authors have used as an'order parameter the so-called 
-0.6 
0.6 
4.6 6 Lo 
0.4. 
.. t. o 
ol 
, 
yiG. 28. Variation of lwt(N)l with I for y=0.3,0.5, and 1.0. 
and rings of N=4,6,8 , and 10 spins., 
FiG. 29. Plot Of (Oin(y, N) versus 11N. Extrapolation,,,,, 
yields an estimate of the long-range order. 
sublattice magnetization"1.14,17.47 
o, =(21JN)( F, Sj2)=2(Se), (6.5)' 
j even 
where the angular brackets, denote the canonical 
average. If this formula is interpreted literally, 'it is 
easily shown (on the grounds of spin reversal symmetry) 
that a- always vanishes identically. Although this seems 
to have given rise to some confusion in the litera'- 
ture, 21,18.11 the situation really parallels 
' 
that in the 
ferromagnetic case which is quite well understood. 10 If 
the (reduced) spontaneous magnetization of a ferro- 
magnet is defined simply by Mo= (21N)(Fi Six), it also 
vanishes identically. The correct 
- 
definition is made 
with the aid of a nonzero magnetic field, namely, 
Mo(T) lim' lim (11N)MN (TH 
H-O+ N-+w 
where 
MN (TH) =2 (S, ý), v = 2N(Se), v,., - 
(6.? ) 
By considering the finiteness of the susceptibility 'per 
spin in the limit H --+ 0 [which implies the convergence 
of the sum i ((So"Sis) - (qos)')] one can then see that 
N 
Mo'(T) lim. (IIN)2 F, (SjBSjx), 
lim lim (SeSe) (T) , k6.8) 1--" N-fto 
47 W. Marshall, Proc. Roy. Soc. (London) A232,48 (1955). - 48 G. W. Pratt, Jr., Phys. Rev. 122,489 (1961). -, -- -- - 119 N. Karayianis, C. A. Morrison, and D. E. Wortman, Phys. 
Rev. 126,1443 (1962).. 
,! I. I 50 See, for example, the discussion of the Ising model by G. F. Newell and E. W. Montroll, Rev. Mod. Phys. 25,353 (1953). 










FIG. 30. Comparison of different approximations for the long- 
range order w. (y): (a) extrapolation estimates, (b) Walker's 
perturbation series to y6, (c) Kasteleyn's variational formula, (d) Davis's perturbation series, (e) w. j. for a finite chain of 
10 spins. 
i. e., the long-range order is just equal to the square of 
the spontaneous magnetization. 
For an antiferromagnetic one must introduce a 
"staggered" magnetic field H* by adding to the 
Hamiltonian a term 
N-1 
3C*=H* E (-)jSjs. (6.9) 
. 4-0 
With the aid of the corresponding "staggered magnet- 
ization" the sublattice magnetization may be defined 
properly by 
o- lim lim(11N)MN*(H*), 
H*ýO+ N--* 
lim E(se). *-(Slz). *]. 
HO-O+ 
In a similar way one can then conclude that the 
long-range order defined by (6.3) is related to a by" 
wo = u2. (6.11) 
Wi'thus see that the two-order parameters are equiv- 
alent. One may, of course, avoid the somewhat arti- 
ficial introduction of a staggered field by sticking to the 
definition (6.3) in terms of the correlation functions 
which, as argued by Ruijgrok and Rodriguez, 10 also has 
other features to recommend it. In practice, however, it 
is often easier to compute a (or Mo) than to compute 
-w. directly. 
With these preliminaries we may compare our 
estimate of w. (-I) [curve (a) in Fig. 30] with Walker's 
exact perturbation expansion 
0-(7) =--- 
[curve (b)], ' with Kasteleyn's variational formula 
[curve (c)], 11 and with Davis's perturbation formula 
61 Strictly, it may be necessary to define the long-range order as 
an average over the two sublattices; [e. g., if the limit in (6.3) differs as I -P co through even or through odd integers]. 
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[curve (d)3.17 Also shown in Fig. 30 are the values 
co. j. (10) Ecurve (e)]. Up to y=0.3, all approximations 
agree well with the exact series but at this point Davis's 
approximation (d) starts deviating seriously and 
predicts a relatively large nonzero value for w. (1). 
Kasteleyn's approximation (c) falls away sharply to 
zero at y. =0.483, which is surely incorrect. Our 
estimated curve falls some 10% below the series value 
in the region y=0.45 to 0.65, although the trend is 
very similar. In this region the series is probably still 
converging rapidly, as suggested both by the numerical 
magnitude of the terms, and by the agreement of the 
exact short-range order with the corresponding series up 
to, y6 (Fig. 26). Abovey=0.7 we must expect the series 
to deviate from the true value and indeed the series 
for w(-y) (rather than for then yields lower 
values and has its zero at y=0.817 rather than at 
, y=0.897. As already observed our extrapolated w. (, y) 
does not vanish until y=1. Although we suspect this 
is the true situation it would be of great interest to have 
more precise information-ideally the rigorous answer 
-in the range above y=0.8! At present it seems fair 
to conclude that the exact series expansion provides the 
best approximation up to y=0.75 and that the true 
long-range order is unlikely to vanish fory<0.85 and 
probably vanishes at y=1. 
In Fig. 27, therefore, we have plotted together with 
wi(y) [exact] and our results for JW21, JW31, and jco, j, 
what we think is the best estimate so far for co. (, y). 
This curve follows the series expansion up toy= 0.6, and 
thereafter has the same form as our extrapolation curve 
(a) in Fig. 30, approaching the latter from above and 
in close agreement for y>0.8. 
The excellent convergence of Walker's perturbation 
series in y suggests that this approach should be 
developed further for two- and three-dimensional 
lattices where convergence seems to be even better. We 
remark in passing that it is possible to calculate exactly 
the y' correction to the energy and specific heat for all 
temperatures in the case of two-dimensional lattices for 
which the Ising problem has been solved, by expressing 
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61 The technique is sirAar to that expounded in Ref. 43. 
